Lecture 26

Reviewed the definition of limit of a sequence, using as first example {a,, }, where

— n
an = o571

(1] Definition A sequence {a,} has the limit Z and we write

lim a, =L or a,— L as n — ®

n—w

if we can make the terms a, as close to L as we like by taking n sufficiently large.
If lim, .. a, exists, we say the sequence converges (or is convergent). Otherwise,
we say the sequence diverges (or is divergent).
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From the pattern, it seems clear that lim a,, = lim %5 =1,
n—oo TL—>OO”+

Suppose f(z) is a function for which f(n) = a,, for each n = 1,2, 3 ... (so that the points
(1, f(1)), (2, f(2)), -y (1, f(n)), ... lie on the graph of f(x)) Iflim f(x) = L, then

the line y = L is a horizontal asymptote of f(x) : the points (z, f(x)) on the graph
approach height L as x — oc. In particular (letting x = n = 1,2, 3, .... ) the points
(n, f(n)) = (n,a,) approach height L. So

If lim f(z) = L, then lim f(n) = lima, = L.

T—00 n—oo n—oo

In the example above: let f(z) = 5. Since (form Calc I) :nggo = :lh_)rglo 1J1r = 1,1t
is also true that lim f(n) = lim -2~ = 1.



f(x) = x/(x+1)

Formal definition of limit of a sequence:

Definition A sequence {a,} has the limit L and we write

lim a, = L or a,— L as n—

n—sow

if for every & > 0 there is a corresponding integer N such that

if n>N then la, — L|<e
In terms of this definition: to prove that lim = =1 we'd say.
n—o0

Lete > 0 (for example, say e = 1075,

We want to make |a, — 1| = |15 — 1] = ’n_+11 = n%rl <eforalln >??=N.
Solving the inequality, we that this will be true if n 4+ 1 > 1, thatis, if n > 1 — 1

(For a particular example, let ¢ = 107%. Then

ja, =1 = |25 -1 <10 %ifn>N =5 —-1=10+1)

Since we have shown that a N can be found for any € > 0 (no matter hoew small is ¢),
the definition says that lim —— = 1.
n—o0

n+1



Does the sequence {a,, } converge (C) or diverge ? If it converges, what is the limit?

. _ (=Dn
Ql: a,= ]

A) diverges B) converges. limit = ( C) converges,limit = 1

D) converges, limit = 2 E) converges, limit = /2

Answer Diverges. Informally, {a,} = { — %, %, — %, %, — %, g, e }

The a,,'s do not approach any particular number L.. (in fact, the terms a1, as, as, ... get
closer and closer to — 1, but the terms as, a4, ag, ... get closer and closer to 1).

Q2: Qp = \/TL—|— _\/ﬁ

A) diverges B) converges. limit = 0 C) converges,limit = 1
D) converges, limit = 2 E) converges, limit = \/5
Answer

We can let f(z) = \/z 4+ 1 — \/z. Then (as in Calculus I)
\/.’1;+1—\/; . \/:L'+1+\/; IRT

, s 1 — 0 (s '
1113)10 f(z) —:L.ILnSO . NCESEN —Jlingo NCESEN 0 (since the numerator is

constant and the denominator — o0)

Of course, we could have just worked with n' s and calculated

vn+ —\/E . \/n—l—l—‘rﬁ .

= etc.

lim a,, = lim
n—oo " n—o0 1 \/n + 14 ﬁ



: _ /2
W=

A) diverges B) converges. limit = ( C) converges,limit = 1
D) converges, limit = 2 E) converges, limit = /2

Answer Converges, limit = 0.

We can let f(x) = \/;{i—lw and calculate (as in Calc I)

. e V22 2
Jlinolof(x) _LILH(;IO 22+ 21 _:L.ILIEO(\/H—&— 2v [ x) _l'lirgo,/l—‘r i_jl?

now, the virtue of shifting to f(x) rather than working with a,:

lim % = (L'Hopital's Rule) lim % = (L'Hopital's Rule,
again) = lim %’12)2 =00

So the denominator — oo in  lim V2 so lim \/5‘ =0.

T T
T—004/1+ =5 r—004/1+ 2—2
T T

Therefore lim a,, = 0.

n—oo



We discussed two additional items:

Squeeze Theorem for Limits of Sequences:

Suppose {a,}, {b.}, {c.} are sequences and
that for each value of n: a, <0, <c¢,

Iflima, = L and lim¢, = L, thenIflimb,, = L

n—oo n—oo n—oo

Theorem For a sequence {a,}, if lim |a,| = 0, then lim a,, = 0 also.
n—oo

n—oo

Why? Assume that lim |a,| = 0. By the official definition, this means that for
n—oo
any € > 0, we can find an IV such that | |a,| — 1] <eifn > N

But | |a’TL| - 0| - | |a'rL| | — |an| - |an - Ol

So|a, — 0] < eifn > N and this is the definition of what it means to say that
lim a,, = 0.

n—oo

(—1)"sinn
n :

Example Find lim a,,, where a,, =

n—oo

Look first at lim |a,| = lim |%|
n—oo n—oo

Since 0 < || < L.

n

Using {a,} = {0,0,0, ...) (constant sequence) and {c,} = {1, 1, ..., 2, ...} in
the Squeeze Theorem

we conclude that  lim |a,,| = lim [$2%| = 0 and therefore (by the Theorem)
n—oo n—oo

(—1)"sinn
n

lim a,, = lim = (Qalso

n—oo n—oo



Example The preceding theorem only applies for limit = 0. For example,

(_l)n,

(by Q1): lim a,, = lim ~—=" does not exist, but (first example of lecture)
n—oo n—oo n+
lim |a,| = = lim -~ =1 (first example of lecture)
n—00 n—oo™t1

We cannot use the theorem to say that because lim |a,| = 1, then lim a,, = 1 also !
n—oo n—oo



