Math 131 Exam 4 (Final Exam) Solutions, Fall 2004

The exam consists of 18 multiple choice questions (5 points each) and 10 true/false
questions (1 point each), for a total of 100 points.

1. We begin with 20g of a certain radioactive isotope. As it decays, the amount
remaining at time ¢ (hrs)is A = 20e "% What is its rate of decay at time ¢ = 8?
(Round your answer to 2 decimal places.)

A) —0.21 g/hr B) —0.33 g/hr C) —0.38 g/hr
D) — 0.48 g/hr E) —0.76 g/hr F) —0.84 g/hr
G) —0.89 g/hr H) —0.94 g/hr I) —0.98 g/hr
J) —1.03g/hr

The rate of change of A is given by dA — 90e=008¢( — 0.08)

= — 2008 Whent =8, ¥ = — 8 ~064 o/hr ~ — 0.84 g/hr.

2. Iff0 )dz = 20, f4 r)dr =4, and fo )dz =T, then what is fl x)dx?

A) 10 B) 9 0) 11 D)7 E)6
F) 16 G) 23 H) 13 D8 1) 27

fo dx—fo dm—l—fl dx+f4 )dx,so
O—7—i—f1 x)dx + 4, andf1 x:20—11:9.

3. If y = sin®*(2z) + (z — §)tan(2z), what is the slope of the tangent line to the graph
at (0,0)?

A) -2 B) 1 C) =% D)2+ % E) — 7

F) 2r G)0 H) — 1 D 2 5 —2

At any point on the graph, the slope is given by

3—" = 2sin(2z) cos(2z) - 2 + (z — g)sec2(2gg) -2 + tan(2z)

= 4 sin(2z)cos(2z) + 2(x — §)sec?(2z) + tan(2x).

When z = 0, g‘j 0+2(—3)sec’(0)+0= —m.



4. For a certain gas held inside a container, the pressure and volume are related by the
equation PV = 1. Use a differential to estimate the change in pressure when the volume
decreases from 10 cm® to 9.5 cm®. (Round your answer to 4 decimal places.)

A) —0.0047 B) — 0.0042 C) 0.0142 D) 0.0148
E) 0.0050 F)  0.0053 G) —0.1673 H) —0.1610
I) 0.5712 ) 5.1314

Since P = =, we have 35 = VQ, so dP = %dv.

tv changes from 10t0 9.5, then dV = — 0.5, so

dP:_mz( 05)—m—00050

Observe that the relationship between P and V implies that P increases when V
decreases, so you should have expected a positive value for dP. The actual change in
pressure (rounded to 4 decimal places) is AP = new pressure — old pressure

= 5= — 15 ~ 0.0053)

5. At time t, the velocity of a point moving along a line is #*(¢> + 1)” m/sec.

Attime t = — 1, the point is at position 0. ~ What is its position when ¢ = 0?
1 1 1

A)%lm B)Im C)sm D)5ﬂm E)12m

F) —5m G) —1m H) —2m I)3m J)gm

The position s is an antiderivative for the velocity: s = [ ¢*(t3 + 1)7 dt.

You might be able to get a formula for s by trial and error. However, the substitution
w=141, du=3t2dt givess = [} +1)Tdt = [Iu"du= 2 4+ C

= EL1P H + C. Whent = —1, wehave 0 = s = 0+ C, so C' = 0. Therefore

o (t3+1)
S—T. Whent—O,S—ﬂ.

6. If f(z) = In (2L | whatis £/(1)?

y/cosx
A)0 B) In(2) C) tan(1) D)0
E) 1+ Ltan(1) F) 1+ #sin(1) G) £sin(1)
H) \/%(1) I — 1ln(sm(l)) J) In(tan(1))
First we simplify: f(z) = In( %) = In(2® + 1) — zIn(cosz). Then
) = - 35t = S+ ftanas Sof/(1) = 1+ Jan(1).




7. Find the shaded area:

25
2 L
15F
1k
05t L
U A
0 0a
A)3 B) 2 C) 3 D) I E) 2
F) In2 G) In(3) H) 2 D3 J) In(3)

The shaded area is (area of the triangle undery = x above [0, 1] ) + (area
under the graph of y = % above [1,¢e]). The area of the triangle can be done by simple

geometry, but here is the whole computation with integrals:
Area= [Jxdr+ [[1dz = Z|} +n|z|[{ = (1 —0) + (Ine — In1)
=l4thme=1+1=14%

8. %li% }11( 3h2+4 — %) is which of the following ?

A) f’(%) where f(z) = In(%) B) f/(0) where f(z) = 3‘2:’;4

C) f'(2) where f(z) = &fﬂ D) f'(4) where f(x) = 3:%4

E) f/(0) where f(z) = + +x F) f/(2) where f(x )—2ln(3x+4)
G) f'(3) where f(z) = ; H) f’(0), where f(x) = 3z+4

D) f'(3) where f(z) = 1) f'(3) where f(z) = 32

If f(z) = 52, then f'(0) = lim L0FN =IO — iy, R O)

h—0 h—0
= lim 1 (22— — 2).
- (g1 — 1)



9. What is the slope of the tangent line to cosy + /3 + 22 = 2 at the point (1, 7)?

A)0 B) | C

) D) } E)2
F) —1 G) — 2 H)

I) —2 J) tangent is vertical

To find the slope at a point, we need to j—f’c. Implicit differentiation gives

. d . d ;

(—smy)d—g-l- 5 314,-3;2 (21}) :(—smy)ﬁ{— —?j_m? =0. Whenz = landy: %,We
o\ d d

get(—51n5)£+\/:ir—1:0,so%:%.

INE BY  or+f D) B) %+
-1 GItl HI-L I Sr4 V2ol

g is a continuous function on a closed interval, so the Extreme Value Theorem guarantees
that there is an (absolute) maximum value, and it must occur at either one of the
endpoints 0, 7, or at a critical number for g between 0 and 7. We find these critical
numbers:

g'(0) =1 —2cos(20) = 0 gives cos(26) =

. =4
equation are 20 = £, 3¢, %, HT”, w.,orf =

g
and "6—” are between 0 and 7.

The positive solutions for this

5w Tm 1w :
5 % - Ofthese solutions,
T

only £

Then we test the value of g at each “candidate”:

9(0) =0

o(F) = § —sin(3) = F — f ~ —0.34
g(3) = 35 _gin(35) = 31 4 V3 348
g(ﬂ') =TT — Sil’l(27T) =nm~3.14

. . =4
The maximum value of g is 5 + 5-.



11. Find [["*sec?z + cos = da.

A)0 B) 2 C) 2 D) 2 E) L3
P22 G2VS 342 Dl e}

B

foﬂ/4se02x +coszdx = (tanz + sinz)[]/* = (1 + @) —(0+0) = 25

T = sint

y = sin(t + sin(t)) + ¢ passes through (0, 0).

12. The curve {

What is the slope of the tangent line at (0, 0)?

A)4 B) 3 C) 2 D)1 E)0

F) -1 G) —2 H) —3 ) —4 N -5

The slope of the tangent at a point is given by 2 = E%‘z _ (cos(t+sin tc)gs(i +cost) +1
i = dy _ (cos(0+0))(14cos0)+1

At (0,0) (corresponding to t = 0), £ = == (1LY cos _3

13. The function f(z) = az® + 160z% + ¢ has an inflection point at (2, 580).
What are a and ¢?

A)a=1,c= —92 B)a=2c= —124 Ca=3,c= —156
D)a=1,¢c= —10 E)a=0,c= —60 F)a= —1, c= —28
Ga= —2,c=4 H)ya= -3, c=36 )a= —4,c=21

NDa= —-2,c=1

f/(x) = baz* + 320z and f"(x) = 20az® + 320. Since there is an inflection point
where x = 2, we must have f”(2) = 20a(23) + 320 = 0, s0o a = — 2. Therefore
f(x) = —22° +1602% + c.

Since f(2) = —2:2°4+160-2?+c = — 64+ 640 + ¢ = 576 + ¢ = 580, we get
c=4.



14. Since | 14 1dz = In(4), we can compute an approximate value for In(4) by

approximating the integral | 14 %dx A very rough approximation would be the midpoint
approximation Ms. Whatis M3 ? (Round your answer to four decimal places.)

A)13325 B)1.3422 (C)1.3476 D)13522 E)1.3524
F)1.3601  G)13678 H)1.3742 1) 1.3863  J) 1.3977

Az = *=1 = 1 and the 3 subintervals for computing M3 are [1,2], [2,3], and [3, 4].

3
The midpoints of the subintervals are %, %, and % SO

_ 1 1 1 _ 2 2 2 _ 142

(Rounded to 4 decimal places, a calculator gives the value In4 ~ 1.3863.)

15. Suppose the interval [1, 3] is divided into n equal subintervals and the right endpoint
x; is chosen from each subinterval. What is the value of JLIISO (;(azf + xi?) : %) ?

1 17 35 28 19
iy B3 9% D) s ]
F) < G) 5 H) D3 N

n

If f(z) = 2% + <, then So(x? + é) 2 is just the right endpoint Riemann sum R,.

2 .
X 4 n
i=1

Therefore lim (> (2? + %) . %) =lmR, = flgiL“Z + % dr = (”%3 - %)ﬁ

n—oo ;-1 xi n—oo
=(F-h-(-n=10-3=%.

16. An investment is growing at a rate of 100" ($/yr). How much does its value

increase between the second and third years? (Round your answer to the nearest cent.)

A)$96.03  B)$97.11  ()$97.78  D)$98.13  E)$99.21
F)$100.45  G)$100.97 H)S$101.63 1)$102.11  J) $102.53

The total change in the value of the investment between ¢ = 2 and ¢ = 3 is
J; (rate of change of the value) dt = [, 100e%0" dt = 10000e' 3
= 10000(e”% — €%92) ~ $102.53.



17. If F(z) = (sinz) - [ dt, whatis F/(T) ?

A)0 B) — 2 C) D) —n E) I
F) —1 G) I H) — 2 IE ) —2r

We need the Product Rule, the Fundamental Theorem of Calculus (Part I), and the Chain
Rule:
F'(z) = (sinz) - ([0t gy 4 ([750 dt) - L sing

= (sinz) 3% (3) + (cos z) flxsmtdt.
So F'(3) = (sin 3) 552 (3) + (cos ) f,7 st dt

= (1>m(3)+(0)f12‘iﬂdt= -

AL



18. A rock is dropped from the top of a cliff 1650 ft. high. A camera on the ground, 50 ft.
away from the base of the cliff, stays focussed on the rock as it falls. How fast is the
angle of elevation of the camera 6 changing at the moment when the rock is 50 feet from
the ground?

A) — 1.2 rad/sec B) — 0.34rad/sec C) — 8.2rad/sec D) — 2.5 rad/sec
E) — 1.3 rad/sec F) — 2.1 rad/sec G) —3.2rad/sec H) — 6.5 rad/sec
I) —4rad/sec J) — 5 rad/sec

Let s = the height of the rock above the ground at time ¢t. We want to ﬁnd when
s = 50.

: _ 29 df _ 1 ds d9 _ ds/dt
Since tan § = 50,we get sec°f - = 55050 5 = sieag- .
t
When s = 50, # = T and sec*S = 2, so at that moment % — Siéo .

So we need to know 4 o whens = 50. For the falling rock, the acceleration

a(t) = — 32ft/sec?, so the velocity v(t) = — 32t + C.
Since v(0) = 0, v(t ) = — 32t ft/sec and that gives s(t) = — 16t + D ft. Since
s(0) = 1650, we have s(t) = — 16t> + 1650.

Then s = 50 = — 16¢> + 1650 gives 16t> = 1600, so t = 10 (sec). At that time
ds — p = —32(10) = — 320 fi/sec.

dg _ ds/dt 320 _
Therefore at that time 47 = =55 = — 55 = — 3.2 (rad/sec).



The following 10 questions are all true/false questions (1 point each)

19. The following integrals are correctly listed in order of increasing size:
s 3m
fficos rdr < [*.coszdr < [*cosxdx
2 2 2
A) True B) False

The first two integrals are positive and correctly ordered, but the last integral = 0.
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20. Suppose a point is moving along a straight line with velocity v(¢). Its position at time
t = 0 is sg. Then at time ¢, its position is sy + fot v(u) du.

A) True B) False

Jov(u) du = s(u)|) = s(t) — s(0) = s(t) — s, s0
s(t) = fotv(u)du + s0.



T

21 Ifb #0, lim % tes = ¢,

brd+1 b
A) True B) False
. /3 - . -‘,—(eiﬂp)/x(i . . e T . 1
lim & Fre” — Jim 22 2% Since lim & = lim - =0
rooo DT+ rooo bF1/a3 oo T T a2 ag Tlet ’
at(e /e _ a40 _
Iim = =0 = b

22. Suppose y = f(z) is differentiable and has only one critical number, z = 1.
If f'(z) <0 forz <1 and f'(xz) > O0forxz > 1, then f(z) has an
absolute minimum at z = 1.

A) True B) False

The derivative tells us that f is decreasing to the left of 1 and increasing to the right of 1,
so there is (at least) a local minimum at x = 1. Since 1 is the only critical value, there is
no way the graph of f can switch from increasing to decreasing (or decreasing to
increasing) anywhere else. Therefore the value of f can never drop lower than f(1)
(draw a picture!), so there's an absolute minimum at z = 1.

23.If f"(x) = 2%(x — 3)}(x + 1)*, then f(x) has exactly two inflection points.
A) True B) False

Inflection points may occur where f is defined and f”(z) = 0 or f”(x) does not exist.
Here, f"(x) exists for all , and f”(x) = Owhere x = — 1,0, 3. So there are at most
three inflection points. A chart of where f” is positive or negative shows that f”
switches sign (and f switches concavity) at z = — 1 and z = 0 but not at z = 3. So
there are exactly two inflection points for f.

2 >
24. [ %f dt = [F %f dt + C, where C is a constant.

A) True B) False

2
Solution I f; %t = f7%t dt + f7 < L dt and f3 = dt is a constant.

1'2 .
Solution I: - [ % : = f7 < - dt. Since the functions have the same
derivative for all x hey must dlffer by a constant.



25. Let f(x) = |x|. According to the Mean Value Theorem, there is a point ¢

_ f@-f(=2)
between — 2 and 2 where f'(c) = ==—~—.
A) True B) False
y
2
: Slupe=;|:|
a s
2 o 2

w = 0 is the slope of the line segment form ( — 2,2) to (2,2) in the figure.
There is no point ¢ between — 2 and 2 where f/(¢) ( = the slope of the tangent line to
y = |z|)is 0. (The Mean Value Theorem doesn't apply because |z| is not differentiable

on this interval.)

26. L2s2ds = 4.

A) True B) False

f1232 ds is a constant (in fact, f1232 ds=1),s0 %ffsQ ds = 0.

27. If linzl3 w = 7, then f must be continuous at 3.

A) True B) False

lim {9 =1G) — 7 means that £/(3) = 7. Since f is differentiable at 3, it must also be

continuous there.



28. lim z!/* is an “indeterminate form” — that is, we must do some manipulation and

r—0*t

perhaps use L'Hopital's Rule to determine the value of the limit.

A) True B) False

Asx — 0F, % — 00. For a number x between 0 and 1, raising it to power % — 00

1/x

gives smaller and smaller values. As z — 07, the “z” and the “%” inz"/* are

cooperating to cause z1/% — 0. “0°”is not indeterminate.



