
For Problem 7 in Homework 4, you might find the following simple observations helpful:

If  is any pseudometric space and , then we can also think of  as aÐ] ß .Ñ E © ] ÐEß .Ñ
pseudometric space that is, we use the same  to measure distances between points in . . E

Then we can talk about  , as well as open and closed sets in the space open and closed setsÐEß .Ñ
in the larger space How are these related?Ð] ß .ÑÞ

Notice that if , then so that+ − E ÖB − E À .ÐBß +Ñ  × œ E ∩ ÖB − ] À .ÐBß +Ñ  ×% %
Ð + − EÑ E ∩ Ðthe -ball  centered at   -ball % %in is the same as in ÐEß .Ñ Ð] ß .Ñ centered at :+Ñ

  
     for + − Eß F Ð+Ñ œ E ∩ F Ð+Ñ% %

E ] Ð Ñ*

 
With this observation about balls it is easy to describe how open sets in  and in  areE ]
related:

Theorem  Suppose  and that   Then  is an open set in  iff there is anE © Ð] ß .Ñ S © EÞ S ÐEß .Ñ
open set  in  for which Y Ð] ß .Ñ S œ E ∩ YÞ

Proof    If  is open in , then  is a union of balls in .  So using the observation * ,Ê S ÐEß .Ñ S E Ð Ñ
we can write
  S œ F Ð+Ñ œ ÐE ∩ F Ð+ÑÑ œ E ∩ Ð F Ð+ÑÑ  
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     where  is the open set   in œ E ∩ Y Y F Ð+Ñ ] Þ
+−E

]
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 Suppose , where  is an open set in   We want to show  is openÉ S œ E ∩ Y Y Ð] ß .ÑÞ S
in .  Let .  Then  and  is open in  so for some ,ÐEß .Ñ + − S + − Y Y Ð] ß .Ñ  !%
F Ð+Ñ © Y Þ Ð Ñ F Ð+Ñ œ E ∩ F Ð+Ñ © E ∩ Y œ S] E ]
% % % But then, by * , .

       Since  contains a ball in  around each of its points ,  is open in .   S ÐEß .Ñ + S ÐEß .Ñ ñ

More informally, we can say:  an open set  in  is the “restriction to ” of an open set inS ÐEß .Ñ E
Ð] ß .Ñ.



The same is true for closed sets:

Corollary   Suppose  and that   Then  is a closed set in  iff there is aJ © Ð] ß .Ñ J © EÞ J ÐEß .Ñ
closed set  is  for which G Ð] ß .Ñ J œ E ∩ GÞ

Proof    is closed in  iffG Ð] ß .Ñ
  is open in  iff]  G Ð] ß .Ñ
 (  is open in  iffE ∩ ]  GÑ ÐEß .Ñ
 (  is closed in  iffE ÐE ∩ ]  GÑÑ ÐEß .Ñ
  is closed in (    E ∩ G ÐEß .Ñ Ð E  ÐE ∩ ]  GÑÑ œ E ∩ GÑ ñbecause 

When we have and we give  the same pseudometric  as in , then we say that E © Ð] ß .Ñ E . ] E
is a  (not just a sub ) of subspace set   Ð] ß .ÑÞ

Corollary  Suppose .   in  and  is open in , then  isS © E © Ð] ß .Ñ Ð] ß .Ñ S ÐEß .Ñ SIf  is openE
open in Ð\ß .ÑÞ

Proof   is open in  iff  where  is open in . But if  is open in ,S ÐEß .Ñ S œ E ∩ Y Y Ð] ß .Ñ E Ð] ß .Ñ
then  is open in S œ E ∩ Y Ð] ß .ÑÞ

More informally, an open set in an open subspace is open in the larger space.

You can prove a parallel statement about closed sets in closed subspaces.

______________________________________________________________________________

In HW 4, #7:

i)  It is assumed that the same metric  from  is being used to measure distances in all the. Ð\ß .Ñ
S Jα α's and 's.

ii) It is handy to know how open sets in , and  are related.  That's where theseS S ß \α αα


−E

comments may be handy.
    For example to prove that    isa continuous you need to know 

α αα α−E −E0 œ 0 À S Ä ]
how an open sets in  are related to open sets in each separate  . 

α αα α−E −ES S © S

iii) Parts b) and c) involve closed sets.  So it should be easier to check continuity using the
criterion that “  is continuous iff the inverse images of closed sets are closed”0

   
α αα α−E −E0 œ 0 À S Ä ]

 


