System of Linear Equations

variables (“unknowns”)

T1, Z2, ey Tn

! ! !
anry +apry + ...+ apr, =b
a2y + ag2$2 + ...+ ar, =b
a1y + ai‘Q'LUQ + ...+ apxT, = bi
A1 T1 + Aoy + oo + Gy = by

T T T

constant coefficients (real or complex
numbers)



Linear system of equations

anxry +apr: + ...+ apr, =b
a1y + a2_2232 + ...+ ayx, =b
ai1T1 +ai%$2 +.oo+ apT, =0b;
am1T1 + am'2$2 + .o+ amnTy, = by

“Record essential information” using the

«— augmented matrix —

I ailxz a2 ... Q1n | by
a1 a9 aon | b2
|
;1 a;o ... Qin, | bz
|
L am1 am2 Amn | bm |

«— coefficient matrix —

Elementary Row Operations (EROs)
(for a system of linear equations, or for any matrix)

1) interchange any two rows ( = row swap)

2) multiply any row by a nonzero
constant ¢ (= row rescale)

3) add a multiple of one row to another row
( = row replacement)

Two matrices (or, systems of equations) are row equivalent if you can change one into the other
by using a sequence of EROs



Important; Each ERO operation is reversible — that is, can be “undone” by using another ERO.

Swap: interchange row 1 (R1) and row 2 (R2)

is reversed by the ERO
?22??

Rescale: multiply R3 by 5

is reversed by the ERO
297?

Replace: add 3*R1to R3

is reversed by the ERO
?2???



Examples
{2:131—332:—3 {171—132:1 {IE1—:L‘2:1

1‘1—562:1 25()1—.%‘2:—3 O+ZL‘2:—5

z1+0= —4
0 —|—ZL‘2: )

Written as (augmented) matrices:

2 -1 -3 1 -1 1 1 -1 1
1 -1 1 2 -1 -3 0 1 -5

1 0 -4
01 -5

Solutionsz; = — 4, 29 = — 5
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Most important questions about any linear system of equations

1) Is there a solution for the system?

“yes” consistent
system

“no” — inconsistent
system

2) If there is a solution ( = consistent system)

a) is there only one solution
(solution is unigque)

or
b) is there more than one solution?
Fact: For a linear system of equations, if
there is more than one solution, then
it turns out that there must be an
infinite number of solutions



Example

Ty — o+ x3 =0
21‘1 +3$2+6$3:12

Aug. Matrix row equivalent to
1 |

1 -1 1 0 1 -1 1 0

2 3 6 12 0 5 4 12

xy =12/5 — das

1
0

-1 1 0
1 4/5 12/5

|
|

|

1 0 9/5 12/5
0 1 4/5 12/5

T 1 1

xr1 X9 X3 constants

and

29 = 12/5 — 4/5z3

where x5 is “free”

(can have any value)



Example

T —3x9 +4x3 = —4
3$1—7$2+7$3: -8
—4$1+63§2—$3:7

1 -3 4 —4 1 -3 4 —4
3 -7 7 —=8|~| 0 2 -5 4
-4 6 -1 7 -4 6 -1 7
1 -3 4 —4 1 -3 4 —4
~l0 2 -5 4|~|0 1 -—5/2 2
0 —6 15 —9 0 —6 15 —9
1 -3 4 -4
~lo 1 =52 2
0 0 0 3

Last row says: Ox; + Oxo + Oxg = 3

IMPOSSIBLE: SYSTEM IS INCONSISTENT



Exercise

Suppose we start with the augmented matrix for a
system of linear equations and using EROs we get to
the matrix shown below.

How many equations and variables in the original
system?

What can you say about solutions of the system?

100 0 0 3
01000 -1
0 01 00 =2
00010 3
00 0 0O0 7
100 0 0 3
01000 -1
0 01 00 =2
00010 3
00001 7
10010 3
01000 -1
0 01 00 =2
00 001 7
00 000 O

—
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Example

r1+x + w3=1
201 + 319 — 3= — 4 In matrix notation:
— T+ 2204+ 3=3

1 1 1 1
Augmented matrix=| 2 3 -1 -4
-1 2 1 3
1 1 1 1
~ (What ERO?) 0 1 -3 —6
-1 2 1 3
(1 1 1 1
~ (What ERO?) 01 —3 -6
0 3 2 4
(1 1 1 1
~ (What ERO?) 01 -3 -6
[0 0 11 22
(1 1 1 1
~ (What ERO?) 01 —3 —6
[0 0 1 2
(1 1 1 1
~ (What ERO?) 0 1 0
0 0 1 2
(1 1 0 —1]
~ (What ERO?) 01 0 0
00 1 2
(1 0 0 —1]
~ (What ERO?) 01 0 0
00 1 2 |
which gives that:
T =7
i) =7




Example

T — 3x9 +4x3 = —4

3x1 — Txog + T3 = — 8 In matrix notation

— 41+ 629 — 3= 7

~(WhatERO?)| 0 2 -5 4
-4 6 -1 7

1 -3 4 —4
~ (What ERO?) | 0 2 -5 4
0 -6 15 -9
1 -3 4 -4
~ (What ERO?) | 0 1 —5/2 2
0 —6 15 -9

1
~ (WhatERO?) {0 1 —5/2 2 |s0..?
0



