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Abstract
We study the Hilbert scheme of lines on hypersurfaces in the projective space.
The main result is that for a smooth Fano hypersurface of degree at most 6 over
an algebraically closed field of characteristic zero, the Hilbert scheme of lines has
always the expected dimension.

1 Introduction

Let k be an algebraically closed field and X C P} a projective variety. Denote by
F(X) the Hilbert scheme of lines on X. It is a subscheme of the Grassmannian of lines
in P} and is called the Fano variety of lines on X. We are interested in studying F'(X)
when X is a hypersurface. For general hypersurfaces, these schemes have been studied
classically, but little is known when X is not general.

It is known that for a general hypersurface X C P} of degree d, F(X) is smooth and
has the expected dimension 2n —d — 3. It is also known that F'(X) may be reducible or
non-reduced for particular hypersurfaces, even smooth ones. What can be said about
dimension of F(X) when X is an arbitrary smooth hypersurface? O. Debarre and J. de
Jong, independently, asked the following question in this regard.

Question 1.1. Let k be an algebraically closed field of characteristic p, and let X C P}
be a hypersurface of degree d. Assume d < n, and if p > 0, assume furthermore that
d <p. Does F(X) have the expected dimension 2n — d — 3 whenever X is smooth?

When p is positive and d > p+ 1, F(X) does not always have the expected dimen-
sion. It is easy to see that the family of lines contained in the Fermat hypersurface of
degree p + 1 in P} with equation Y . a? 1 = 0 has dimension at least 2n — 6, which
is larger than the expected dimension when p is odd ([4], 2.15). Also, it can be shown
that if char(k) = 0 and X is the Fermat hypersurface of degree d > n in P}, then
dim F(X) = n— 3, which is larger than the expected dimension for d > n ([4], Exercise
2.5). Hence the assumptions in Question 1.1 are necessary.

In [7], Harris et al. gave a positive answer to the above question when p = 0 and d

is very small with respect to n. The main result of this paper is the following.

Theorem 4.2. Assume k has characteristic zero and X is any smooth hypersurface
of degree d < 6 in P}. Then F(X) has the expected dimension when d < n.



The case d = 3 of the above theorem is elementary. The case d = 4 is due to A.
Collino; he proved in [3] that Question 1.1 holds true for all smooth quartic hypersur-
faces when the characteristic of the base field is not 2 or 3. Also, the case d = 5 of
the above theorem was proved by O. Debarre before, but our approach here is different
from the previous ones and allows us to treat all cases d < 6 in a unified way.

This paper is organized as follows. The proof of the above theorem is given in
Section 4. The results of Sections 2 and 3 are necessary for the proof of this theorem.
In Section 2, we show that a subvariety of F/(X) that sweeps out a divisor in X cannot
be uniruled when d > n — 1. In Section 3, we discuss a theorem of J. Landsberg on the
dimension of the family of lines having contact to a specific order with a hypersurface at
a general point, and we use the same method used in the proof of his theorem to prove
a proposition on the singularities of the second fundamental forms of hypersurfaces.

1.1 Conventions.

1. All schemes are considered over a fixed algebraically closed field of characteristic
zero, and all points are closed points unless otherwise stated.

2. For any projective variety X C P™, F(X) always denotes the Fano variety of lines
on X.

3. For a scheme X and a sheaf .% of 0x-modules on X, we denote by % /tor the sheaf
obtained from dividing out .% by its torsion.

4. If X is a scheme and Y is a closed subscheme of X with ideal sheaf .#, then we
denote by Ny,x the normal sheaf of Y in X:

Ny/x = HOID(:]/,]2, ﬁy)
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2 Rational curves on the Fano variety of lines on complete

intersections

A projective variety Y of dimension m is called uniruled if there exist a variety Z of
dimension m — 1 and a dominant rational map P! x Z --» Y.

Let X C P™ be a smooth complete intersection of type (dy,...,d;), and let d =
Zi’:1 d;. The purpose of this section is to prove the following theorem.

Theorem 2.1. Let Y be an irreducible closed subvariety of F(X) such that the lines
corresponding to its points cover a divisor in X. If d > n — 1, then Y is not uniruled.



The assumption d > n — 1 is necessary: let X be the Fermat hypersurface of degree
d <n —2in P" given by the equation

bt 4t =0,

and let p be the point with coordinates (0;...;0;a;b) in X. Then the lines on X
passing through p form a cone over the hypersurface z¢ + - +z%_, = 0 in P"~2, and
this hypersurface is uniruled, so we get a uniruled family of lines on X which sweeps
out a divisor.

Remark 2.2. Let X be a smooth hypersurface. If d = n and X is general, then
F(X) is irreducible and the normal bundle of a general line [ on X is isomorphic to
0r 3 @ 0y(-1) (9], V.4.4). Hence the lines on X sweep out a divisor and from the
theorem above, we can conclude that F(X) is not uniruled. If d = n — 1, then X is
always covered by lines and hence there are many such Y. If d > n and X is general,
then the lines on X sweep out a subvariety of codimension at least 2, but for special
hypersurfaces, it is possible that they cover a divisor in X; this happens for example
in the case of Fermat hypersurfaces.

Proof of Theorem 2.1. Assume on the contrary that ) is covered by rational curves,
and let m = dim X = n —[. Without loss of generality, we can assume that our base
field is uncountable. We define 3. to be the ruled surface P(0p: & Opi(—e)) over PL.

Let C be a rational curve on F(X), and denote by S C C' x X the family of lines
parametrized by C. Let v : P! — C be the normalization. The ruled surface S xc P!
is isomorphic to X, for some nonnegative integer e, and we have the following diagram

f:X —SCcCxX——X

| |

P! C.

Let Mor(X., X) denote the scheme parametrizing morphisms from ¥, to X. For ev-
ery integer e, Mor(X., X) has countably many irreducible components. Since our base
field is uncountable and the lines corresponding to the points of ) cover a subvariety of
codimension 1 in X, there is a nonnegative integer ey and an irreducible subvariety of
Mor(Z.,, X), denoted by Z, with the property that points of Z correspond to rational
curves on Y, and the image of the map

G Z XD — > X
(lgl,p) ——9(p)

is at least (m — 1)-dimensional. For the rest of the argument, we put e = ¢y and

¥ =3,,, and we let [f] denote a general point in Z.

There is an injective morphism from the tangent sheaf of ¥ to the pullback of the
tangent sheaf of X. Denote the quotient by ¢



0Ty — f"Tx -9 —0. (1)

To get a contradiction, we compute h°(Z, (A" > ¥)/tor) in two different ways. First,

we use the fact that deformations of f cover a divisor in X to show that h%(, (A" * %) /tor)
is positive and then, we prove that it is zero, using some computations with exact se-
quences of powers of tangent sheaves.

Step 1: hO(%, (A" °%)/tor) > 0. Let p be a general point of ¥ and consider the
evaluation map

a:HY(S, f*Tx) — (f"Tx)p = Tx ()

and the tangent map
BTy — Tx f@)

to f at p.
Lemma 2.3. For a general point p of ¥ the image of the map

HO(S, f*Tx) @ Ty =2 Tx, pp)
is at least (m — 1)-dimensional.

Proof. Since the image of ¢ is at least (m — 1)-dimensional, the same is true for the
image of the differential map d((y) ,)# at the general point ([f], p). The Zariski tangent
space to Z at [f] is a subspace of the Zariski tangent space to Mor(3, X) at [f] which
is isomorphic to H(X, f*Tx) ([9], 1.2.8), and d({4] ;)¢ is the restriction of ar® 3 to this
subspace. This proves the lemma. O

Look at the following commutative diagram.

HY(X,Ty) — H°(Z, f*Tx)

| |

Tsp —— TX,f(p)'

For a general point p of ¥, the map H°(X,Tx) — T, is surjective. Therefore, for
such a point, 8(T% ) C a(H(E, f*Tx)). So by Lemma 2.3, the image of « is at least
(m—1)-dimensional. Consider now sequence (1). We have shown that the image of « is
at least (m — 1)-dimensional. This implies that the global sections of f*T'x generate a
subspace of dimension at least m — 1 at a general point of ¥. Therefore global sections
of ¢4 generate a subspace of dimension at least m — 3 at a general point of ¥ and hence

KO, (N2 %) /tor) > 0.



Step 2: h%(Z, (A" %) /tor) = 0. From sequence (1) we get a morphism
N Ts @ (N" ) ftor ——————= \"7' f'Tx

SNERMA - Aoz —= (&) ANB(E) A A+ A3,

where 7; is any lifting of 7; in sequence (1). Furthermore, this map is injective since it
is injective at the generic point of ¥ and \*Tx ® (A™ > %) /tor is torsion free.

If we twist the above map with the canonical sheaf wys; of 3, we get another injective
morphism

0— (/\m_gg)/tor — /\m_1 [ Tx ® ws.

We compute h%(S, A" f*Tx ® ws;) and show that it is zero. This will conclude the
proof of Theorem 2.1. We have

0(2’/\ f Tx ®ws) = h*(Z /\ f Ty)
= hQ(Z,f Tx @ det f*T5)
=h*(S, f*Tx ® Ox(d —n —1)).

Pulling back the sequence of tangent sheaves, we get the following exact sequence

0— f*Tx — [*Ten|x — @ f*Ox(d;) — 0. (2)

Twisting the above sequence with det f*TY and applying the long exact sequence of
cohomology, we see that to prove the assertion, it suffices to prove two things:

(a) (2, f*Ox(di+d—n—1)) =0, for 1 <i <1
(b) B2(S, f*Tpn|x @ f*Ox(d—n —1)) =0.

Let F be the class of a fiber of 7 : ¥ — P! and E the class of the section with
E? = —e. Recall that the Picard group of ¥ is the free abelian group generated by F'
and F, and the intersection products are given by

FE?=—e, F?=0, E-F=1.

Let f*Ox (1) = aE + bF. The image of a line of ruling of ¥ under f is a line, so

1= f*0x(1)-F = (aE +bF) - F = a.

Also f*0x(1)-E >0, so



—e+b=(E+bF)-E>0.
Let d; = d; +d —n — 1. We have

[*O0x(d)) = d.E + bdF.

Since the first cohomology group of the sheaf f*Ox(d}) restricted to a fiber of = van-
ishes, we have Rl7.(f*Ox(d})) =0, so

WS, f*Ox(dy) = W' (P, . f*Ox (d}))
= W' (P!, Op1(bd)) @ 7. (Ox(d.E)))
= h' (P!, Op1 (bd}) @ (Op1 ® Op1(—€) & - - & Op1 (—ed)))
=0 (since b >e).

D ®
D ®

This proves (a).
If we pullback the dual of the Euler sequence of P™ and twist it with f*0x(d—n—1),
we get the following exact sequence:

0— f*Ox(d—n—1)— f*Ox(d—n)""" — [*Tpn|x @ [*Ox(d—n—1) — 0. (3)

So to prove (b), it is enough to show that:
() h2(Z, f*Ox(d—n)) = h°(Z, f*Ox(n — d) @ ws) = 0.

To show that (') is true, we observe that since d > n — 1, the invertible sheaf
[*Ox(n — d) ® wy has negative intersection with the divisor F and hence has no
nonzero global sections. This completes the proof of Theorem 2.1. O

3 Lines having contact to a specific order with a hypersurface

Let X C P™ be a hypersurface of degree d. Take a system of homogeneous coordinates
(xo;21;...;2,) on P and let P be a homogeneous polynomial of degree d vanishing
on X. Fix a smooth point p in X. For 1 <k < d, let Y;Jk be the degree k hypersurface
in P™ given by the homogeneous polynomial

okp
- i Ty 4
Z 53% . arik (p) Liy Ly, ( )
(i1,ig) ’
0<i1,..rip <n
Note that Yp1 is just the embedded tangent space to X at p. If £k = 2, then the
restriction of (4) to the tangent space T'x , gives a quadric form which is called the
second fundamental form of X at p.
Denote by E’; the scheme theoretic intersection of Ypl, sz7 . ,ka. Since for a point
q = (qo;--.;qn) in P™ we have



L ok P
P(p+>\Q):ZH Z m(?) Qiy -+ Qi
k=0 [ i)
0<in,...,ig<n

E’; is a cone with vertex p whose underlying space is the union of all lines in P™ passing
through p and having contact to order k with X at p, and Zg is exactly the cone of
lines on X passing through p.

Since E’; is the intersection of k hypersurfaces in P™, its expected dimension is
n — k. The next theorem says that generally the expected dimension is obtained unless

the whole cone lies in X.

Theorem 3.1 (Landsberg [10]). Let X C P™ be a hypersurface, and let p be a general
point of X. Any irreducible component of ZI; which has dimension greater than n — k
is contained in X.

We will use this theorem several times in the proof of our main theorem. For later
use, we rephrase the above theorem in the following corollary.

Corollary 3.2. Let X C P™ be a projective variety of dimension m, and let p be a
general point of X. Denote by ¥, the subvariety of X swept out by lines passing through
p, and denote by r the dimension of ¥,. Then ¥, has degree at most (m+1—r)! and
it is contained in the proper intersection of the tangent plane to X at p and m — r
hypersurfaces of degrees 2,3,...,m+1—r.

Proof. Assume first that X is a hypersurface in P™. By Theorem 3.1, all the compo-
nents of X" are r dimensional, since otherwise X, would be at least 7+1 dimensional.
Hence the hypersurfaces Ypl, ..., Y'7" intersect properly. The cone ¥, is a component
of this intersection and its degree is at most (n — r)!.

If X has codimension greater than 1 in P™, then we consider a general projection
of X into P™*!. Since the projection map is generically finite, we get a hypersurface
in P™*+! such that the lines passing through its general point sweep out a subvariety

of dimension r and we are in the situation of the previous case.
O

In the next subsection, we recall some facts about frame bundles of hypersurfaces.
We then prove a proposition on the singularities of the second fundamental form of
a hypersurface at a general point. The proposition will be used later in the proof of
Theorem 4.2.

3.1 Preliminaries on frame bundles.

For a given integer n, let GL, 41 be the space of invertible matrices of size n + 1 over
the base field. Let ¢ : GL, 41 — P™ be the map given by ¢([Vo, ..., V,]) = Vi, where
[Vo, ..., Vy] is the matrix with columns Vp,...,V,. Let Q be the matrix of global
1-forms on GL,, 1 given by



Qp=ftdf for fe€GLy1.

Denote the entries of €2 by w;;, and let x;; be the regular function on GL,4; defined
by z;;(f) = fi; for 0 <i,j <n. We have

dzi;(f) = Z Jiw wii(f) for f=(fij)o<ij<n € GLpni1. (5)
0<k<n

Notation. In what follows, f = (fi;j)o<ij<n is always an element of GL, ;. We
denote the columns of f by Vy,...,V,. Hence the i-th entry of V; is f;;.

Let X be an integral hypersurface of degree d in P™ given by the homogeneous
polynomial P. For given integers 0 < 1,42, ...,%n < n, the regular function r"

on GL, 1 is defined by i
m omP
Tiy i () = W(VO), f=Mo,..., Vil
More precisely,
m ompP
o ()= Z fivi ...fjm,imW(Vo). (6)
(F1seees gm) Ji Im

0<j1,--,im<n

Since the w;; form a basis for the space of 1-forms at every point of GL, 1, we can
express the derivative of the functions r]” ;= as linear combinations of the w;;. The
next lemma says what the coefficients of the combination are when i = = Q-

Lemma 3.3. For 0 <i <n, we have
m
dri,i,...,i = E : Tz7 ,z t Wto +m E : 4,0, Wtie
0<t<n 0<t<n
Proof. By partial derivation, we have

. am
Z Z (fiviioSiioo S 7P(%))dsz,i

. . 65(}]‘1 ...axjm
(.717~~7.77n) 1<Ii<m

877LP
+ Z Jiviie o S (W(VO))-

(J1sees Jm) s ' ax]m
Hence the assertion follows from the equality
ampP omtip
d5——F5—W)) = (Vo) dzso,
O0xj, ...0xj,, O</‘,Z§n O0zj, ...0x;, Oy
and equation (5). O



Before going on, we need another easy lemma.

Lemma 3.4. For 0 < 4y,...,%, < n, we have Tfft.l,im,o = (d—m)ry} , , where
d=degX.
Proof. By definition, we have
0 o™P
m+1 _ L L _—
Tt eeyim,0 — . Z Fi i --~fjm,zm(z fto(“)xt x5, ... 01, (Vo))
(J1yeesdim) t "
omP
=(d-m) > fi e Simin 55— (V)
N ; :Ejl ttt x]"n,
(J15e50m)
=(d- m)rff’“_,im.
O

Let Fx be the set of all invertible matrices with columns [Vp,. .., V,] such that Vg
is a smooth point of the hypersurface X and V7,...V,,_1 are in the embedded tangent
space to X at Vj, namely the hyperplane defined by the linear polynomial

The scheme Fy is a smooth locally closed subvariety of GL,,y1; it is a principal bundle
over the smooth locus of X and is called the frame bundle of X.
Denote by v;; the image of w;; under the restriction map H°(GLj 41, QlGL7L+1) —

HO(Fx, Q).

Lemma 3.5. At every point of Fx, the following hold.
(a) vpo = 0.

(b) Y00, V10s - - -, Vn—1,0 are independent 1-forms.

Proof. (a) We have

oP
= E — (Vo) =d P(Vy) =0
To t ftoawt( 0) ( 0) )
so drg = 0. Therefore, it follows from Lemma 3.3 that

0=drg = Z Tot Vio + Z Tt Vio. (7)

0<t<n 0<t<n

Since Vi,...,V,_1 are in the tangent space to X at V, we have ry =---=r,_1 = 0.
Applying Lemma 3.4, we get the equalities

rog =1 =0 for 0<t<n-—1,

hence
27, Uno = 0.



Because all the matrices in Fx are invertible, V,, is not in the tangent hyperplane at
Vo and so r,, # 0 and v, = 0.
To prove part (b), observe that the map ¢ : GL,+; — P™ factors through the map
@' : GLp11 — A" and day is the pullback of dz; under ¢'. Let X’ C A™*! be the
affine cone over X. The map ¢'|r, : Fx — X/, ,oen is surjective and its fibers are
linear, so it is a smooth map. We know that dxy, . .., dz, form a space of dimension n at
every smooth point of X', hence the pullbacks of these 1-forms make an n-dimensional
space at every point of Fx. On the other hand, f is invertible and fQ2 = df. Therefore
100, V105 - - - » Vn—1,0, Vno form an n-dimensional space at every point and by part (a),
Vno = 0. So the first n 1-forms are linearly independent.
O

For a point p in X, let ka and E’; be defined as in the beginning of this section.

Lemma 3.6. For f = [Vy,...,V,] € Fx, the following hold.
(a) V; € E’f/o if and only if r}(f) = r?’i(f) == rfz’ ,Z(f) =0.

(b) Assume that Vi € E"C,O. Then V; is in the Zariski tangent space to EI‘C,O at Vi if
and only if

Proof. Part (a) follows from the definition. We prove part (b) in the case of k = 2.
The proof in the general case is similar.

The point V; is in the Zariski tangent space to E%/O at V7 if and only if it is in the
Zariski tangent spaces to the hypersurfaces Y‘}O and Y&O at V7. The equations of these
tangent spaces are given by

7 8xt
and
(Vo)zm \%
2 <axt mz 8zmax1 o)om 23) 1))“
=2 (Vo) fn
Z axtaxm 0 f 1T¢-
If we evaluate these two linear polynomials at V;, we get 7;(f) and 1 ;(f). O

10



3.2 Singularities of the second fundamental form.

Let X C P™ be a hypersurface, and for a smooth point p in X, denote by Z;,f the
intersection of ka and the embedded tangent space Yp1 to X at p. In this subsection,
we prove the following proposition on the singularities of Zg when p is general.

Proposition 3.7. For a general point p of X, the singular points of Zg are singular
points of Z;f for2<k<d=degX.!

To prove the proposition, we need the following lemma.

Lemma 3.8. For a point f = [Vy,...,V,] € Fx, V; is a singular point of Z‘k/0 if and
only if

T?,...,j,o(f) = ngl(f) == T;'C,A..,j,n—l(f) =0.

Proof. We can assume Y]D1 is given by z,, = 0. The lemma then follows easily from the

definitions.
O

Proof of Proposition 3.7. Since Zg is a quadric, the singular points of Zg form a linear
subvariety. By ([6], 2.6), this linear subvariety is contained in X and is a fiber of the
Gauss map. Let s be the dimension of the singular locus of ZI%.

We restrict our functions to those matrices f = [Vo,...,V,] in Fx such that
Vi,... Vs are singular points of 2‘2/0' So let Hx C Fx be the set of those matrices
such that V{ is a general point of X and Vi, V5, ..., V, are singular points of Z‘Q/O, and
let v}, be the image of v;; under the restriction map HO(Fx, Q) — H°(Hx, Q).
Since V1, Vo, ...,V are in X, it follows from Lemma 3.6 that

k .

i = 1<75<s, 1<k<d,

therefore
0=dr; = Z Tt Vyo + Zrtyg» j=1,...,s. (8)

0<t<n-—1 0<t<n
Since V1, ..., V,_1 are in the tangent space to X at V, wehavery =ro=---=r,_1 =
0. The matrix f is invertible, so V;, is not contained in the tangent space to X at V}
and r, # 0. Also, by the last lemma, we have rjo = --- =r; ,_1 = 0, so equation (8)

implies that v,,; = 0. Applying Lemma 3.3, we get

1J. Landsberg mentioned to us that this proposition also follows from [11, Thm 3.1].

11



0= d’/‘jj

n n
_ 3 " 2 "
=Y rievio+2Y i v
t=0 t=0

By Lemma 3.5, the forms vy, ... v, _; o are linearly independent [Notice that in Lemma
3.5, we proved the independence of these forms on Fx. The same proof works here by
generic smoothness and the fact that the fibers of ¢'|y, are linear.], hence

7,0 = = Tjjn-1 = 0.

This implies that V; is a singular point of ZS. By repeating this argument, we see that
Vi,..., Vs are singular points of all the Z;f. O

4 Dimension of the Fano variety of lines on hypersurfaces

Let X C P" be a hypersurface of degree d given by a homogeneous polynomial P.
Denote by G(1,n) the Grassmannian which parametrizes lines in P™. Since X is a
hypersurface, it is easy to describe F(X) as a subscheme of G(1,n). Let S be the
universal rank 2 subbundle of ﬁga{n). The restriction of S to any point [{] in G(1,n)
is identified with the rank 2 linear subspace of A"t! whose projective space is I C P".
Hence P gives rise to a section of Sym?(SY), and the scheme theoretic zero locus of
this section is exactly F(X). Therefore the ideal sheaf of F(X) is locally generated
by d 4+ 1 elements and if the corresponding global section of Symd(SV) is regular, then
the dimension of F(X) is dim G(1,n) — (d 4+ 1) = 2n — d — 3. We refer to the number
2n — d — 3 as the expected dimension of F(X). This description of F(X) shows that
the dimension of F(X) is always greater than or equal to 2n — d — 3.

The following well-known lemma asserts that for a general hypersurface X, the
scheme F'(X) has the expected dimension.

Lemma 4.1. For every hypersurface X of degree d in P", dim F'(X) > 2n — d — 3.
For a general X, F(X) has dimension 2n—d —3 if d < 2n—3 and is empty otherwise.

This result can be obtained by calculating the dimension of the tangent space to
F(X) at a general point. For a proof see [9, Thm V.4.3] or [5] where a more general
statement on the space of linear subvarieties of complete intersections is given.

In this section we prove the following theorem.

Theorem 4.2. If X C P" is any smooth Fano hypersurface of degree d < 6, then
F(X) has the expected dimension 2n —d — 3.

12



We should remark that for special smooth hypersurfaces, F(X) might be nowhere
reduced and so the dimension of the Zariski tangent space to F(X) might be larger
than the expected dimension of F(X) at every point. For example, if X is the Fermat
hypersurface of degree 4 in P*, then F(X) has 40 1-dimensional components each
with multiplicity 2 (see [4], Exercise 2.5). This example also shows that F'(X) can be
reducible if X is not general. However, if d < 2n — 4 and X is not a quadric surface,
then F(X) is always connected even if X is not smooth (see [9, Thm V.4.3] or [1]).

Reduction to the case of n = d. Before giving the proof of the theorem, we show
that to prove Question 1.1 holds true for a given degree d, it is enough to consider only
the case n = d.

Lemma 4.3. If Question 1.1 is true for d = n, then it is true for d <n.

Proof. Fix an integer d. We show that if d < m and if the statement of the question
holds for every smooth hypersurface of degree d in P™, then it holds for every smooth
hypersurface of degree d in P™*!. Let X be a smooth hypersurface of degree d in
P™*+1 and let X’ be a general hyperplane section of X. Since X' is smooth, by our
assumption, dim F(X’) = 2m — d — 3. Let ) be an irreducible component of F(X).
By the following lemma, either a codimension at most 2 subvariety of Y lies in F(X”)
or all the lines corresponding to the points of ) pass through the same point z. In the
former case, we get dimY < dim F(X') +2 = 2(m + 1) — d — 3. In the latter case,
all these lines are contained in the intersection of X and the tangent hyperplane at x.
Hence dim ) < m — 1 and the equality holds if and only if X is a hyperplane, therefore

dmY <m-2<2(m+1)—d-—3.
O

Lemma 4.4. Let Y be an irreducible subvariety of G(1,n). If there is a hyperplane
A C P™ such that the intersection of Y and the family of lines in A has codimension
greater than 2 in Y, then all the lines corresponding to the points of YV pass through the
same point.

Proof. Let dim) = s. Notice that by our hypothesis, s > 3, so the lines corresponding
to the points of ) cannot all lie on the same plane. Therefore if we show that every
two lines of ) intersect, we can conclude that all of them pass through the same point.

Let I C (P™)* x Y be the incidence correspondence, and let p and ¢ be the projec-
tions from I to (P™)* and ) respectively. Every fiber of ¢ is linear of dimension n — 2,
hence I is irreducible of dimension s + n — 2. By our assumption, there is a fiber of p
whose dimension is at most s — 3, so p is not dominant and therefore any non-empty
fiber of p has dimension at least s+n—2—(n—1)=s—1.

For a point [I] € ), let A; C (P™)* be the set of hyperplanes which contain I. Two
lines I and I’ in P" intersect if and only if dim(A;NAy) =n—3. Let ; C Ay x Y
be the incidence correspondence, and let p; and ¢; be the projections from I; to A;
and ). We have shown that any fiber of p; has dimension at least s — 1. Thus
diml; > s —1+dimA; = s+ n — 3. So the dimension of any fiber of ¢; is at least
s+n—3—dim)yY =n-3.

O
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4.1 Proof of Theorem 4.2 for d < 5.
Lemma 4.5. A smooth hypersurface of degree d in P™ is not covered by lines if d > n.

Proof. Let X C P"™ be a smooth hypersurface which is covered by lines. Let I C
X x F(X) be the universal family of lines on X, and let (g, [/]) be a general point of I.
Consider the following commutative diagram:

Tr ) — Trex),p = HO(L, Nyx)

Jon w |+

Tx.q Niyx @ r(q),

where p; is the projection map from I to X, dp; is its differential, and 1 is the map
induced by the natural map from the tangent sheaf of X to the normal sheaf of [ in X.

Let Niyx = Oi(a1)@---@ Oy(an—2) be the decomposition of N;,x into line bundles.
Since X is covered by lines, the dimension of the image of dp; is at least n — 1, so the
dimension of the image of 1odp; is at least n—2. Therefore dim ¢(H(1, Niyx)) > n—2.
This implies that each a; should be non-negative. On the other hand, by the following
exact sequence, a1 + -+ a, o =n—1—4d,

0 — Nyx — Nyypn = 61(1)""1 — Nxpn|i = 0)(d) — 0
thusn—1-—d>0.

We are now ready to prove Theorem 4.2 for d < 5.

n = d = 3. The lemma above shows that X is not covered by lines, so there are
only finitely many lines on X.

n = d = 4. By the lemma above, the union of all lines on X form a subvariety of
dimension at most 2. Any 2-dimensional subvariety of P* which contains a 2-parameter
family of lines is a linear subvariety. Since X is smooth, it cannot contain a plane: if
X contains a plane, then we can assume that the plane is given by zop = 1 = 0, so
X is defined by an equation of the form xzgPy + x1P;, where Py and P; are degree 3
polynomials; this is not possible since any point in the intersection xo = 1 = Py =
Py = 0 would be a singular point of X. Hence dim F(X) = 1.

n = d = 5. Assume on the contrary that dim F(X) > 3. Let ) be an irreducible
subvariety of F(X) whose dimension is 3, and let X’ be the subvariety of X swept
out by the lines corresponding to the points of J. By Lemma 4.5, dim X’ < 3, and
since a surface can contain at most a 2-parameter family of lines, X’ is 3-dimensional.
Since X' contains a 3-parameter family of lines, there is at least a 1-parameter family
of lines passing through its general point. Corollary 3.2 yields that the degree of the
cone of such lines is at most 2, hence it is a cone over a rational curve. This contradicts
Theorem 2.1.
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Remark 4.6. In [2], an alternative proof of the case n = d = 5 is given. It is shown,
by computing the derivative of the Abel-Jacobi map, that if a smooth quintic threefold
contains a 1-parameter family of lines, then its Abel-Jacobi map is nonzero. Hence
such a hypersurface cannot be a general hyperplane section of a smooth hypersurface
of degree 5 in P°.

4.2 Proof of Theorem 4.2 for d = 6.

Outline of proof. Without loss of generality, we can assume that our base field
is uncountable, and by Lemma 4.3, it is enough to consider the case n = d = 6.
Assume on the contrary that X is a smooth hypersurface of degree 6 in P% such that
dim F(X) > 2n —d — 3 = 3. Let X’ be the subvariety of X swept out by its lines. We
show that our assumptions imply that X’ has codimension 1 in X and the dimension
of the family of lines on X’ passing through a general point is 1. Let ¥ be the cone of
lines passing through a general point of X', and let C' be a general hyperplane section
of ¥. We use the results of Sections 2 and 3 to show that C is a non-rational curve
of degree at most 6 which lies on a non-singular quadric surface in P3 (Step 1). Then
we use the fact that deformations of ¥ cover a codimension 1 subvariety of X to show
that the space HO(X, A Ny, x /tor) is non-zero (Step 2), and finally we compute the
dimension of this space directly and get a contradiction (Step 3).

Step 1.

Let Y be an irreducible component of F(X) of dimension s > 4. Let I C X x Y be
the family of lines parametrized by Y, and denote by mx and 7y the projections from
I to X and Y respectively. Since Y is irreducible and the fibers of 7y are lines, I is
irreducible of dimension s+ 1. Let r = dim7x (I). Note that by Lemma 4.5, X is not
covered by lines, hence r < 4. If = 3, then the fiber of a general point in wx () has
dimension s+ 1 —3 > 2, so wx(I) is a linear subvariety of dimension 3 in X. Since X
is smooth, it cannot contain a 3-dimensional linear subvariety by a similar argument
as in the case of d = n = 4. We will argue that » = 4 also leads to a contradiction.

Let X’ = wx(I) and denote by p a general point of X’. If » = dim X’ = 4, then
there is at least a 1-parameter family of lines on X’ which pass through p.

Claim 4.7. No 2-parameter family of lines on X' pass through p.

Proof. Assume on the contrary that there is a 2-parameter family of such lines. Then
by Corollary 3.2, the degree of the cone of lines on X’ passing through p is at most 2.
Hence it is a cone over a surface of degree at most 2. Any quadric surface is covered
by rational curves, so we get a contradiction by Theorem 2.1. O

Let ¥ be an irreducible cone of lines on X’ passing through p. From the above
claim, together with Corollary 3.2, we conclude that ¥ is a surface of degree at most
6, and it sits in the proper intersection of two hypersurfaces of degrees 2 and 3 in the
embedded tangent plane to X at p. Let C be a hyperplane section of ¥ which does not
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pass through p. The above argument shows that C lies on a P? and it is a component
of the proper intersection of a quadric @ and a cubic T in P3.

Lemma 4.8. With the same notation as above, we have the following:
(a) C is not rational.
(b) The quadric Q is irreducible and non-singular.

Proof. Part (a) follows from Theorem 2.1. As for (b), if @ is singular at a point g,
then by Proposition 3.7, ¢ is contained in 7" and it is a singular point of 7. We can
assume that ¢ = (1;0;0;0) and Q is the zero locus of the polynomial 22 — o3 or the
polynomial z;x2 depending on whether it is irreducible or not. Hence T is given by a
polynomial of the form xoG; + G2, where G; and G5 are homogeneous polynomials of
degrees 2 and 3 in x1, z9, 3. Therefore, the irreducible components of the intersection
of @ and T are rational curves and in particular C' is rational. This is not possible by
part (a).

O

Step 2.

Recall that X’ is a 4-dimensional subvariety of X and that there is a 1-parameter
family of lines contained in X’ passing through a general point. We denoted by p a
general point of X’ and by ¥ an irreducible cone of lines on X’ passing through p. We
use these assumptions to show that /\2 N/ x /tor has a nonzero global section.

Proposition 4.9. Let X C P" be a projective variety. Let P be a polynomial, and
let G be a closed subscheme of Hilbp(X) whose general point is a reduced subvari-
ety of X of dimension m. If the subschemes of X corresponding to the points of G
cover a k-dimensional subvariety of X, then for a general point [Y] of G, we have

HO(Y, (A~ Ny, x)/tor) # 0.

Proof. The proof is similar to the proof of Lemma 4.5. Let I C X x G be the family of
subschemes of X parametrized by G, and denote by (g, [Y]) a general point of I. Note
that the Zariski tangent space to Hilbp(X) at [Y] is isomorphic to H°(Y, Ny, x) (19],
1.2.8), and we have the following commutative diagram:

Tt (q,v)) — Tg,iv) € H°(Y, Ny/x)
-
P
Tx,g —— Ny/x ®@k(q),

where p; : I — X is the projection map, dp; is its differential, and 1 is the dual of the
map

Iy x @ kK(q) — mX,q/mg(,q'

By our assumption, the image of p; is k-dimensional and since (g, [Y]) is a general point
of I, the same is true for the image of the differential map dp;. Therefore the image of
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todp is at least (k—m)-dimensional. The diagram is commutative, so the image of ¢ is
at least (k—m)-dimensional. This implies that the map HO(Y, A\F ™™ Ny;x) — Ny;x®
r(q) is nonzero for a general point ¢ in Y, hence HO(Y, A\~ Ny x [ tor) # 0. O

Corollary 4.10. In the situation of our problem, H°(, /\2 Nxx /tor) # 0, and for a
general point q € ¥, there are global sections s1 and sy of Nx;/x such that (s1 As2)(q) #
0.

Proof. The statement is the consequence of the proposition above (and its proof for the
second statement) with &k = 4 and m = 2, along with the assumptions that our base
field is uncountable and the cones of lines cover a 4-dimensional subvariety of X. [

Step 3.

In this part, we try to compute h°(%, /\2 Ny, x [tor) directly and get a contradiction
using Corollary 4.10.

Lemma 4.11. Assume Y C X are nonsingular varieties. Then for every subvariety
Z of Y the sequence of normal sheaves

0— Nz)y > Nzyx = Nyyx @0z — 0
15 exact.
Proof. 1t is enough to show that the exact sequence of conormal sheaves
Iyix @O0z — Iz/x @07 — Iz/y @07 — 0 (9)

is exact on the left too and splits locally. Since X and Y are nonsingular, we have an
exact sequence of Oy modules

OHjY/X@)ﬁYi)Q%(@ﬁy—)Q%/—)O’

which splits locally. Therefore locally there exists a map s : Q% ® Oy — Fyix @ Oy
such that s o d = id. Now it is clear that the composition of the maps

fz/x®ﬁz L>Q£(®ﬁz ﬂfy/x@ﬁz

splits sequence (9) locally. O

By the above lemma, the sequence of normal sheaves on %

0 — Ny/x — Ny ps — Nx/ps|s = Ox(6) — 0 (10)

is exact. Dividing the second exterior power of this sequence by torsions, we get the
following short exact sequence
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3 3 2
0— /\" Ng/x(=6)/tor = /\" Ng/ps(—6)/tor — /\" Ny,x/tor —0.  (11)
Also, by taking determinants of (10), we get the following isomorphism
4 3
/\ Ne/po(=12)/tor = \" Ny, x(—6)/tor. (12)

By step 1, deg ¥ < 6 and it is a cone over a non-rational curve. Hence 3 < deg ¥ <
6. The case degX¥ = 3 cannot happen because in this case C' would be a curve of
type (1,2) on the non-singular quartic () and any such curve is rational. So we have
deg > > 4. We now analyze different cases separately. In each case, first we compute
ho (%, /\2 Ny, x /tor) by applying the long exact sequence of cohomology to sequence
(11), and then we use Corollary 4.10 to get a contradiction.

The case degX =4 :

In this case, C is of type (1,3) or (2,2) as a divisor on ). By Lemma 4.8, the former
cannot happen because a curve of type (1,3) on a quadric surface is rational. In the
latter case, C' is a complete intersection of two hyperplanes and two quadrics in P,
and

NE/PG = 62(2)2 &® ﬁz(l)z.

Hence we have H'(2, \> Ny x (—6)) = H'(Z, Ox(—6)) = 0, and H*(E, A® N /ps(—6))
= HO(®, Os(—1)2 @ Og(—2)2) = 0. This implies, by (11), that H(Z, \? Ns/x) =0,
contradicting Corollary 4.10.

The case deg> =5

In this case, C' is a possibly singular divisor of type (2,3) on Q. Let U be the com-
plement of the vertex of ¥, and let 7 : U — C be the projection map. We show
that:

(a) HO(U, \ Ns/ps(—6)|v) = 0.
(b) There is a sheaf of Ox-modules ¢4 and a map
3
¢\ Ng/x(—6)/tor — ¢,

such that ¢ is an isomorphism on U and H(%,%) = 0.

Let us first show how we can use these to get a contradiction. The map ¢ induces a
map between Ext!(A? Ny, x / tor, A° Ny x(—6)/ tor) and Ext!(\” Ny x/tor,4). So
we can extend sequence (11) to a commutative diagram

0 —> A’ Ng/x(—6)/tor —>= A® Ny /ps (—6)/tor —>= A\? Ny, x /tor —> 0

S

@' /\2 N/ x [tor —=0,

4
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and 1 is an isomorphism on U because ¢ is. Since H!(X,%) = 0, every global section
of /\2 Ny x /tor is the image of a global section of ¢’ and hence zero on U because
H(U, /\3 Ny ps(—6)|v) = 0. This contradicts Corollary 4.10.

Proof of Part (a): Denote by P® C PS a hyperplane that contains C' and does not
pass through the vertex of 3. Recall that 7 is the projection map from U to C, so the
normal sheaf of U in P is the pullback of the normal sheaf of C' in P® under 7. Hence
to show the assertion, it is enough to show that A® N¢/ps(—6) has no nonzero global
sections. Since C' lies on the nonsingular quadric @ in P3, Ngo sps and hence N¢/ps

are locally free sheaves, and /\3 Neyps = Ng/Ps @ det N¢/ps.
There is an exact sequence of conormal sheaves:

0— Oc(—2) @ Oc(—1)* = Né/P5|C - Ng/PS - N(\J//Q — 0.

Since deg Ng/Q = —(0? = —12, from the sequence above we get deg(det Negyps) = 32.
Tensoring the above exact sequence with det No/ps @ Oc(—6), we get the following
exact sequence

3
0 — det NC/P5®(ﬁc(—8)€Bﬁc(—7)2) — /\ Nc/ps(—G) — det NC/Ps(—G)(X)Ng/Q — 0.

Since the right and left terms of this sequence are direct sums of negative degree line

bundles, they have no nonzero global sections. So the middle term has no nonzero

global sections either.

Proof of Part (b): Since X lies on a P4, by Lemma 4.11, the sequence of normal sheaves
0— NE/P4 — NZ/PG — Np4/P6‘E = ﬁ%(l) — 0

is exact. Taking determinants in this sequence, together with equation (12), we get

/\3 Ny x (—6) /tor = /\2 Ny,pa(—10)/tor.

Let .Z- be the ideal sheaf of C in P3. Since
H(P?, 7:(3)) > H(P?, 0ps(3)) — H°(C, 0c(3)) = 6,
the homogeneous ideal of C in P? is generated by equations of the quadric @ and two

cubics, and the intersection of each of the cubics with @ is the union of C' and a line,
so we get the following exact sequence of &ps-modules

ﬁPB(—4)2 — 6133(—3)2 D ﬁPS(—Q) — Ops — Og — 0.

(This sequence is exact on the left too, and it is the minimal free resolution of ¢ in
P3, but we won’t need that.) If I C k[zo, ..., 3] is the homogeneous ideal of C in P?,
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then the homogeneous ideal of ¥ in P* is generated by I in k[zo,...,74]. Hence the
above sequence gives a similar exact sequence for ¥ in P4

Opi(—4)* — Opi(—3)2 @ Opa(—2) — Iz — 0, (13)

where %, is the ideal sheaf of ¥ in P%. Recall that from an exact sequence of modules
T — M — N — 0 over aring A, we get an exact sequence of second exterior powers
T&M — A\*M — A\’ N — 0. So restricting sequence (13) to X, and then considering
its second exterior power, we get the following exact sequence

Os(~T)4 @ Og(—6)2 — O5(—5)2 @ O(~6) — N\ Iu/IZ 0.

Finally, if we dualize this sequence and twist it with &x(—10), we get

0= (N S5/ 2)" @ Os(~10) = Ou(~5) © Ox(~4) % Ow(~3)' © On(~4%. (14)

Denote by .# the image of . We claim that H°(X,.#) = 0 and H' (%, Os(-5)? ©
Osx,(—4)) = 0. The first part is clear since .Z is a subsheaf of Ox(—3)* @ Ox(—4)?
which has no nonzero global sections. For the second part of the claim, notice that
Icig = Og(—2,-3), so HY(Q, Fc/o(m)) = 0 for every integer m ([8], III, Ex. 5.6).
Therefore the map

HO(P47 ﬁp‘l (m)) - HO(Cv ﬁC(m))

is surjective for every m. The above map factors through the map H°(X, Os(m)) —
H°(C,0c(m)) and hence this map is also surjective. So H(X, Ox(m)) = 0 for every
integer m.

Let 4 = (\° I/ I2)Y @ Ox(—10). It follows from the claim that H'(,%) = 0.
Notice that there is a natural map

N Nayps(=10) = (N (/) 52)Y) & 65 (~10) — ¥,

and since ¥ is torsion free, the above map induces a map

6: N\ Neyps(—10)/tor — 4.

Finally, .9,/ .## is isomorphic to 7*(Fc/#2), and since the latter is locally free, ¢ is
an isomorphism on U.

The case degY¥ =6:

In this case, ¥ is the complete intersection of two hyperplanes, a quadric, and a cubic
in P%, and

Nsyps = O5(1)* @ 0%(2) @ Ox(3).
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Therefore H' (S, \* Nyy/ps(—12)) = HY(S, O5(—5)) = 0, and h°(, A® Ng,ps (—6)) =
hO(S, 0% @ O (—1) @ Ox(—2)) = 2. So from sequence (11) we get

2
RS, /\" Neyx) =2

Lemma 4.12. Every nonzero global section of Nx;x has finitely many zeros.

Proof. Let r € HO(E,NE/X) be a nonzero global section. Recall that det Ny, x is
isomorphic to @x(1) by (12). So by (11) we have an exact sequence:

H 2 2
0— Os(-5) 25 6% @ Os(-1) © Os(-2) — \" Ng/x — 0. (15)

The map p can be described in the following way. Let L1, Lo, G, and K be homogeneous
polynomials defining the two hyperplanes, the quadric, and the cubic in P% whose
intersection is ¥, and let P be a homogeneous polynomial defining X. There are
homogeneous polynomials Hy, Hy, R, S such that

P=H Li+Hy;Ls+RG+SK.
Then the map p in sequence (15) is given by

H,,Hs,R,S
W Os(=5) (HLHRS) 0% ® Ox(—1) @ Ox(-2).

By the next lemma, there is s € H°(X, Ng,x) such that r A s is a nonzero global section
of \? Nsx. Since H'(X, 05 (—5)) = 0, A s is the image of some ¢ in H*(X, 0% &
Os(—1) ® Ox(—2)). Without loss of generality, we can assume t = (1,0,0,0). So if
r(¢) = 0 for a point ¢ € ¥, then Hy(q) = R(¢) = S(¢) = 0. The set {q € ¥ | Ha(q) =
R(q) = S(q) = 0} is zero-dimensional, since otherwise there would be a point in the
intersection of this set and the hypersurface H; = 0 and this point would be a singular
point of X. Therefore r has finitely many zeros. O

Lemma 4.13. For every nonzero r € H°(3, Ny x), there exists s € H°(X, Ny x)
such that r A s # 0.

Proof. Let q be a general point of 3. By Corollary 4.10, there are global sections s; and
sy of Ny, x such that (s1As2)(gq) # 0. So the image of the map HO (%, Ns/x) = Ny /x®
k(q) is at least 2-dimensional. On the other hand, since ¢ is a general point, r(q) # 0,
so there exists s € HY(X, Ny, x) such that s(¢) and r(q) are linearly independent in
Ny x @ £(q). Such a global section satisfies s A # 0.

O

Let H be the Hilbert scheme of subschemes of X with the same Hilbert polynomial
as X. Since dim X’ = 4 and we chose ¥ to be a general cone of lines on X', the
dimension of H at the point [¥] is at least 4, so h%(3, Ny;,x) > 4. Also, we showed

that hO(3, /\2 Ns;/x) = 2, so there are independent global sections 7, s of Ny, x such
that r As = 0. Let C” be a hyperplane section of ¥ which does not contain any zeros of
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r. We have (rAs)|cr = 0 and r|¢s is nowhere zero. Hence there exists a constant ¢ such
that r|c: = cs|cr. Therefore 7 — cs is a global section of Ny, x with a 1-dimensional
set of zeros and so by the previous argument it is the zero section. This contradicts
our assumption that r and s are linearly independent.

Remark 4.14. The above proof shows that for any smooth hypersurface of degree at
least 6 in P®, the Fano variety of lines is at most 3-dimensional, and as it was mentioned
earlier, any Fermat hypersurfaces of degree at least 6 in P® contains a 3-dimensional
family of lines.
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