Math 131, Fall 2004
Discussion Section 13

1. a) In the figure below, find the area of the white region.
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Solution: The area of the white region is [, 322 dz = 23|} = 1> — 0% = 1.
b) With using any additional calculus, find the area of the gray region.

Solution: The area of the gray region is the area of the whole rectangle minus the area of
the white region = (3)(1) — 1 = 2.

c) Write two different integrals you could use to determine the area of the gray region.
Solution:

1) The gray area is the
rectangular area under the graph of y = 3over [0, 1] — (area of the white region)

= f013d:13—f013x2 dx = f013—3x2 dx
(G- =B-1)-0-0=2)

2) Since y = 32% (0 < = < 1), we can write 7 = (%)1/2 , 0 <y < 3. The gray area is
the area “under” ( = “to the left of”) the graph of (%)/*for 0 < y < 3. (Turn your head
to the right and look at the picture sideways, so that the y-axis is “horizontal” with

positive direction left). The gray area is f03, /% dy.
(Since [(4)"/2dy = 2(%)*?* + C (check by differentiating!!), we can calculate



P2 dy = 2(4)P2)E = 2(1)2 — 2(0)42 = 2.)

2. Suppose f(x) is a continuous function.

a)If f( —x) = — f(z), what can you say about the graph of f(x)? What can you say
about [* f(x)dx?

Solution: f(x) is an odd function so its graph is symmetric with respect to the origin.
For example:
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By symmetry, the shaded regions have the same area, and the integral counts the area
below the x-axis as negative, so

[ f(@)de = [ f(z)dz + [} f(z)de = — A+ A=0.

b) If f( — =) = f(x), what can you say about the graph of f(x)? What can you say
about [* f(x)dx?

Solution: f(x) is an even function so its graph is symmetric with respect to the y-axis.
For example:



By symmetry, the shaded areas are equal, so
J S (@) de = [° f(z)de+ [{ fle)de = A+ A=2[f(
¢) Find the value of [ cos (3z) dz.

Solution: | cos( )da: = 2sin(3z) + C (check by differentiating!!).
Therefore [, cos (32) dz = 2sin(3z)|§ = 2sin(§) — 2sin(0) = 2.

d) Find the value of [ z+v/7z% + 922 + 13 — 9cos(iz) d

Solution: xv/7x* + 922 + 13 is an odd function, and 9 cos(4x) is an even function so
(using parts a), b), and c) ), we get

[T a/Tat 4+ 922 + 13 — 9cos(ix) dx

= [T ay/Tz! + 922+ 13 — [" 9cos(iz)dw

=0—-9/" cos( )da;

= —9(2 fo cos(3x)dr = —9(2)(2) = — 36.

3) a) What is & [s% ds ?
Solution: f1 s?ds is a constant ( = Z, if you work it out), and < (constant) = 0.

b) What is - ["¢* dt ?



Solution: By the Fundamental Theorem of Calculus (Part I),

% f 181?2 dt = s> (In this case, the integral is so easy that you could simplify it first and

avoid the Fundamental Theorem: L [’#*dt = %(% —3)=s%)

c) What is < [t2dt ?

Solution: [;’t* dt is a function of s, not ¢: so 4 ["t*dt = 0.

(Actually, this assumes that s and ¢ are independent — that s is not really some function
of t. To allow for that possibility and still be right, we could use the chain rule:

4 ['12dt = s* - %, Then, if s is really independent of ¢, we have % = 0 so

£ [’1? dt = 0 as we had before.)

d) What is L [/ + £ + 1 dt ?

Solution: Since both limits on the integral are the same, f;; Vit2+t+1 =0, so
LB rErLdt = L(0) =0,

(Of course, you could work it out the “longer way™:

et ldt = L[Vttt Ldt+L[7VP+t+1dt

= LR dt+ L[ E +t+ 1 dt=0.)

2u

e) What is - [ 2t dt ?

Solution: £ [*2tdt = & [V 2t dt + L [* 2t dt
_d [2u d [u _d [2u

= £ [F2dt — & [ P2t dt = 5 [ 2tdt — 2u
= 2(2u) 4L (2u) — 2u = 8u — 2u = 6u.

f) What is - [ "¢ gt 2
Solution: Lety = 1fi Bty gy = [itdt, whereu = []t*dt.
Then (ZTZ = 52 (using the Fundamental Theorem, Part I)) so

dy _ dydu _ o du _ 2 2 (542
ds — duds U gs = U"S _Sflt dt

(1f we simplify further, s [[#2 dt = 5* - 53
2788 1 §F_ g2
=s(3 —3)="5%)




