Theorem Suppose A isareal 2 x 2 matrix with a complex eigenvalue a — biand a
corresponding eigenvector v. Then A = PC P!

where P =[Rewv Imwv] and C = [Z _ab]

Interpretation:

a —b : cos) —sind _ 575
[b a]canbewrlttenaw{sine COSQ},Wherer_\/a +b2.

Thus C' represents a counterclockwise rotation (if 6 is chosen > 0) around the origin
through the angle 6, followed by a rescaling factor of r.

If we use B = {Rew, Imwv} as a new basis for R?, then the change of coordinate matrix
Pg =P =[Rev Imo].

The effect of A, broken into several steps, is then:

T — P lz =[x > Clx]s = CP 'z
switch to rotate and dilate
B-coordinates by a factor of r

in the new coordinates

—  PClz|g= PCP 'z = Az
switch back to
standard coordinates

1) If r = 1, C represents a “pure” rotation (in the new coordinates)

2) If r > 1, then the successive images xqg, 1 = Axg, ..., Tpy1 = Az, ...
move further and further away from the origin (assuming xo # 0)

3) If r < 1, then the successive images xq, 1 = Axo, ..., Tpye1 = Az, ...
approach the origin.



Example Let A =

det[

=\ — g)\ + 1 = 0, which has the same solutions as 4\ — 7A +4 =0
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The eigenvalues are \ = V20 =T+ V.0 = T 4 VD0 g

For no particular reason, choose the eigenvalue A = I — Y22 ;.

To find the corresponding eigenspace: solve (A — Al)xz =0

1 7 15 1 3 15 1
s - (=59 —3 0 —§ T g ¢ T2 0
3 5 7 V15 3 3 v 15 .

| =3t Vv i -4 0
6 3++v 157 0

A very handy observation: the task can now be simplified because when we set out to solve

(A — M)z = 0, we already know that there are nontrivial solutions because we already know
that det(A — A\I) = 0, that is, that X is an eigenvalue. Since A — \I is not invertible, this means,
that its rows (columns) are linearly dependent. In the 2 x 2 case, that means that one of the
rows in the augmented matrix is a multiple of the other and therefore each of the two equations
states the same relationship between x; and z,. We can simply use (either) one of the equations
to see the relationship and find the eigenspace.

The first equation says

(=3+ V15 i)a —day =0, that is, wy = VIS

1
To find an eigenvector, we can just choose z; = 1 and get [ 34151 |- Aneater
4

. . . 4
eigenvector would be 4 times this one: v = -
-3+ V151



In the notation of the Theorem, we have:

.A:

=0 N
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NO|—=

V15

e Aneigenvalue A = £ — ¥Y=i (soa=I,b=Y%"), and

e A corresponding eigenvector v =

For this v :

4 -andlm = 0
~3 v= |
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I checked myself for errors using Matlab: rounded to 4 places, Matlab

. 3.5 —1.9365
gives AP = { — .75 4.8412] =rc



What does this mean geometrically?

Take B = {Rew Imv}:{[ _43], [\/01—5} } as a new basis.

T T
b1 b2

Write B-coordinates as z’,3/. Then P is the change of coordinates matrix from
B-coordinates to standard coordinates:

Plx|p =z, thatis

As we noted in the last lecture, we can always rewrite a matrix like C' as

_b _ gj
”] :T|:C089 sme}, where r = /a2 + 2.
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Inthisexample , r = /a2 + 02 =/ 2+ & =/ % =150

c— @ —b _q cosf —sind] | I %~
b a | " |sin@ cosd | | vi5 7
8 8

C' represents a “pure rotation” (because the rescaling factor r = 1). So cosf = g

and sin9 = V815 . From Matlab or a calculator, we can choose

0 ~ 0.5054 (radians) ~ 28.96°.




I : :
EF' P :5{ 25, .51938] i”. B-coo

So: if we start with x = [(1)]

P~ converts into B-coordinates:
Then C rotates:

Then P converts back to standard
coordinates.

P~ 1z = the B-coordinate vector of the same
oint: T
POINE 1 = 1 1936

C P~z = the location of the point (in

. . 125
B-coordinates) after the rotation = ['2905]
Ax = PCP'x = the location of the coordinates
point (in standard coordinates) after the

. [5
rotation: ['75]



An alternate way of picturing the action of A : this version plots everything in the
standard z-y plane:

St

25
—1 _
Pre= {.1936}

(this is the B-coordinate vector of x, but it is plotted below as a point in the z-y plane)

125
2905
(this is also a B-coordinate vector, but it's plotted in the x-y plane)

CPlz = [ } is the location after rotation by 6 ~ 28.96°

Ax = POP 'z = [ 0 ] is the final location of the point

.75
(in standard coordinates and plotted in the z-y plane)
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The figure below shows the successive iterates if we start with z, = [1] and plot x,

0
x| = Awo, X9 = Awl, veey 24 — A$23.

Plat of %0, x1, .. x24 whare Wppq = Aoy
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The images run along an elliptical “orbit” — even though C'is a “pure” rotation (r = 1),
: . 4 0 .
the new coordinate basis vectors , are not perpendicular and have
-3 v 15

different lengths, so the orbit isn't a circle.



To briefly illustrate the case where » > 1, let A = {2 _52}

3

= 4x(matrix A in the preceding example)

Multiplying a square matrix by 4 multiplies the eigenvalues by 4 but doesn't change the
eigenvectors (why? — check this from the definitions of eigenvalue and eigenvector)

2 =2

S0 A= {3 5

} has a complex eigenvalue A = % — @ 1 with a corresponding

. 4 : .
eigenvector _|. According to the Theorem, we can write
-3+ 151
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I checked myself for errors using Matlab: rounded to 4 places,

Matlab gives
14
ar [

Then write C' = {a _b} :r[
b a

cos 6
_4{sin0

15

where cos6 = £, sinf = Y2,

— 7.7460
19.3649

| = rc

RS NS
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Again, we can choose 0 ~ 0.5054

or § ~ 28.96°. The matrix C rotates the new coordinate vector and then rescales it by a

factor of 4.



The following figure illustrates the first few iterations, starting with g = {H :
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