ISOP ARAMETRIC HYPERSURF ACES WITH FOUR
PRINCIP AL CURVATURES REVISITED

QUO-SHIN CHI

Abstra ct. The classi cation of isoparametric hypersurfaceswith
four principal curvaturesin spheresn [2] hingeson a crucial charac-
terization, in terms of four setsof equationsof the 2nd fundamertal
form tensorsof a focal submanifold, of an isoparametric hypersur-
face of the type constructed by Ferus, Karcher and Meinzner. The
proof of the characterization in [2] is an extremely long calculation
by exterior derivativeswith remarkable cancellations,which is mo-
tivated by the ideathat anisoparametric hypersurfaceis de ned by
an over-determinedsystemof partial di erential equations. There-
fore, exterior di erentiating su cien tly many times should gather
us enoughinformation for the conclusion. In spite of its elemen-
tary nature, the magnitude of the calculation and the surprisingly
pleasart cancellationsmake it desirableto understand the under-
lying geometric principles.

In this paper, we give a conceptual, and considerably shorter,
proof of the characterization basedon Ozekiand Takeudi's expan-
sion formula for the Cartan-M mnzner polynomial. Along the way
the geometric meaning of thesefour setsof equationsalsobecomes
clear.

1. Intr oduction

In [2], isoparametric hypersurfaceswith four principal curvatures
and multiplicities (mq; m;);m,  2m; 1; in sphereswereclassi ed to
be exactly the isoparametric hypersurfacesof F K M -type constructed
by Ferus Karcher and Munzner [4]. The classi cation goesas follows.
Let M., be a focal submanifold of codimensionm; of an isoparametric
hypersurfacein a sphere,and let N be the normal bundle of M, in the
sphere. Supposeon the unit normal bundle UN of N there hold true
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the four setsof equations

Fo = F o mi

I:a+mb = I:b+ma;

I:a+mb = bu+ma;
R A

p

for somesmooth functions L},. Here,m := m; for notational ease.At
n 2 UN with basepoint x, the indicesa (and b), p; ; run through, re-
spectively, n? , the subspaceperpendicularto n in the b er N, andthe
three eigenspace®f the shape operator A, with eigervaluesO;1; 1.
Also, Fj-ia is, up to constart multiples, the (i; j )-componert of the sec-
ond fundamertal form in the normal a-direction at x 2 M. pulled
bak ton2 UN, and ' and! J' are the coframeand connectionforms
on UN. We proved that thesefour setsof equationscharacterizean
isoparametric hypersurfaceof FK M -type, on which the Cliord sys-
tem actson M. .

The rst three setsof equationsabove are algebraicwhereasthe last
oneis a systemof partial di erential equations. We introducedin [2] a
spanningproperty on the 2nd fundamernal form of M., which says that
the 2nd fundamenal form is nondegeneraten the wealer sensehat it
is a surjective linear map from the subsape of the direct sum of the
aforemenioned and eigenspacesf the tangen spaceto the normal
spacewhenone xes any oneof the two slotsin the bilinear form. This
spanning property turned out to be a crucial one for simplifying the
four setsof equations,in that we provedthat the spanningproperty and
the rst setof equationsimply the three remaining setsof equations.

Our next crucial obsenation is that the rst setof equationsis really
a formulation about Nullstellensatzin the real categoryin disguise,in
view of anidertit y of Ozekiand Takeudi [3]. From this point onwards,
we complexi ed to harnessthe rich complexalgebraicgeometryto our
advantages, which ewertually led to an induction procedure and an
estimate on the dimensionof certain singular varieties, to verify that
the rst set of equationsand the spanning property always hold on
M, whenm, 2m; 1, wherems, is the dimensionof the other focal
submanifold. Therefore, the isoparametric hypersufaceis of FK M -
type, on which the Cliord systemactson M., if m, 2m; 1.

The only unsettled caseshot handledby the boundm, 2m; 1lare
exactly the exceptionaloneswith multiplicit y pairs (3;4); (4; 5); (6; 9)
and (7; 8). It appearsthat handling theseexceptionalcasesn general

would ertail taking all the four setsof equationsinto accourt.
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The proof that thesefour setsof equationscharacterizean isopara-
metric hypersurfaceof FK M -type in [2] is an extremely long calcula-
tion with remarkable cancellations,which is motivated by the ideathat
an isoparametrichypersurfaceis de ned by an over-determinedsystem
of partial di erential equations. Therefore, exterior di erentiating the
four setsof equationssu cien tly many times should gather us enough
information for the conclusionon a local scale,which then implies its
global courterpart by analyticity. In spite of its elememary nature, the
magnitude of the calculation and the surprisingly pleasan cacellations
make it desirableto understandthe underlying geometricprinciples.

The purposeof this paper is to give a conceptual,and considerably
shorter, proof of the characterization that thesefour setsof equations
are equivalent to that the underlying isoparametric hypersurfaceis of
FKM-type. We rst show that the rst three setsof equationsgive
riseto a manifold (di eomorphic to a sphereof dimensionm;) worth of
intrinsic isometriesof M., whereasthe fourth set of equationsasserts
that theseintrinsic isometriesextend to ambient isometriesof the am-
bient sphere.We then explorefurther geometriesof M., in conjunction
with Ozeki and Takeudi's expansionformula of the Cartan-Munzner
polynomial [3], to verify that the sphereworth of isometries, when
extendedto ambient isometries,form a round spherein the spaceof
symmetric matrices. This says preciselythat theseisometriesform a
Cliord sphere,and sothe isoparametrichypersurfaceis of FK M -type.

The work would not have beendonewithout the inspiring papers of
Ozekiand Takeudi [3].

2. Preliminaries

2.1. Unit normal bundle of a focal submanifold of an isopara-
metric hyp ersurfaces with four principal curvatures. Let

X:MPM | gntm+l
be a submanifoldwith normal bundle
N =: f(x;n) 2 R"™M2 RY™M™2;n 2 T M;n ? xg
Let UN bethe unit normal bundle of M . The Riemannianconnection

on M splits the tangert bundle of UN in sud away that the horizontal
vectors X, at u = (x;n) 2 UN arethe onessatisfying

(1) dn(X,) 2 .M R M*2:
Now let M " be a focal submanifold of an isoparametrichypersurface
in S"™™*1:n = m+2N. Foread point (x; n) onUN , welet X ,; m+1

p 2m;X ;2m+1 2m+ N; X ;2m+ N+ 1 2m+ 2N; be
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orthonormal basis eigervectors with eigervaluesO, 1, -1, respectively,
of the shape operator A,,. Then these eigervectors can be lifted to
the tangert spaceat (X; n) via the isomorphismbetweenthe horizonal
distribution at (x; n) and the tangert spaceto M at x. Explicitly, if

Xx:M 1 gntm#d
is the enbedding, then by (1), for k = 0;1; 1, respectively,
(2) dikx + n)(X)=10

at (x;n) de nes exactly the horizortal lift X of X, when X is an
eigervector of the shape operator A,, with eigervalue k. In fact, since

dn(X) = kdx(X)= kX
by (2), we have
(3) X = (dx(X);dn(X)) = (X; kX);
sothat the tangert spaceto UN at (x; n) splits into
V. Ho Hi H g

whereV is the vertical spacespannedby X , = (0;X,);a= 1, ;m,
Hs;s = 0;1; 1; are horizontal subspacesspannedby vectors of the
form X, = (X0, X = (X ; X );X = (X ;X ), in the p; ;

rangesspeci ed above, whosedual framesare 2; P; ; |, respectively.

2.2. Lie sphere geometry . Quartitativ ely, Lie spheregeometrypro-
vides an ideal ground for the unit normal bundle geometry We will
referto the book [1] for details and further references ConsiderR"* m*4
with the metric

< Xy > = X0y0+ lel + + Xn+ m+2yn+ m+2 Xn+ m+3 yn+ m+3

of signature(n+ m+ 2;2). The equation< x; x >= 0de nesa quadric
Q"*™M*2 of dimensionn + m + 2 in RP™ ™3 A Lie spheretrans-
formation is preciselya projective transformation of RP"*™*3 which
mapsQ"*™*2 to itself. To realizethe Lie spheretransformation group,
consider,similar to an orthonormal frame in the caseof an orthogonal
group, a Lie frame, which is an ordered set of vectors Yg; i
in R ™* sud that < Ya;Y6>= hap, Where

0 0 J
(hab) = @ 0 In+m 0 A;
J 0 0

wherel 4+ is the identity matrix of the indicated size,J isthe 2 2
matrix with Ji; = Jo» = 0and J1» = Jo; = 1. A Lie frame inducesa

Lie transformation, and vice versa.
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The unit tangert bundle of the sphereS"*™*! now naturally identi-
es with 2*2m+*1 the spaceof dimension2n + 2m + 1 of (projective)
linesin Q"*™M*2  via the identi cation

4) S(x;n) 70 [(1;x;0); (0;n; 1)];

wherethe imageof the map denotesthe line spannedby the two points
[1;x;0]and [0; n; 1] in Q™" M*2_ The unit normal bundle UN of a focal
submanifoldM " of an isoparametrichypersurfacein S"*™*1 therefore
inherits amapinto  2"*2M*1 via (4). In fact onecan readily construct
a local smooth Lie frame eld on UN asfollows. At (x;n) 2 UN, we
let X, be a choiceof orthonormal vertical frame elds, and X,; X ;X
be a choice of the respective orthonormal characteristic frame elds of
A,. Then

Yo= (1,%x;0);  Yi=(O;n; 1)
Ya = (0;X3;0); Yy = (0; X, 0);
Y =(0;X ;0); Y =(0;X ;0)

1 1 1 1
Ynims+2 = (0; én;é); Ynimz = (é. EX; 0);

is a Lie frame eld. We set

Then the Maurer-Cartan equationsapplied to (! J') which lies in the
Lie algebraof the Lie spheregrou);(), imply

(5) dlj = LA
k
An easycalculation shows that
(6) 1g=11=15=17=0
and
| ia_: a. 8: p-
(7) | |
0~ v 0~ )
where 2; P; ; arethe dual forms on UN introducedin the pre-
cedingsection. Furthermore, we have
12=0 1P=0
0 y 1 y
(8) | + | — 0 | + | —_ 0
-0 1 = 3 -0 1 = .

Now, on UN we set

9) < dXj; X >= IJ' = Fiok
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wherei; j; k run through the a;p; ; ranges. Note that Fj‘k = Fijk.
Di erentiating (8) with (5), (6) and (7) in mind, we obtain that jik =
wheneer exactly two of the indicescomefrom the samerange. More-
over,

FP = FP =F,=F,;
P — EP — - .
@0 SR LY
F, =2F, = 2F, = F,:
In particular, (9) and (10) assertthat
Fra = < Ax (X )iXp>
(11) Fra = < Ax.(X )i Xp>;

1
F. :§<Axa(x )X >

We will seethe meaningof F, in the next section. Note that (5)
through (10) alsoimply the structural equations(with Einstein sum-
mation convertion)

da= !g\/\ b Fpa P A Fpap/\ 4Fa A :

(12)dp: gt T Fpa TN R TN AR, N
d = ! A~ FadMP+F, 3  F_PA
d = 1 ~ Foa 2N P F, A +F_ PA

3. The symmetries

Considerthe natural isometry
T:(pa 7! (ap)
from R"*M*2 RN M*2 jnto itself.
Prop osition 1. Retaining the preceding notations, T leavesUN in-
variant in the caseof four principal curvatures.
Proof. The exponertial map
exp: (x;n(x)) 7! p= cost x+ sint n(x)
of the sphereS"*™*1 mapsUN to an isoparametric hypersurfaceM,
in general,and returns to the focal submanifoldat t = =2, at which

p = n(x) and the derivative of the map is X, which is normal to the
focal submanifold.

Corollary 1. Any local section s: M ! UN, s:x 7! (x;Q(x)),

givesrise to a local map from M into itself.
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Proof. Let :UN ! M be the projection. Considerthe local map
T s:M ! M, which is just the map

g:x 7" Q(x):

Since T is an isometry on UN, we next understand its tangert
map. Note that by (3), at (x;n), we have the orthonormal frame
(0;X3); (Xp;0);(X 5 X );(X ;X )dualto & P, ; . By the fact
that T is a linear map interchanging the two coordinates, we obtain

Prop osition 2.
T © (0;Xa) 7! (X4 0)
D (Xp;0) 7 (05 Xp);
(X5 X )7t (X X))
(X ;X )7t (X ;X))
from the tangentspace at (x; n) to the tangentspace at (n; x) on UN ,

sothat T interchangesthe E, and E, distributions and xes the E
and E distributions.

It follows immediately from the proposition the following.
Corollary 2. F, at (x;n) 2 UN is exactlyF, at (n;x) 2 UN.
Considernow the local map

g:x 7! Q(x)

arising from a local sections : M ! UN;s: M 7! (x;Q(x)); in
Corollary 1. Weaskwheng is alocalisometry on the focal submanifold
M.

Lemma 1. Retain the notationsin Corollary 1 andlet X, X , and X
ashbefore be appropriate orthonormal eigenvetors for the shape operator
Agx- Then gis alocal isometry of M if and only if s mapsX and
X to their horizontal lifts at (x; Q(x)), and mapsX, to (Xp; V) such
that X, 7!V, is an isometry.

Proof. Lets (Xp) = (XpiVp), s (X )= (X ; X +V),ands (X )=
(X ;X + V). That is, we break the three imagesunder s into hori-
zortal and vertical componerts. By the very de nition of g we see
(13) g Xp7l

(14) g : X 70V X;

(15) g : X 7'V +X:
7



Sincethe vertical componerts V,, V and V are all perpendicular to
Xp, X andX ,weseeg isalocalisometryif andonlyif V =V = 0.

At eat point u = (x;n) of UN, we set, respectively, E;;Ep E E
to bethe vertical spaceat u and the three horizonal eigenspacesf the
shape operator A,, with eigervalueO, 1, -1 pulled bad to the horizontal
spaceat u. In light of Lemma 1, we assignsmoothly an isometry O,
from E, to E,. Let

at u and considerthe distribution
w=F, E E:

If this distribution is integrable,then accordingto Lemmal, eadt leaf
Q(x) will induce an isometry on M. In accordancewe seekto nd a
necessarand su cien t condition for the distribution to be integrable.
We can arrange so that

(16) Xp m = Ou(Xp):

Remark 1. Before we procead, let us look at the isoparametric hyper-
surfaces of FKM-type [4]. Let Py; P, be a Clior d systemon R?,
which are orthogonal symmetric operators on R? satisfying
Pin+PjPi:2ij|; i;j=0; ,m:

The 4th degree homayen@us polynomial

xn

FO)=jxj* 2 (< Pi(x);x>)?

i=0
is the Cartan-Munzner polynomial, sothat F (t); 1<t < 1; onthe
sphee is a 1l-parameter family of isoparametric hypersurfaes whose
focal submanifoldsare M = F ( 1).

M. is the variety carved out by the quadrics< P;(x);x >= 0;i =
0, ;m; whosgnormal bunde gt x is spanned by Po(x);  ;Pm(X).
If wesetQ := aP;, whee (a)*>= 1 thenfQ(x):x 2 M.g
is a leaf in the unit normal bunde of M, . Theseleaves,as Q varies,
giverise to an integrabledistribution  of the sort we are considering.
In fact, at x the O-eigensjce of the sha operator Aqx) is spanned
by PQ(x), whee P ? Q for all P. Therefore, a typical vector in
the O-eigenspce, say, X, := PQ(x), will be mapped via Q to  P(x)
in the normal space at x, which we designateas X, . That is,

Xp m = Q(X;), whichis compatible with (16).
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Prop osition 3. is involutive if and only if

(17) Fo = F o
(18) I:a+ mb — I:b+ m a;
(19) I:a+ m b = I:b+ m a:

Proof. (Sketch.) s the kernel of

a+ atm

for all a, which we di erentiate while invoke (12).

Prop osition 4. When is involutive, the isometriesg induced by the
leavesof  extendto ambientisometriesin S"*™*1 if and only if

X
(20) 1bopm = LE(P ™+ P):
p

for someLp,. In particular, the unit normal bunde of M, of an
isoparametric hypersurfae of FKM-type satis es (17) through (20).

Proof. We will shav that ead g leavesthe 2nd fundameral form
and the normal connectionform invariant, from which the rigidity fol-
lows [6].

Recallfrom Lemmal that welet X ;X,; X berespective orthonor-
mal characteristic vecotr elds of Aq() In M, and let X, be orthonor-
mal normal vector elds perpendicularto the normal vector Q(x) at x
in M in fact, X4; X,; X ;X form aLie frame eld over the sections.
Recallthat g:x 7! Q(x) isinducedfrom the leafs: x 7! (x; Q(x)),
where

s (Xp) = Xpi Xp m):
s(X) = X; X))
s(X) = (X;X);

by the de nition of the distribution . Sowe have from (13), (14) and
(15)

(21) g(Xp) = Xpm
(22) g(xX) = X;
(23) g(X) = X:
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To keepour notation straight, we let

Y 1(9(x)) = Q(x);
Yo(9(x)) = X;

Ya(9(x)) = Xarm(X);
Yo(g(x)) = Xp m(X);
Y (9(x)) = X (X);
Y (9(x) = X (x):

We set X 1(X) := X; Xo(X) := Q(X). Y 1;Yp and Y, are normal, and
Yp; Y ;Y aretangert to M at g(x), in cortrast to X 1;Xo and X, being
normal and X; X ;X beingtangert to M at x, whenwe regardM as
a submanifold of R"™* ™*2 . We therefore have set up a normal bundle
isomorphism

(24) Xa 7! Y 1 a m;

betweenthe normal bundle of M over x and the normal bundle of M
over g(x) covering g .
The 2nd fundamertal form g;\(t X is

S(X;Y) = < dXa(X)Y > Xa
a
for X;Y2TM,a= 1; :m, and is
X
( X;Y)= < dYa(X);Y > Y,

a

at g(x). In view of (21), (22), (23),
X

(g(X )ig(X)) = < dYa(g (X )):g (X )>Ya

g(l

= < dXarm(X )X > ( Xarm)
§(1

= < dXarm(s (X )); X > Xaim
' x

= I:a+mt t(s (X ))Xa+m
$'X

= I:a+mt t((X ; X ))Xa+m
g(l t

- I:a+m Xa+m;
a1l
10



wherethe third equality follows from the fact that the framesX are
indeed smoothly de ned as part of a Lie frame over the sections, so
that the exterior di erentiation can be conductedover s with respect
to s (X ) that coversX . Likewise,

X
(S(X ;X)) = < dXa(X )i X > (Xy)
&1 X
= Fa ( Xarm) = Fa Xatm:
al al

Sothey are equalby (10) and (17). Weremarkthat a= 1,0 do not
appear in the above equalitiesbecausefor instance,

<dYo(g (X )9 (X )>Yo < dx(X ); X >x
<X :X >x=0

( S(X ;X )):

In the samevein, for a= 1; m,

X

(9 (Xp)sg (X)) < dYa(g (Xp)):;g (X ) > Ya
g(l
< dXarm(Xp); X > ( Xarm)
Xa 1
< dxa+m(s (Xp))sx > xa+m
& tx t
= Farmt (S (Xp))Xarm
$'x
= Farmit t((xp;o)+ O; Xp m))Xarm
g(l t
(Fa+m;p Fa+m;p m)xa+m
* X
= Fa+m;p mXa+m;
al
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where we invoke the fact that s (X,;) = (Xp;0)+ (0; Xp m) with
(Xp; 0) horizortal and (0; X, ),2) vertical. Likewise,

( S(Xp; X)) < dXa(Xp); X > ( Xa)
g( 1
Fap( Xa+ m)
X al
wamm:
al
Sothey are equal by (18). Similar identities hold for other pairs of
vectors. In short,
(25) g = S:
The normal connectionform is X
DX, = PX b,
b
where 2 =< dX,; X, > at x and;<s
DY, = ng;
b
where 2 =< dY,;Yy,> at g(x). We next establish

g 2=
that is,
(26) Dgv)(( )= ( Dv()):

(25) and (26) will establishthe rigidity. Now
g g(x) = < dxa+m(x ); Xb+m>
= FXm =

at+tm;

while 2(X ) = 0 similarly. On the other hand,

g g(xp) = < dYa(g (Xp)): Yp >
= < an+m(Xp); Xb+m>
= 12 (Xp));
while
g(Xp) = < dXa(Xp); Xp>

< dXa(s (Xp)); Xp>=15(s (Xp)):

Thereforethey are equalif andonly if I 2 1 2™ annihilatess (X p) if

and only if it annihilates the distribution becauset automatically
12



annihilates the horizontal s (X ) ands (X ) (Fj‘k = 0 if exactly two
indicesare from the samerange), if and only if

X
b b+tm _— p p m p
!a !a+m_ I-ba( + )

p

for someL}, because P ™ + P, for all p, form the dual of .

4. The focal submanif old M. is a real affine variety

Conversely assumingnow that (17) through (20) hold true, we will
establishthat the isoparametrichypersurfaceis of FK M -type.

By Proposition 4, ead leaf now is of the form (x; Q x) for somecon-
stant orthogonal matrix Q, sothat in fact it inducesa global isometry
x7! Q xonM. (" " denotesmatrix multiplication.) Note alsothat
sinceQ x isanormalvectorat x 2 M, wehave< Q x;x >= 0. In fact
we have an S™-worth of sud Q's becausethere is a leaf through eath
point of a b er of UN; let the set of the S™-worth of Q's be denoted
by C. Now C beginsto look like the Cliord sphere. One needsto
establishnext the Cli ord properties of the Q's in C.

We rst shaw that

Q’=1d

for all Q in C. Retaining all the previous notations, we seethat Q is
exactly in (24). Hencex + Q x; X5 Xa+m;X are eigervectors of
Q with eigervalue 1, while x Q X; Xa+ Xa:m; X areeigervectorsof
Q with eigervalue -1, which implies that Q is symmetric. S0Q? = I d
becauseQ is alsoorthogonal.

De nition 1. M, is the focal submanifoldsatisfying (17) through(20).
Lemma 2.

M, = fx2S"™! <«<Q x;x>=0; all Q2 Cg;
sothat M. is areal ane variety.

Proof. For x in M., Q x is a normal vector for any Q 2 C. Soclearly
< Q Xx;x >= 0. Conversely the sphereS"*™*1 is covered by the
exponertial map

(27) exp: (t;x;P) 7! y=: (cost)x + (sint)P x

with x in M, and P in C. We askwheny satises< Q y;y>= 0 for
all Q. This is equivalert to, upon expansion,the condition

sin2t<P x;Q x>=0
13



for all Q in C. When picking Q to be P, we seeby P2 = | d that this is
in turn equivalert to sin2t = 0. In other words,t = 0; =2; or , which
impliesthat y liesin M. .

5. More geometr y of M.
Fix a point e2 M., . We have the decompsition
R¥*™"=Re T N;

whereT and N are the tangert and normal spacesof M. at e. We
write a typical elemen in R?*™*" as

te+ y+ w;

wheret 2 R;y 2 T, andw 2 N, with respectto the decompsition. We
will from now on coordinatize R>*™*" this way. Clearly, t = 1y =
w = 0 aretwo points on M... (M. is diametrically symmetric.) Let

CM, =frx:r2R;x2 M.g
be the coneover M. .

Convention 1. Pick Pg; Pn 2 Csuchthat P e; P, eare
orthonormal. This is possiblesincethemapC ! UcN givenbyP 7!
P eis a di e omorphism. Henceforth, we refer to Py; :Pm as such
a choiein C

Remark 2. All identities to be derived below will not be hard to ver-
ify if Cis a round sphee, which will be our end result. However, at
this point C is only di e omorphic to a sphee. What is remarkableis
that the identities remain true under the weaker condition that Cis a
di e omorphic sphee.

Lemma 3. Lettpe+ yo+ Wy 2 CM.,. Then the line te + yo + wy
parametrized by t intersects CM. in exactly one point if wp 6 O.

Proof. First, notethat < P; e;e>=< P; e;yo>= 0, sinceP; eisa
normal vector to M, at e. Furthermore, < P; wg; Wy >= 0 because

WoTWoj 2 M, aswell by Proposition 1. It followsthat forO i m,
we have

0=< P (te+ yp+ wp);te+ yo+ wWp>
(28) i (te+ yo+ Wo) Yo + Wo

=< P YoYo> +2t < P; e;wp> +2 < P; Yo, Wp >

forte+ ypo+ wp 2 CM. . SinceP; e;i = 0; : m, form an orthonormal
basisfor the normal spaceN of M. at e, if we set

wi =< P; e;wp >;
14



we obtain
X 2 H 12
Wi = JWo]~:
i
Multiplying through (28) by w; and summing up over i, we obtain
- xn xn
(29) 2Ajwgj- = Wi <P Yo;Yo> 2 W <P yo;wp>:
i=0 i=0
If wo 6 0, then there is only one solution for t.

We record that, alongthe normal vector P e, we have
(30) < S(vi;ve);P e>= <P ;v >

whereP 2 C, S is the 2nd fundamenal form and v; and v, are two
tangert vectorsto M, at e. That is, we have

(31) Apc(V)= (P V)T,

wherethe upper script T denotesorthogonal projection onto the tan-
gertial componert at e for an tangert vector v. The idertity is true
becauseP x, asx varies around e in M., is a normal vector eld,
whosederivative at e gives(31). For notational ease,we set

(32) pii= <P YoiYo>:

Corollary 3. Lettpe+ yo+ Wy 2 CM. ;W 6 0: Then tg is the double
root of the quaditic polynomial (in t)

xn xn
4jwoj*t? + 4( piwi +2  w < P yo;wo >)t
i=0 i=0
(33) o, . 2
+ pr 4P < Pi Yo;wo > +4 < P yo;Wp >
i=0
=0

Proof. Squaring(28) and summingover i, we obtain the polynomial for
which tg is a root. Corversely supposet is a root of the polynomial.
Tracing backwards, we obtain (28) and so (29). This implies that
t = to.

15



Now we compare(33) with the equationderivedin [3]. Let F be the
4th degreehomogeneougartan-Menzner polynomial. Then

xn
F(te+ y+w) = t"+ (2jyj* Gwj)t>+ 8(  piwi)t
i=0

X0 X0
(34) +iyi* eyfwi*+jwj* 2 pi+8 qw
i=0 i=0
X0
+2  <rprp > ww;
i;j =0
whereqg(y);i = 0; ;m, are somecubic homogeneougolynomialsin

y; in fact, they are the 3rd fundamertal forms of M. .

Lemma 4. tge+ Yo+ Wp 2 CM.;wo 6 0: Then tg is the doubleroot
of the quadiatic polynomial (in t)

4wojt=  4(  piw)t
i=0

(35) X . ”.
+ (P 4qwi) + 4wei%i(P yo)j?
where P 2 Cis suchthat

W, .
P e= —P e (= WogwWgj);
i—g JWoJ

and ? denotesthe orthogonal projection onto the normal space N to
M, ate

Proof.
f 1= F(te+yo+Wo) j te+yot+Woj* = F(te+yo+Wo) (t°+]yoj*+jwoj?)* = O;

if te+ yo+ wo 2 CM., becausd-(x) = 1for x 2 M. ; f isa2nd order
polynomial in t by (34). The only messyterm in f is the oneinvolving
r pi in (34). Howewer, since

rp= 2P yo)';
16



we have, in view of (31),

xo
<Trpsrp > ww,
i;j =0
xn T T
=4 < (P Yo ;(P Yyo)' > wiw
i;j =0
o
4 < Ap e(Yo0); Ap, e(Yo) > Wi,
i;j =0

4iwoj? < Ap e(Yo); Ap e(Yo) >

4iwei*> < (P yo)"; (P yo)' >

4iwoi” < P yo;P Yo >  4iwei’ < (P yo)7; (P yo)® >
4iwoj’jyoi®  4iwoi’i(P  ¥o)? J?;

(36)

due to the fact that P is orthogonal. Hencetg is a root of f as a
polynomial of t.

Conversely supposet is a root of the polynomial f . Thente+ yo+ wy
must belongto CM. . Thus by Lemma4, we havet = t,.

Henceforth, we drop the subscript 0 from y, and wy for notational
ease.

Corollary 4.
xXn
(37) wi <P y;w>=0;
i=0
and
xXn xn
p< P y,w>+ <P yw>?
i=0 i=0
= Gw; + jwjG(P y)’]
i=0

for allte+ y+ w2 CM.. As a conseuene, for w 6 0,
P

2jwjz -

17
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Moreover, the projection of CM, ontothe T N-space is the variety
carved out by the equations
xn
(40) jwj?< Piy;y> wi o w < Py y;y > #2jwj?< Py y;w>= 0
j=0
for all i = O; ‘m.

Proof. The rst two equationsare apparertly true for w = 0. For
w 6 0, they follow from comparing the coe cien ts of (33) and (35),
sinceboth quadratic polynomialshave the samedoubleroot. The third
equationis a consequencef the rst and (29). Finally, the last set of
equationsfollow from (28) and the third equation.

Lemma 5. Notation as alove, for e 2 M., there is an open setU in
T suchthat for each point y 2 U, there are only a nite numker of
w2 N (and hene nitely manyt) for whichte+ y+ w 2 M. with the
property that thesew span N.

Proof. Considerthe orthogonal projection : M. ! T given by
te+y+w?7! y. The map is surjective onto a neighborhood of
y = 0, because is in fact a local di eomorphism near e due to the
fact that T is tangert to M., at e. By Sard's theorem, the regular
valuesof in this neighborhood form a denseand opensetS. Pick an
openball U in S. The preimageof over ead point in U is nite with
a xed number of elemerts, sothat is a covering map over U.

Suppose for somey in U, the elemens of  (y) is cortained in
a proper subplaneL of Re N, then a slight perturbation from y
to a nearly y°in T will disconnectthe pertured image of the plane
Re N from M., which cortradicts the constancyof the number of
elemerts of preimageseary, asaslight perturbation doesnot alter the
intersection number. Therefore,the elemens of 1(y) spanRe N.
Howe\er, sincet is a function of y and w 6 0 by (39), we seethat the
elemens of  (y) projectsto elemens in N which spanN.

Lemmab5 enablesus to say more about (38) now.
Lemma 6. Lette+ y+ w2 CM,. Then

o xn
(41) Gw; = p <P yw>;
i=0 i=0
and
xn
(42) W% (P y)’j*= <P y;w>?:

i=0
18



Proof. The identities are trivially true if w = 0. We assumew 6 0O
now. Recall P from (35). We claim that if t 6 O, then

(43) jP y)’ji?=0
if and only if
xn
(44) <P y;w>2%=0:

i=0

To seethis, note rst of all, that (P y)? = 0 meansy belongsto the
direct sum of the 1-eigenspacef the shape operator Ap o at e. To
seethis, recall that Q e tracesout the unit normal sphereof M, at e
asQ variesin C. Therefore,(P y)? = 0 gives

(45) 0=<(P y)’;Q e>=<P y;Q e>=<y;PQ e>:

Howeer, sinceP is a normal bundle isomorphismof M., P mapsthe
unit normal sphereat e to that at P e. That is, PQ e tracesout the
unit normal sphereat P e asQ variesin C. On the other hand, the unit
normal sphereat P e generateRe E,, whereE is the 0-eigenspacef
Ap ¢, by Proposition 2. Hence,(45) assertsthat y belongsto the direct
sumofthe 1-eigenspacefthe shapeoperator Ap . In particular, (44)

follows becauseit is equivalernt to < P; y;P e>= 0;i = 0; ;m,
ie.,
(46) <y;PiP e>=0

for all i. Howewer, we know P;P e areunit normal vectorsat the point
P e, by the construction of C, which are thus vectorsin Re Eg. In
particular, (46) and so(44) hold true if (43) does,proving onedirection
of the claim.

Conversely assume

xn
(47) <P y;w>2= 0

i=0
Setr =: jwj, n = w5wj and n; = w;Sjwj. Substituting (39) into (33)
and (35), with (37) in mind, we derive

X
0=4( <P y;n>?r?
i=0
(48) o .
4 p<Pyin)r <P oyiy>Te ph
i=0 0

19



and

N X0 X0
(49)  0=4i(P y)’j’r®* 4( gn)r <P yjy>?+ p
i=0 0
wherewe alsoemploy the identity
xn
(50) pw, =1 <P yy>;

i=0

which follows from (31).
We obsene that (47) is equivalert to

(51) pi(y) = 2tw;
for all i by (28). Also,

(<P y;y>)’+  p=0
becausg47) implies the rst two terms of (48) vanish, and so

xXn
(52) Py’ ifwi?= qw
i=0

hold by (49). Substituting (51) into the right hand side of (52), we
obtain

. 1 X
i(P y)’i%wj?= =  qgp=0

=) 2t i=0
by the identity 2, pig = 0 [3]. Therefore,
(P y)j*=0

and the claim is established.

By the claim, for t 6 0, either both sidesof (42) are zero, in which
case(41) holds as well by (38), sothat our proof is done, or we can
from now on assumethat both sidesof (42) are nonzero. Now since

xn
(53) <P y;w>2 0
i=0
< P, y;w >28 0 for somei, for which (40), which is
xn
rP<Pyiy> r’ni <Py oyy>+2r’<Poyin>=0;

j=0
20



assertsthat there is a singler 6 0 satisfying both (48) and (49), so
that in the casewhen

X0
(<P yjy>)*+ p'60Q,
i=0
(48) and (49) have the samenonzerodouble roots. Hence,we compare
the coe cients of (48) and (49) to conclude (41) and (42). On the
other hand, if

. 2 )(‘ﬂ 2 _ N
(<P yy>)+ pr=0

then (50) implies
X0 X
( pn)?=  p;
i=0 i=0
from which the Caudy-Sdwarz inequality assertsthat

pi= n;
for some , sothat

xXn
( p<Piyn>)r
i=0

X
M iso
by (37). This forcesr = 0 by (53) and (48), which is absurd since
w 6 0. Hence,(41) and (42) are veri ed, whent 6 0.

Lastly, we obsene that the points in CM. with t = 0 is a proper
subvariety in CM. due to the nondegeneracyof M. in the ambiernt
sphere. Therefore,asthe points te+ y+ w;t 6 0; approat points with
t=0in CM., we seeby cortinuity that (41) and (42) remain true.

w <P yyw>=0

Corollary 5.

X X

(54) giy)wi =< py) <P y;w>
i=0 i=0

holdstrue for ally 2 T andall w2 N.

Proof. By the precedinglemma, the sameequation is valid for the
nite w over ead y in U de ned in Lemma5. Howewer, these nite

w generatethe spaceN for ead y 2 U by Lemma 5; so the equality
is true for all N at eadr y 2 U sinceboth sidesof the equation are
linear in w. Hencethe equation must be true for all T and N since

homogeneoupolynomials are analytic.
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Remark 3. In fact, one can see from [3] that
xn
Fyysysw) =2 g(y)wi;
i=0

where F (X1;X3; X3; X4) IS the symmetric function assaiated with the
Cartan-Munzner polynomial. Hence by (54), we havederived

xn
(55) Fly;y;ysw) = 2< pi(y)Pi y;w> .
i=0
6. The final ar gument

Now we cometo the crucial lemma.

Lemma 7. Let(Pye; ;Pme) and(Poe; ;Pn €) betwoorthonor-
mal basesfor thenormal space N to M, ate, wheePy,  ;Pm;Po;  ;Pm 2
C. Let
_ X
(56) Pj e= AJ(P, 6)

i=0
for someconstant orthogonal matrix (A}). Then

o
Pj = AJI Pi:
i=0
Proof. By (55), we have
X0 X1 _
(67) Fiysyyw) =< p(y)P yiw>=< p(y)Pi y;w>:
i=0 i=0
Now since
pi(y) =< S(y;y);Pi e>;
by (30) and (32), we have immediately

X
YY) = Anpy);
i=0
which resultsin, by (57),

xXn xn
(58) < p)(P AjP;) y;w>=0
i=0 j=0
forally2 T andw 2 N. For easeof notation, set
X
Mi = Pi AJI Pj .

j=0
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In particular, (58) implies that

X0
( p(YM;) y2T:
i=0

Hence

X
( pYM) y

i=0

X
= ( pOM) y=0
i=0
where the superscript T denotesthe orthogonal projection onto T.
That it is equalto zero comesfrom the fact that, e.g., P;" is just the
shape operator Ap, ¢, and thereforethe correct transformation compat-
ible with (56) prevails. We concludethat

xn
(59) ( p(YM) y=0
i=0
for all y 2 T. On the other hand,
xn
( p(YMi) w=0
i=0
for all w2 N. This is becauserst of all, e.g.,< P; w;P; e>= 0.
For, againP;P; & is in the spanof e and the O-eigenspacef Ap, ¢, SO
that asaresult (2, pi(y)M;) w is perpendicularto the normal space
N; moreover,

X0 X0
<( pYMi) wiy>=<( pyMi) y;w>=0
i=0 i=0
(59) and the fact that the operatorsinvolved are symmetric, sothat
( 2, p(y)Mi) wis alsoperpendicularto T. Lastly

X
<( pOM) we>=0
i=0
since
xn
( p(YMi) e=0
i=0
automatically by (56). The upshot is that
xn
pi(y)Mi =0

i=0
23



forally2T.
We are now in the situation wherewe have m + 1 constant matrices
Mo; M., sud that

xo
pi(y)M; = 0
i=0
forally 2 T. If oneof M; is honzero,we will nd constarts cy; ; Cm,
not all zero, suc that
xn
api(y) =0

i=0

for all y 2 T, by looking at an appropriate matrix ertry. In other
words, the symmetric matrix

xXn

M =: CGAp ¢

i=0
(A is the shape operator) satises < M y;y >= 0 for all y. Thus
M = 0, which implies that the shape operatopAn, wheren is the
unit normal vector normalized from the vector ( i“lo cPi) e will be
identically zero. This is a cortradiction, sincewe know all the shape
operatorsfor M. have O; 1 aseigervalues. In conclusion,all M; = 0,
which is what we want to prove.

Theorem 1. Cis the Clior d sphee if and only if (17) through (20)
hold.

Proof. This follows immediately from the precedinglemma, becausat
says that C is the round spherein the spaceof symmetric endomor-
phisms, if (17) through (20) hold. Cornversely we have seenthat an
isoparametric hypersurfaceof FK M -type satis es (17) through (20).
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