Q1 If a® — 2% or \/a? — 22 occurs as part of an integral, then which substitution might
be useful ?

A)z = a’sin0 B)z = a’sec 0 C)z = atan 6
D)x = asinf E)xz = asec 6

The substitution to try (particularly for \/a? — 2? )is x = asinf
because then a? — 22 = a® — a’sinf = a’cos 6 and / 22 — a2
= v/ a?cos?f = acosf

In the case of \/a? — 22 , this gets the / out of the integral (at the cost of introducing

trig functions into the problem)

Q2 If 22 — a? or \/ 22 — a? occurs as part of an integral, then which substitution might
be useful ?

A)x = a’sinf B)z = a’sec 0 C)z = atan 0

D)x = asinf E)x = asec 0

The substitution to try (particularly for \/z2 — a? ) is x = asec6

because then 22 — a? = a’sec? § — a? = a?(sec? § — 1) = a’tan® ¥,

and \/22 + a® = \/a2tan? § = atan 6

Q3 If 2% + a® or \/22 + a? occurs as part of an integral, then which substitution might
be useful ?

A)z = a’sin0 B)z = a’sec 0 C)z = atan 6
D)x = asinf E)xz = asec 6

The substitution to try (particularly for \/ 22 + a? ) is x = atanf

because then 22 + a? = a’tan® 0 + a® = a*(tan? 6 + 1) = a’sec? 0,

and /22 + a®> = v/a2sec? 0 = asec



Table of Trigonometric Substitutions

Expression Substitution Identity
- T T - 5
Ja? — x? =asinf, —=0=— 1 — sin“6 = cos-0

2 2
a?+ x2 =gqgtanh, ——<O<— 1 + tan’0 = sec’6

bQI--}
r
nld

w
x=asec0, 0s6<?0r T=0<—

sec’d — 1 = tan’0




The lecture contained 3 examples of trigonometric substitutions.

Example In this example, the choice of substitution is straightforward. But trig
identities are used along the way, and some simplification of an expression involving an
inverse trig function occurs at the end.

I 9azi . do — (Let z = 3 sin 0, dx = 3 cos 6 db)

— [ 203 cos 0d 0 = [ $%3c0s0.dd = [9sin® 0 df

| trig identity | trig identity
=371 —cos26 df = §( — 3sin20) + C = 3(0 — & 2sinfcosb) + C

| since 0 = arctan(5)

= %(arctan(%) — sin(arctan %) cos(arctan %)

theta

sqri(9 - x"2)

i

= Y(arctan(Z) — Z (¥22") = Jarctan (£) — £1/9 — 22 + C



The next example show how “completing a square” might help.

1
Example [ g5 do

There is nothing of the form 22 + a?, a® — 22, or 2> — a? in sight. But we can complete

a square to get into a form where a trig substitution appears useful.

Notice 222 + 8z + 12 (a: +d4r )+ 12

2
2(a? v+ 4)+12 -8
2

=2(z+2)*+4
So f—2x2+éx+12d$ :fmd 2f I+22+2d.§(3 (letu—a:—|—2 du—dx)
=1 u21+2du (letu = \/2tan 6, du = \/2 sec? 6 df)

= 3 s V25062 0d0 = Y [ obysec? 0d0 = Y2 [ Lhysec? 0.d6

=)+ C = ‘/_arctan(“”rz)-i—C

:\/_fldﬁ—\/_e—i-C’ \/_arctan( 7

Sk



This example illustrates an x = asec 6 substitution

Example [ p \/dh

ﬁsec 0 tan 0 d6

letx = \/§sec9
0= arcsec(%)

secftanf df __

- f 4sectd \/ 2sec? —2

= 1 Jcos?0cosfdf = 1 [(1 — sin?6) cos 6 df

=11 -v?) du=

4secd tan O

3

|
1— 1= 1l

dz = \/2secftan6 do

ifcos?)ﬁ do

let w = sin @

sinf — Lsin3 6

3 )+C

= i(sin(arcsec(%) — %(sin?’(arcsec(%)) +C

theta

sqri(xh2 - 2)
sqrt(2)
22_9)1/2 22_9)3/2
= (AT - ) o
— %(x2 _ 2)1/2 (% _ 1;6—32) +C
— ﬁ(ag _ 2)1/2 (1 _ 13522) +C

— L@ -2)2(252) ¢

3x2

=5 (2 =2 (5 + C



These examples were “leftover” in my notes and not done in class. The first also involves
completing a square.

Example fol\/l‘—w2dl':f01\/ - (932—x)dx:f01\/—(:£2—1'+i)-l—idaz

= [/ i— (@—3)dx Letu =1z — 3

1
= [?1y/1 —u?du Letu = Lsind
2
du = Lcosfdf
T2 1

= [T tsin? 0 cos@d9—2f +cos® 0 df

B} ) /2
— 1 /21++os20d9 = 1(0+ Lsin20) .

-1 -

ool

Notice that we saved some work because we converted the limits into “0 limits” and did
not need to get the antiderivative back in terms of x | We also saved work by noticing

that / 3 — Zsm2 0 —cos 6 is an even function — so that we could switch to 2 f /2
To return to x and just get a general formula for the antiderivative

[V — 2%z = ...
= [ /3 —1sin20 LcosOdf = 1 [cos?0df = 1 [1E=20 qp

= 2 (0 + 3sin20) = (0 + sinfcos§) = £ (arcsin 2u + sin(arcsin 2u)cos(arcsin 2u)

= 1(arcsin 2u + 2uy/1 — 4u?)

= garcsin (2z — 1) + (220 — 1)\/1 - 42z — 1)2 + C




Example fﬁgﬁ dz letz = 2tan 6, doz = 2 sec®>dd

= [ 28009 sec? 0 df = 4 90 sec? 9 g

+4tan? 0 sec2

= 4[tan6 (sec’ 0 — 1) df = 4(ftan95ec20 do — ftan@dﬁ)

:4(%—1n|se09|)+C:4(%2_1n‘\/4;—rz| Lo

_%2—4ln|—v42+x2|+0

(Alternately, substitute u = x2, %du = xdx)

a3 _ T _ 1
f4+x2 dr = 4+l‘2 dr =

=i(u—4lnju+4|+C =% —2In(z> +4)+ C



