Suppose we want to approximate f; f(z)dx

We subdivide [a, b] into n equal subintervals of width Ax. The subintervals are

o 1 L2 Ti—1 Ty Tp-1 Tn

| |
a b

The midpoints of the subintervals are denoted by T;
QI1: For the Midpoint Rule, the approximation is

M,=7? - (Rf(z;)+Mf(z2) + Wf(z3)... +... + Bf(z,)) where

A) ? = Az, and the pattern of coefficients BB M...... B is 1,21, ...,2,1

B) ? = Ax/2, and the pattern of coefficients BB H..... W is 1,2,1, ..,2,1

C) ? = Az, and the pattern of coefficients Bl H...... W is 1,1,1, ..,1,1
D) ? = Az/3, and the pattern of coefficients B H...... W is 1,4,2/4, ... 21

E) ? = Ax/3, and the pattern of coefficients BB E...... B is 1,4,2.4,2,...,4,1

Answer C, boldfaced

Q2: For Simpson's Rule (only for even n), the approximation is

Sp=72- (Bf(zo) +MWf(xy)+Af(xs) +...+Wf(z,)) where

A) ? = Az, and the pattern of coefficients BLE.H...... W is 1,2.1, ... 2,1

B) ? = Ax/2, and the pattern of coefficients B H...... B is 1,2,1, ...,2/1

C) ? = Ax, and the pattern of coefficients Bl H...... W is 1,1,1, ....1,1

D) ? = Ax/3, and the pattern of coefficients BLELH...... B is 1,4,2.4,2 ... .21
E) ? = Az/3, and the coefficient pattern H.EL,H...... B is 1,4,2.4,2,...,4,1

Answer E), boldfaced




Approximating f; f(z)dz

b—a

Divide [a, b] into n subintervals, each of width Ax =
The n subintervals are

a b
| |

[LCO; xl]; [xla x?]v seey [aj’i—la xi]v seey [xn—lp xn]
i T T T
Midpoints are T To T; T
Midpoint Rule:

M, = Ax(f(Z1) + ... + f(T5) + ... + f(T))

Simpson's Rule (n must be even) :

Sn = SE(f (o) + 4f (x1) + 2f (w2) + 4 (w3) + 2f (w2) + oo + 4 (@0 1) + f(20))

Example: folcos xdz (an easy integral to evaluate exactly, but chosen so we can

. 1 .
compare the exact value to the approximate values : fo coszdr =sinl)

Withn =4 : Subintervals are [0, 1], 3. 3], (3, 2], [3,1]
Ax = i
The midpoints are T = g, T =3, T3 =2, T =1
My=3(f(3) + F(3) + £(2) + £(§) = 0.843666

(rounded to 6 decimal places)

Si=2HFO) +4f(h) +2F (L) +4f(3) + £(1))

= 35 (cos(0) + 4cos(1) + 2cos(3) + 4cos(2) + cos(1)) = 0.841489
(rounded to 6 decimal places)



Error Estimates:

In general, for fab f(z)dx
// error
f;f(x)dx =M, + Ey

. where K is chosen so | f(2)| < K on [a, )]
|f;f(l’)d$ — Mn| — |EM| < K(b—a)®

24n?

and
/ error

fabf(x)dx =S, + Es

./ where K is chosen so | f)(z)| < K on [a, }]

b K(b—a)°
[ f(z)dz — S, = |Bs| < Kl-o”

These “error bound formulas” give us a handle on error size:

“the magnitude of the error in the approximation” < ....

T

1s at most ...

Examples:

1) folcosxda: = M, + Ey

can choose K = 1 since

/" ()] = | = cosz| < Ton[0,1]
!
—0)3
|focoszda — My| = |Ey| < BUZ0 = L — L — 0.002604

(rounded to 6 decimal places)

so  —0.002604 < [;cosxdx — M, < 0.002604
0.843666 — 0.002604 < [ cosz dz < 0.843666 + 0.002604

50 0.841062 < [ coszdz < 0.846270
T

exact value = sin 1
(=0.841471, rounded to 6 decimal places)



2)

SO

folcos rxdx = Sy + Eg
can choose K = 1 since | [ (z)]
|f®(@)] = | — cosz| < 1on [0, 1]
|
M3
|fycoszdz — My| = |Ey| < B0 = 10— 0.000022
(rounded to 6 decimal places)

—0.000022 < folcosas dxr — 54 <0.000022
Sy —0.000022 < folcosx dx <S4+ 0.000022
0.841489 — 0.000022 < folcosx dx < 0.841489 4+ 0.000022

0.841467 < [ cosx dz < 0.841511
T

exact value = sin 1
(=0.841471, rounded to 6 decimal places)



How large must n be to guarantee that | folcos rdr — M,| <1072

This will be true if | [ cos = dz — M,| < -0 < 1076

24n?
24n? > 10°
so we need n> /19 ~9204.1

24

Since n is an integer, n = 205 is guaranteed to work.

How large must n be to guarantee that | folcos rdr —S,| <107%?

This will be true if |, cos z dx — S,| < L0 < 106

1801
180n* > 10°
so we need n >y % ~ 8.6

Since n must be
an even integer n = 10 is guaranteed to work.



