
Math 417, Fall 2009
Homework )

Homework 8 will be due in class on Thursday, December 3

1.   Let  be the cofinite topology on .  Prove that  is a Baire space if and only if  isg g\ Ð\ß Ñ \
either finite or uncountable.

2.  Suppose that  is a complete metric space and that  is a family of continuous functionsÐ\ß .Ñ Y
from  to  with the following property:\ ‘

    a constant  such that  for all aB − \ß b Q l0ÐBÑl Ÿ Q 0 −B B Y

Prove that there exists a nonempty open set  and a constant  (independent of ) such thatY Q B
l0ÐBÑl Ÿ Q B − Y 0 − for all  and all .Y

Hint: Let  for all .  Use the Baire Category Theorem.I œ ÖB − \À l0ÐBÑl Ÿ 5 0 − ×5 Y

3.   Suppose that  is a topological space and , where  is a metric space.Ð\ß Ñ 0À\ Ä ] Ð] ß .Ñg
For , defineB − \

 “the oscillation of  at ” inf {diam  is a neighborhood of =0 ÐBÑ œ 0 B œ Ð0ÒRÓÑ À R B×

   a)  Prove that  is continuous at  if and only if .0 + Ð+Ñ œ !=0

   b)  Prove that for ,  is open in .8 − ÖB − \ À ÐBÑ  × \ =0 8
1

   c)  Prove that  is continuous at  is a -set in .ÖB − \À 0 B× K \$

As mentioned in class:   is not a  set in .  y c), there cannot exist a function  ‘ ‘ ‘K F 0 À Ä$

for which  is continuous at  equivalently, there cannot exist a function ‘œ ÖB − À 0 B×à
0 À Ä‘ ‘  for which the set of discontinuities is .

4. Suppose  is compact and that  is continuous and onto.  Prove thatÐ\ß Ñ 0 À Ð\ß Ñ Ä Ð] ß Ñg g g w

Ð] ß Ñg w  is compact.

5.  a) Suppose that  is compact and  is Hausdorff.  Let  be aÐ\ß Ñ Ð] ß Ñ 0 À Ð\ß Ñ Ä Ð] ß Ñg f g f
continuous bijection.  Prove that is a homeomorphism.0

    b) Let  be the usual topology on  and suppose  and  are two other topologies ong g gÒ!ß "Ó " #

Ò!ß "Ó ÐÒ!ß "Ó Ò!ß "Ó such that    ,  is not Hausdorff and that ,  is not compact.g g g g g" # " #§ § Ñ Ð Ñ
Á Á

  ( )Hint: Consider the identity map  3 À Ò!ß "Ó Ä Ò!ß "ÓÞ
      c) If part b) true if  is replaced by an arbitrary compact Hausdorff space ?Ò!ß "Ó Ð\ß Ñg
          
          Ð Ñ ÄOVER



6. Suppose that  and  are disjoint nonempty closed sets in  and that  is compact.E F Ð\ß .Ñ A
Prove that .ÐEßFÑ  !Þ

7.  Let  and  be topological spaces.Ð\ß Ñ Ð] ß Ñg f

     a) Prove that  is compact iff every open cover by  open sets has a finite subcover.\ basic

     b) Suppose  is compact.  Prove that if , then  and  are compact.\ ‚ ] \ß ] Á g \ ]
( )By induction, a similar statement applies to any finite product.

     c) Prove that if  and  are compact, then is compact. (\ ] \ ‚ ] By induction, a similar
statement applies to any finite product.)
(  )Hint: for any is homeomorphic to .  Part a) is also relevant.B − \ß ]ÖB× ‚ ]


