The Fundamental Theorem of Calculus, Part 1 If f is continuous on [a, b], then
the function g defined by

g(x) = er(r) dt asx<=b

is continuous on [a, ] and differentiable on (a, b), and g'(x) = f(x).

If u is a function of z, then the chain rule is involved:

y=["f(t)dt G dwdu ) gt = () 2

2
Ql IfG(z) = [y =7 dt, whatis G'(1)?

A) 0 B) 1 02 D) 3 E) 4

Answer C: G'(z) = & [ dt (where u = z?)

2
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Example Find G'(z) if G(z) = [ {Zzdt.

Since the variable = appears in both the upper and lower limits of the integral, the
Fundamental Theorem doesn't apply directly. Break the integral into 2 pieces:

0 22
G(z) = f:c 1+2t2 dt + fo 142752 dt.

Since the first integral has the constant limit, O as the upper limit, we need to reverse the
limits in order to apply the Fundamental Theorem to it. So

Gx) = —[yiZzdt+ [y 2z dt.

2 4x
1+ x2 + 1+ x4



“Breaking” the integral into two parts at 0 was a arbitrary choice: it would have led to the
2
same answer to write G(z) = |, I”ﬁ dt + [, 725 dt (go through the steps above!)

However, in certain cases “breaking the integral into two integrals” requires a
little care:

for example , we can't write [, $dt = fl_l Tdt+ [* 1dt

The integral |, 1_1 %dt doesn't make sense since the function % has a vertical

asymptote at t = 0 (draw the graph of 1!). We only defined the integral ff f(t)dt
when f is continuous (or, at worst, has just a finite number of jump
discontinuities) in the interval [a, b])

There's no problem, above, with wherever you choose to “break the integral into
two pieces.” For example, no matter what cis chosen

a9 c_2 a9 .

T T

2

7 is guaranteed to be continuous on both [z, ] and [c, 2?].

since



The Fundamental Theorem of Calculus, Part 2 If f is continuous on [a, b], then
[" () dx = Fo) — Fl@

where F is any antiderivative of f; that is, a function such that F'= f.

Since the Fundamental Theorem part II requires finding an antiderivative for f(x), a new
notation is handy:

“the antiderivatives for f(z) are F'(z) + C” means the same thing as
[F(2)dz = F(a) + C

For example: [ z'dz = 12° + C  (abunch of functions: all the antiderivatives of =)

fiztar = Lol =1 —0 =1

f01x4d:p is a number [ z*dz is a bunch of functions.

f01x4d:p is called a definite integral f x*dz is called an indefinite integral

(which means the same as
the antiderivatives for z*)

Example We don't have many tools for finding antiderivatives yet: just remembering the
differentiation formulas and thinking backwards. Sometimes some algebraic manipulation
lets you recognize what to do.

foﬂ'/4 1+ cos?d do

cos26

1+ cos?4

2o - We can find one with a little

To find the integral, we need an antiderivative for
manipulation:

fl—l—cosQHdl, _ f

cos20

Lo+ <90 49 — [sec’d +1df = tanf + 0 + C

co: cos260

so, using the Fundamental Theorem (Part II)

fOﬂM Licos’d g — (tan9+0)]g/4 =(tan§ + %) — (tan04+0) =1+ .

cos20



Q2 Find the areas Al and A2:

+

Y

Graph of y = sqrt(x)

A) Area Al =4, Area A2 =4 B) Area Al =5, AreaA2 =3
C) Area Al = 2, Area A2 = D) Area Al = £, Area A2 = 1

7
1
E) Area Al = 10, Area A2 = §

Answer E: Area Al = f04\/5dac = f04:L’1/2 dr = %:E%% =28)-2(0) =1

drea A2= [} (2—\/z)de= [ 2dx — [ede
= (rectangle area) — Al
_ 16 _ 8
=8-3 =3
Notice: the curveis y = \/E (0 < x < 4 which we could rewrite as

r=y*> (0<y<2)

Rotating your head clockwise by 90°. you can think of area A2 as the area “under” the
graph of x = y? and “above” the interval 0 < y < 2. So A2 = f02y2 dy = %% = %.

And, with this sideways turn of the head, A! = f02 (4 —y?) dy = (4y — %)% =16
2



Suppose y = F'(x) and ﬁ—f = 4E = F'(z) = f(x)
/

alternate notations for ()

SO | bf (r)dx = F(b) — F(a) (Fundamental Theorem, Part IT)

The integrals on the left are all the same, just using different notation for f(x).
But notation %€ reminds us that the F”(x) gives the rate of change of F
with respect to the variable x.

So the Fundamental Theorem, Part II can be restated as

Net Change Theorem

b
fa % (x)dx —
*) f;(rate of change of F) —

(b) — F(a), or

Example A volcano erupts at time ¢t = 0. () is the total number of tonnes of
material ejected into the atmosphere by time ¢, and so ‘fi—t = the rate at which material is

ejected into the atmosphere at time ¢ (tonnes/sec).
(4 tonne is a “metric ton” = 1000 kg)

Some collected data is arranged in a table

t 0 1 2 3 4 5 6

r(1) 2 110 |24 |36 | 46 | 54 | 60

We can plot the data to see an approximate graph for r(¢), created by joining the data
points from the table with straight line segments.
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How much material is ejected into the atmosphere by time ¢ = 6?

Use the Net Change Theorem:

Jor(tydt = [ %9 at = Q(6) — Q(0) = Q(6) (since Q(0) is 0)
T T
rate of change of ) net change in ()



We can only estimate f06 r(t) dt from the data (since we don't have a formula for r(t) )

We could do this several ways, getting a slightly different estimate each time. Based on
the data its not completely clear which estimate is “better” but they are all in the same
“ball park.”

a) We can compute the left endpoint Riemann sum Lg to estimate foﬁr(t) dt:

Divide [0, 6] into 6 equal subintervals: At = 1, left endpoints are 0,1,2,3,4,5
foﬁr(t) dt ~ Lg =r(0)At+r(1)At +r(2)At + r(3)At + r(4)At 4+ r(5) At

= (r(0) + (1) + r(2) + r(3) + r(4) + r(5)) At = 172 (tonnes)

b) Instead, we can compute the right endpoint Riemann sum Ry :

[Pr)dt ~ Ry = r(0)At + r(1) At + 7(2) At 4 7(3) At + r(4) At + r(5) At

= (r(1) +r(2) +r(3) +r(4) + r(5) + r(6)) At = 230 (tonnes)

c) We can average these two estimates: fOGT(t) dt = % = 201 (tonnes).

Usually the average on L,, and R,, gives a better estimate for the integral than either
of the separate estimates.



Extra Information: what does this average mean geometrically?

(L, + R,)/2 =

((r(0) + 7(1) +7(2) 4+ 7(3) + 7(4) + 7(5)) At
+ (1) +7(2) + 7(3) + 7(4) + 7(5) + 7(6)) At ) /2

. _ r(0)+r1) | r)+r(2) r(5)+r(6)
= (since (At =1) 7 T 2 Tt T

= a sum of trapezoidal areas.

For example, in the picture below,

r(1) +7(2)

is the area of the shaded trapezoid.

60 T T T T /'1
>
60 - 1

20 1

The sum of the trapezoidal areas approximates the area under the graph.

In general, the average % =T, is called the trapezoidal approximation to the

integral. It's usually a better approximation to the actual value of an integral than
either of L,, or R,,.

In this particular example, the pictured graph consists of straight line segments, and
therefore Ty, = sum of trapezoidal areas = the exact area under the pictured graph.
But remember that the pictured graph is itself only an approximation (based on the
tabular data) for the true function r(t). Therefore T is still only an approximation to

the “actual” value offOGT(t) dt.




