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SUMMARY

For estimating the distribution of a standardized statistic, the bootstrap estimate is known
to be local asymptotic minimax. Various computational techniques have been developed to
improve on the simulation efficiency of uniform resampling, the standard Monte Carlo
approach to approximating the bootstrap estimate. Two new approaches are proposed
which give accurate yet simple approximations to the bootstrap estimate. The second of the
approaches even improves the convergence rate of the simulation error. A simulation study
examines the performance of these two approaches in comparison with other modified
bootstrap estimates.
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1. INTRODUCTION

The problem of estimating the distribution function of a standardized statistic arises
frequently in a nonparametric setting. Two nonparametric estimators, the bootstrap
estimate and the second-order empirical Edgeworth expansion, are known to be
local asymptotic minimax in this context: see, for example, Beran (1982), Singh and
Babu (1990) and Lee (1993). Beran (1982) and Bhattacharya and Qumsiyeh (1989)
studied the relative performance of the bootstrap and the empirical Edgeworth
estimates of a distribution function: see also Hall (1990).

The evaluation of a second- or higher order empirical Edgeworth expansion
typically involves formidable analytic and algebraic calculation. The bootstrap
estimate, though analytically simpler, must usually be approximated by Monte Carlo
simulation. The simplest such simulation procedure is by means of uniform resam-
pling, which requires no analytic calculation, but may entail enormous computation
for an accurate approximation.

Much research has considered modifying the uniform resampling scheme to
enhance the efficiency of bootstrap simulation. Hall (1992), appendix II, gave a
survey of modified resampling methods. Efron and Tibshirani (1993), chapter 23,
classified these methods as being of one of two types. The first type combines pre-
and post-sampling adjustments. In an integration analogy, the approach amounts to
finding an alternative measure with respect to which numerical integration can be
carried out more efficiently. All existing methods of the first type, when applied to
bootstrap estimation of distribution functions, sacrifice the simplicity of the uniform
resampling mechanism. Further, the improvement is confined to a reduction in the
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magnitude of the leading simulation error term, not to the order of the convergence
rate.

A second type of computational technique, which requires purely post-sampling
adjustment, has been developed for approximating bootstrap estimates of expecta-
tions of smooth statistical functionals. See Oldford (1985), Davison et al. (1986),
Efron (1990) and Hall (1992), appendix II. It is analogous to the control function
method of numerical integration, as described by Hammersley and Handscomb
(1964). The integrand is approximated by a control function, usually the linear part
of the integrand, which has an analytically computable integral, and the remainder is
numerically integrated using straightforward Monte Carlo sampling.

Linear approximation cannot be applied as easily to distribution estimation prob-
lems. In that context the expectation is taken of an indicator function, 1{7, < x}
say, which has no obvious linear approximation with an analytically computable
expectation. Methods of the second type therefore receive much less attention in the
literature for distribution estimation. One such method, differing considerably from
the control function method, is described by Do and Hall (1992). The estimate is
taken to be the proportion of bootstrap resamples that give T, < x, where T, is the
sum of a quantile and a concomitant statistic. The quantile is obtained numerically
and is free of any resample quantities, whereas the concomitant statistic is calculated
from bootstrap resamples. Linear approximation therefore takes place, in some
sense, inside the indicator function 1{7, < x}. This approach, which, following Do
and Hall (1992), we shall term ‘Efron’s method’, reduces the simulation squared
error by a factor of order O(n~'"/?), a significant improvement over methods of the
first type.

In Section 3 alternative linear approximation techniques are used to combine the
uniform resampling and empirical Edgeworth approaches, to construct two different
but related computationally efficient methods of the second type. The simulation that
is necessary for these methods can, like Efron’s method but unlike methods of the
first type, be done by uniform resampling. The second approach improves the
convergence rate of the simulation part of the mean-squared error (MSE) from the
common O(B™") to O(B™'n™"™) for any A > 0, where B is the number of bootstrap
resamples taken and # is the sample size. This convergence rate improves on Efron’s
method, which has a convergence rate of order O(B~'n~"/?). Section 4 compares our
two approaches with other modified bootstrap schemes. A simulation study is
reported in Section 5, followed by a discussion concerning the computational
requirements of our approaches. Proofs of two propositions concerning convergence
rates of our methods are given in Appendix A. Appendix B considers the issue of
bandwidth selection in our second linear approximation approach.

2. PROBLEM SPECIFICATION

Let X be a generic random variable distributed under an arbitrary d-variate
distribution G. For any 6 € R?, the ith component of 6 is written 8. Denote by 7%
the mean of G and define

pivii(G) = Eg{(X = pg) (X = o)™ .- (X = )™,

where ; =1,2,...,d,s=1,2,... provided that the expectation exists under G.
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Let F be a fixed distribution. Assume that A(x, @) is a smooth real-valued function
defined on RY x R? such that, for some open neighbourhood N(pp) of pp, we have

(a) A(0, 8) =0 for all @ € N(py) and
(b) A(x, 8) has continuous partial derivatives up to a certain order with respect to
x and 0 on N(ur) x N(pr).

Define, provided that the partial derivatives exist there,
J"A(x, 0)

o (0) = for all @ € N(pp),
@i O = g or a (127)
where ; =1,2,...,d,r=1,2,...and x; denotes x for convenience.
For any distribution G and a random sample X = (X, . . ., X,,) drawn from G, we

define a statistic
T(G) = n'"* AX, )

''s7 | X;. Assume further that 7,(G) is standardized in the sense that

where X =n~
d d

Z Z ai(pe) ai(pe) pi(G) =1 (1
i1 =

for all G with p; € N(uy). Condition (1) is equivalent to requiring a unit asymptotic
variance for 7,(G) under G as n — oo. The definition of 7,(G) extends Bhattacharya
and Ghosh’s (1978) notion of a ‘smooth function model’, which has been used
extensively to help to elucidate the asymptotics of bootstrap procedures.

Denote the distribution function of 7,(G) under G, Ps{T,(G) < x}, by Hg(x), and
T,(F) by T,. We are concerned with estimation of Hx{(x) at an arbitrary fixed x € R.
Under regularity conditions on 4 and moment conditions on F, Hix) admits an
Edgeworth expansion,

Hp(x) = &(x) + 17 pi(x) ¢(x) + 1" pa(x) ¢(x) + O(n ), 2)

where the p; are polynomials with coefficients depending on moments of F, and &
and ¢ denote the standard normal distribution and density functions respectively.
See Hall (1992), section 2.4. In particular, we have

pix) = —A1 — L (- 1),

where
d

A =1 aylpp) py (F) (3)

ij
and

d

d
A= ar(pp) apne) an(pe) pp(F) +3 Y ailpne) aj(pg) awpg) pa(F) pi(F). (4)
ijk=1 ijike,l=1

Section 3 details the procedures and asymptotic behaviour of our two new linear
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approximation methods of estimating Hp(x). Results are given without explicit
concern for technical details of the sufficient conditions under which the asymptotics
hold. Full technical details are given by Lee (1993). Relevant sections are available
from the author on request.

3. TWO LINEAR APPROXIMATION APPROACHES

Let £, denote the empirical distribution function of a random sample X =

Xy, ..., X;) drawn from F. The bootstrap estimate Hp, (x) of Hp(x) admits an
empirical Edgeworth expansion similar to expression (2),
Hp,(x) = @(x) + 17" pr(x) ¢(x) + 17" pa(x) 6(x) + Op(n "), (5)

where p; is the sample version of p;, obtained by replacing population moments with
sample moments in its definition: see theorem 5.1 of Hall (1992). It is found, using
lemma 1, part (c), in Appendix A, that the MSE of Hp, (x) is

MSE{H;, (x)} = E{H, (x) — HH{0)Y] = n7 01(x) ¢(x)* + O ~"),

where v1(x) = lim, oo (n E£{p1(x) — p1(x)}*]). An optimality theorem proved by Lee
(1993) shows that the quantity 1> v;(x) ¢(x)* is in fact the leading term of the local
asymptotic minimax MSE of any estimator based on X. The bootstrap estimate
Hp, (x), or any empirical estimate admitting the same Edgeworth expansion (5) up to
O(n™"), is therefore optimal in that sense. One such estimate is the second-order
empirical Edgeworth expansion

Jo(x) = @(x) + 17" pr(x) ¢(x) + 17" pa(x) G(x).

The first of our approaches approximates Hp,(x) by its first-order empirical
Edgeworth expansion and simulates the remainder by uniform bootstrap resampling.
Linear approximation is to the post-expectation quantity, the distribution function
itself, rather than to the pre-expectation indicator function.

The second approach smooths the indicator function 1{7, < x} by a kernel-type
integral

ki - /iy,

The usual linear approximation method is then applied to the expected value of this
smooth integral function.

Both approaches enjoy the advantages of simple uniform resampling. They do
require, however, some simple preliminary analytic calculation. The necessary
computations, of sample moments and partial derivatives of 4(x, ) up to the second
order, may be handled automatically by an exact derivative evaluation package
tailored to smooth function models, as described by Lee and Young (1995). The
numerical computations required in any application are performed easily by simply
specifying the particular form of standardized statistic for that application. No
symbolic computation is required. By contrast, Efron’s method requires some form
of analytic distribution approximation procedure, such as saddlepoint methods
or methods of equating cumulants. This is then followed by inversion of the
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approximate distribution and the ordering of B bootstrap quantities to obtain the
concomitant order statistics.

3.1.  First Approach: Simple Bootstrap Estimate Modified by Edgeworth Expansion
The bootstrap estimate Hp,(x) admits an empirical Edgeworth expansion

Hp,(x) = ©(x) + 1'% pi(x) ¢(x) + 0,(n~'7). (6)

Assuming that p;(x) can be evaluated exactly from the sample moments of X, it is
then the remainder term op(n’l/ %) which requires approximation by Monte Carlo
simulation. Using theorem 2.1 of Hall (1992) and making standard conversions
between cumulants and moments, we can show that the first three moments of 7,
satisfy

ErT, =n""4, + O/, (7)
ErT: =1+ 0@n™"), (8)

and
ErTs =n (4, +34,) + O(n™"?), )

where 4, and A, are given by equations (3) and (4) respectively. Thus we can write
n i) = =3 G = )ErT, — { (7 = DET + 0™,

suggesting that the op(n_]/z)-term in equation (6) equals Eg S¥ up to order OP(n_l),
where

SE=UTF <x}—@x)+ (3 —X)TF +1(x* = DT} ¢(x)

and T% is the bootstrap version of T, under £,. A trivial Monte Carlo approximation
to Ez, S, based on uniform resamples X, . . ., X3, is

1 B

3 ; YTy < x}— @(x) + {%(3 — xz)ﬁJré(xz _ 1)?7%3} o(x)  (10)

where Trp = n'? AX}, X), Xi denotes the sample mean of X7,

B
Ti.=B") Tk
bh=1

and

B

— 3

T7,% =B E T%.
b=1

Combining expression (10) with the (directly computable) first-order empirical
Edgeworth expansion of Hp,(x), we obtain a modified estimate
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B

Hi =7 09000+ 5 0 1075 <+ {56 =TT+ (7 = DT ot

The following proposition establishes the MSE of Hjy. The proof is given in
Appendix A.

Proposition 1.
MSE(H) = n72 01(x) ¢(x)* + B [P(0){] — @(x)} — {1 +1 (" — 1)’} (x)’]
+ 0@+ B a1,

3.2.  Second Approach: Smoothed Bootstrap Estimate
Let K be an rth-order kernel function for an even integer > 2 such that

(a)
Jﬂﬁwzh

JﬂKUMW=O, 1<j<r—1,

jﬁﬂﬁdy:n#Q

(b) K is symmetric
(©)

JWM“M®<M,

(d) |K]|, |K'| and |K"| are bounded and
(e) |K(x)| < C(1+ |x])™™ for some C, o > 0.

Let & be a smoothing bandwidth such that #—0 as n— oo.
By integrating the kernel density estimator of the conditional density of 7, given
X, we obtain a kernel estimator of Hg, (x), given by

1 B X y_Tl;ljh
E%JJ( )

The idea of linear approximation can be applied to this estimator to improve
simulation accuracy.
First define

d
Li=n"Y "X —pp)? alpy)

i=1

and
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d -
Ly =n'?>" (X = X)" ai(X),
i=1

where X* denotes the sample mean of a generic uniform bootstrap resample X'*
drawn from X. Define

0F () ;IBZ{J (o[ K2 a)

where L, denotes the realization of L} based on X}. Define also

Qn(x>=<1><x)— P — l)w(x)—n‘lx{%/%(xz—z)
+—’y(x 10x2+15)} B(x)

where

A modified estimate of Hx(x) can now be defined as
Hﬂl& = Qn(x) =+ Qﬂ;l,h(x)'

0,(x) depends only on first partial derivatives of A(x, 8) and can therefore be
computed directly. It resembles the linear part of the usual linear approximation
method. Only the quantity Qj,(x) requires simulation, using uniform resampling.
The MSE of Hf is given in the following proposition.

Proposition 2. Assume that 4 oc n~ /"2~ for some small ¢ > 0. Then
MSE(H%) = n_2 Ul(x) d)(x)z + O(B—ln—ﬂ(r,a,e)) + 0(}'1_2)’

where

1 1
,B(F,Q,E)Zl—z(r+2) <3+1+4a>—26

In particular, for any A > 0, we may either
(a) choose « to be sufficiently large and € to be sufficiently small such that
MSE(H}) = 1> 01(x) ¢(x)* + OB~ n~ @ V/CH9T8) 4 o(n72)

or
(b) choose r to be sufficiently large and e to be sufficiently small such that
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MSE(HE) = 172 01(x) p(x)* + O(B™'n™ %) + o(n ™).

The proof is given in Appendix A. In the proof we occasionally replace the exact
order terms by rough bounds. The actual convergence rate of the simulation part of
the MSE might therefore be far faster than the proposition suggests. Conservative as
it might be, the result is already encouraging in that we have defined a simulation-
based method which improves the convergence rate of simulation squared error to
O(B™'n™'™), for any A > 0. This convergence rate is a substantial improvement
even on that of Efron’s method. The requirement that r be sufficiently large and € be
sufficiently small can easily be met by choosing K to be a polynom1a1 of sufficiently
high degree and 4 to be slightly smaller than a fixed multiple of n~/“+?_ In contrast,
the requirement that « be sufficiently large can be met by choosing K, for example, to
have an exponential tail or bounded support.

The condition & o n~"/"*?~¢ serves only to yield a high convergence rate for the
MSE. The precise issue of optimal bandwidth selection is more delicate. One
possibility is to approximate the bandwidth that minimizes the asymptotic MSE. An
outline of this approach is given in Appendix B, under the condition that B increases
with the sample size.

One possible drawback to the use of a kernel of higher than second order is the
possibility of negativity or lack of monotonicity of the smoothed bootstrap distri-
bution function estimate. In the empirical study reported in Section 5, these problems
were not apparent, at least for the range of values over which the estimates were
obtained. Trivial numerical methods, such as fitting a monotone curve to the estim-
ates, might be applied in practice to prevent such problems.

The assumption of a smooth function model is not essentlal for construction of
H¥. For example, we might alternatively define L¥= 3L, M}, where M} is the
number of appearances of X in the bootstrap resample X = and the )\ are found by
minimizing Ez {(T;} — L¥)*}: see Do and Hall (1992). Such a method does not rely on
a smooth function model and can therefore be applied more generally, distinguishing
H} from the second-order empirical Edgeworth estimate J,(x). However, evaluation
of the conditional expectation given X would generally involve some kind of
computationally demanding Monte Carlo approximation.

4. COMPARISON WITH OTHER BOOTSTRAP ESTIMATES

From the proposmons we see that the MSEs of both H}; and Hf contain a
sampling error term of size n~* v;(x) ¢(x)?, which is the local asymptotic minimax
error. This means that we can in theory make the estimates asymptotically optimal
by letting B — oc.

Table 1 summarizes the sampling and simulation parts of the MSEs of our two
linear approximation approaches. Listed also are corresponding results for other
estimates which are optimal in the above sense. These include approximate bootstrap
estimates based on uniform resampling (denoted by H7), balanced resampling
(denoted by H3%), importance resampling (denoted by H?%), antithetic resampling
(denoted by H%) and Efron’s method (denoted by H¥). See Hall (1992), appendix 11,
for an overview of the resampling procedures and Do and Hall (1992) for details of
Efron’s method. An outline derivation of the MSEs is given in Lee (1993), appendix
D. Results corresponding to two simulation-free estimates, the standard bootstrap
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TABLE 1
Leading terms of asymptotic MSEs of various bootstrap distribution function estimators

Leading terms of asymptotic MSE

Due to sampling Due to simulation
First type H} 17 01(x) ¢(x)* B ®(x){1 — B(x)}
Hj 12 o1(x) ¢(x)* B [B(){1 — ()} — ¢(x)*] (provided that n < B < n*, some A > 1)
Hf n2o1(x) p(x)* B {®(x — A) exp(A?) — B(x)*}(4 > 0 chosen to minimize
®(x — A)exp(4?)
H} n2o1(x) ¢(x)* B! q(x) ®(x){1 — ®(x)} some g(x) €(0,1)
Second type Hi n2oi(x) o(x)* BTP){1 — B(x)} — {1 +1(x" — 1)’} $(x)]
HE 17 o1(x) ¢(x)*>  O(B~'n~'**) any A > 0 (provided that kernel and bandwidth
chosen suitably)
HE¥ n201(x) p(x)* B n72 p(x) 7! ®(x) p(x) (some p(x); n < B < n?, some
Cy >cC > 1)
Non-simulation — Hpg, (x) 2 oi(x) (x> 0
based Jr(x) n201(x) p(x)* 0

estimate H,(x) and the second-order empirical Edgeworth expansion J»(x), are also
given for reference.

We see that H} achieves the best convergence rate of simulation error. The esti-
mator H%, compares favourably with H% and H7; uniformly in x but is inferior to
the other second-type methods in terms of the convergence rate of the simulation
error.

A point should be made about monotonicity of the various bootstrap estimates.
All estimates of the first type and H¥ are monotonic in x, as they are defined via
proportions of bootstrap resamples. Our estimators H%, and H¥, as well as J(x), are
not monotonic in general, as they all depend on some finite Edgeworth expansion,
which is generally not a monotone function: see the discussion in section 3.8 of Hall
(1992). The lack of monotonicity for our two approaches does not, however, seem to
cause much problem in practice.

5. SIMULATION STUDY

A simulation study was carried out to examine the performance of our two
approaches. Both H%, and H} were compared against H}, H¥ and J,(x). The
performance of H ¥ relative to other modified resampling methods was studied in Do
and Hall (1992) and is omitted in this paper.

Our examples and simulation scheme follow Do and Hall (1992). The statistics of
interest are the standardized mean n'/*(X — pr)/o and the standardized variance

n'?(6* — a%)/?. Here
n
X=n") x,
=1

SRTED I o
i=1

n
72 =n! Z()(i—/\_f)4—(}4,
p)
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pr = EBX], oF = varg(X), X = (X1, . . ., X,) is a random sample and X a generic
random variable from the distribution F. Two distributions, the standard normal,
N(0, 1), and the negative exponential of unit rate, exp(1), were considered in the
standardized mean example. In the standardized variance example, only N(0, 1) was
considered. Two sample sizes, one small (# = 10) and one medium (n = 50), were
used in each case.

A set of 50 random samples was drawn from F. From each random sample the
corresponding bootstrap estimate was approximated by averaging over 100000
uniform bootstrap resamples. Ignoring the negligible simulation error, we denote this
estimate by Hj (x). The simulation-free estimate J>(x) was also computed for each
random sample. Another independent set of B = 200 uniform bootstrap resamples
was drawn from each random sample for construction of the modified bootstrap
estimates.

For H¥, two kernels were considered:

—(1 - <1,
Koo — 3 = x
0, otherwise,
and
3465
——— (1 —-x*°(3 —26x* + 39x* <1
0, otherwise.

Then K, and K4 are of second and sixth orders respectivel}/, and both have two
continuous derivatives. The bandwidth 4 was chosen to be n~/* for K, and n~'/® for
K, for convenience: proposition 2 asserts that 1 o« n~"/"*?~¢, for any small € > 0, is a
reasonably good choice for an rth-order kernel.

For H%, the ath quantile of the distribution function, 7, of

d
Ly=n'Y " (X* =X a(X)
i=1

was obtained approximately by a saddlepoint method, as described by Davison and
Hinkley (1988). The remaining steps for constructing H ¥ then followed Do and Hall
(1992).

For each random sample from F, the procedures for constructing H;, H¥, H%y
and H ¥ were carried out 50 times from 50 independent runs of uniform resampling of
200 bootstrap resamples. We computed separately the average D; of {H* — Hp, (x)}
and the average Dy of {H* — Hp(x)}* over these 50 independent runs, for each
random sample. Here H* denotes the estimate in question. The quantities D; and Dy
were then averaged over the 50 random samples to give, say d; and dr respectively.
Then d; and dr are approximate MSEs of H* about the bootstrap estimate Hp,(x)
and the true parameter Hp(x) respectively. The measures d; and dr were also
calculated for J>(x) by averaging over the 50 random samples. Do and Hall (1992)
considered only d;. Denoting by di' and d¥ the values of d; and dy respectively for
H* = H, the ratios d} /d; and d¥ /dy were then computed for J,(x) and for each H*.
These ratios are measures of efficiency relative to uniform resampling.
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Our simulation results are reported in Figs 1-3. The curves were obtained by linear
interpolation of points calculated at values of x set to the 5th, 10th, 25th, 50th,
75th, 90th and 95th percentiles of the true distribution. The reference line marks the
unit level, so that any estimate with its ratio curve above this line has a smaller
approximate MSE than H7.

We see that Hf and H ¥ are generally more efficient in approximating either Hp, (x)
or Hi(x), especially towards the centre of the distribution or when » has a medium
size like 50. The estimate H %, performs rather poorly relative to the other estimates.
Not until n is sufficiently large does it even compare favourably with H . It is far less
efficient than H¥ and H# in all cases, in accordance with its slower simulation MSE
convergence rate. The estimate H i compares favourably with the other bootstrap
estimates. It is especially efficient in the standardized mean example under N(0, 1)
where it has a relative efficiency reaching as much as 120 for » = 50 (Fig. 1).

Between the two kernels, K> and Kg, chosen for H3F, there is little noticeable
difference in efficiency. The sixth-order kernel K¢ seems to perform slightly better
than K, in most cases, except in the variance example.

In general, modified estimates of the second type are more efficient when
estimating H(x) than when estimating H, (x): compare the ratio figures in parts (a)
and (c) with parts (b) and (d) of Figs 1-3. Also, the efficiency improvement of H5
over other bootstrap estimates is more pronounced when the MSE is measured about
Hg(x). See, for example, Fig. 2.

The second-order empirical Edgeworth estimate J,(x) displays a more erratic
performance. Whereas it compares favourably with the bootstrap estimates in the
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Fig. 1. Standardized mean example under N(0, 1): ratios d¥'/d; ((a), n = 10; (c), n = 50) and d% /dr
((b), n=10; (d), n =50) interpolated from simulation results obtained at seven values of x, for
estimates H7j ( , reference), Hf (-ooenene , kernel (order 2); - - - -, kernel (order 6)), Hf (- — —,
modified), H¥ (— —, Efron) and Ja(x) (— - —, Edgeworth) based on B = 200
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Fig. 2. Standardized mean example under exp(1): ratios d¥' /d; ((a), n = 10; (c), n = 50) and d¥ /dr (b),
n = 10; (d), n = 50) interpolated from simulation results obtained at seven values of x, for estimates Hji
( , reference), HE (-oveenee , kernel (order 2); - - - -, kernel (order 6)), H}( (———, modified), H¥ (— —,
Efron) and J»(x) (— - —, Edgeworth) based on B = 200

mean example, its performance is as bad as H%}, in the variance case, suggesting the
inadequacy of methods based on Edgeworth expansion for this case.

In summary, it is found that the closer to normality the distribution, the better is
the performance of each of the modified bootstrap estimates. The accuracy depends
to a great extent on the accuracy of truncated Edgeworth expansions. The relative
empirical performance of the bootstrap estimates generally agrees with the
asymptotics. The estimates H¥ and H7 yield significant improvement over HF
and H%,.

A final point is made about the computational requirements of the various
estimates. The estimates H%,, H% and H¥ all require a preliminary round of analytic
computation on top of the usual uniform resampling simulation. For H%, and HF,
this involves the evaluation of sample moments and derivatives of A(x, 8). The
additional computation is negligible compared with the bootstrapping step. In the
case of H, a numerical algorithm for saddlepoint approximation will generally be
required. We observe in practice that Hj; and H%, are almost identical in com-
putational demand. Slightly greater computation is required for construction of H 3
and H¥, but the increase is insignificant compared with the overall computational
demands of the bootstrap resampling.

In terms of analytic calculation, H¥ should, strictly, be simpler to calculate than
H?% or HE, since second derivatives of A(x, 0) are required for H%, and numerical
procedures are required in the construction of H#. A small computational price to
pay for H¥ and H¥ lies in the need to calculate L} for each bootstrap resample, but
this is typically much easier than calculating T} because of the linear nature of L.
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Fig. 3. Standardized variance example under N(0, 1): ratios d;‘/d, ((a), n =10; (c), n = 50) and a’?/a’r
((b), n=10; (d), n = 50) interpolated from simulation results obtained at seven values of x, for
estimates Hjj ( , reference), HE (-ooveeeee , kernel (order 2); - - - -, kernel (order 6)), H¥ (— — —,
modified), H# (— —, Efron) and J2(x) (— - —, Edgeworth) based on B = 200

We have provided in this paper methods for efficient Monte Carlo approximation
to bootstrap distribution functions. It is apparent from the simulation that efficiency
gains over alternative methods, in particular uniform resampling, are greater in the
centre of the distribution than in the tails. Many applications, such as the
construction of confidence intervals, require a good estimation in the tails of the
distribution and here efficiency gains appear slight, in small samples. The methods,
which are specifically designed to require only uniform resampling, provide sub-
stantial gains over uniform resampling in moderate sample sizes, which are in any
case necessary for the construction of accurate confidence intervals.

APPENDIX A

We begin with a lemma describing the expectation, variance and MSE of the bootstrap
estimate Hg,(x). The proof follows by subtracting the Edgeworth expansions (5) and (2) and
noting that coefficients of polynomials p; depend smoothly on moments of F.

Lemma 1. The expectation, variance and MSE of the bootstrap estimate Hp,(x) satisfy
() EdHz,(x)] = He(x) + O™,

(b) varp{H,(x)} = n"*v1(x) ¢(x)* + O(n~*?) and
(¢) MSE{Hp, (x)} = n2 vi(x) ¢(x)* + O(n~>'?),

where v1(x) = lim, 00 (n E[{p1(x) — p1(x)}]).
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Proof of proposition 1. Noting that
Ep T =n""?4, + O,,(nfm),
Bz, T =14 0,(n™")
and
Ep TP =n 24, + 34)) + 0,(n %)
are the sample versions of equations (7), (8) and (9) respectively, and that
pi(x)=—4, -1 A - 1),

we have

Ep,[HX] = Hp,(x) + 0,(n™").
Then by lemma 1, part (a),

biasp(H%) = Er E,[H] — Hr(x) = O(n"?).
Also, noting that
Ep, [H ] = B H 3] = 0™ {p1(x) = pr(0} () + Op(n7")
we have
vars(Eg, [H U] = 07 01(x) ()" + O(n™").

Next we consider the simulation error of HY,, namely Ervarz, (H}%). In general, it can be
shown that

Ep, [T = n B+ 0,(n")) (11
where

€= {;, fOI‘j: odd,

0, for j even.
In particular, we have
B, = 4,, B =1, By = A4, +34,, By =3, Bs = 15.
Define
My =By, [T]

and

I =B [T T < x1.

Then we have
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1 1 N N
vars, (H3) = 2 Hr, (N1 — Hi, (90} + 7 3 = XY 6(x)” B (M> — M)

+14f—4f¢ufB”m%—wﬁy+o—x%MMB*ﬁr<mmeﬁ

+ (x — 1) ¢(x) B~'{Iy — Hp, (x)M5)
+ g (3 —x)(x* = 1) ¢(x)* B~ (M4 — M, M5). (12)
We may show
I = =¢(x) + Op(n™"?), (13)
and
I = —( 4 2) ¢(x) + 0,(n"'7?). (14)

Therefore, substituting equations (11), (13) and (14) into equation (12) and taking the
expectation, we obtain

Epvarg,(H3) = B [®(0)f1 — (1)} — {1 + £ (" = 1)’} ()] + OB~ 'n 7).
The result of the proposition thus follows by noting that
MSE(H %) = Ep vars, (H%) + varg(E s, [H %)) + biass(H %)*. O

Proof of proposition 2. Approximating Hp,(x) by its second-order empirical Edgeworth
expansion J»(x) and Taylor expanding J,(x — hu) in powers of 4, we deduce

Ep, [% J K<y_hﬁ> dy} = J K(u) Hp, (x — hu) du

= D) + 1T W I () + O, + 07, (15)

Similarly, it can be shown that

EE[%TV K(y7fﬁ) ] 0(x) + 11"k O (0) + Oy +17R). - (16)

Subtracting equations (15) and (16), and using the fact that

B (x) = O x) + 0,2,
we have
B, [HF] = 04(x) + Eg, [0F4(x)]

= j2(x) + V!_lhr,k;{jg)(x) — A’(lr)(x)} + Op(hr+2 + n_3/2)
= Hp,(x) + O,(n™ P+ W 4072,

Thus, by lemma 1, part (c), the MSE of Ez, [H ] as an estimator of Hg(x) is given by
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MSE(Ez [HE]) = n72 01(x) p(x)* + O™ + B'n™ + B 207" 4 12, (17)
Next we consider the simulation error of Hi. Note that

varg, (HE) = varg, (O (X)) = B varg, (Df5) (18)

1 (" xX—y
D¥,=- K dy.
Jh hJﬁ ( 7 ) y
Now take any M — oo such that Mh — 0 as n — oco. Then using Taylor expansion,
condition (e) on K and the fact that L¥ — T = O,(n"'/?), we may show that

say, where

Ep [Dih] = Op(M ™20 W2 + M0 ' W32 4 07 7AR2 4 032073, (19)

Also,

Ef[D} ] = Ex[0F(x)] = Op(n™' > + K. (20)

It follows from equations (19) and (20) that

varg,(Df3) = Op(M ™ n ' 02+ M0 ' PR 0P o Y. (21)
The MSE of Hjf can now be obtained by combining equations (17), (18) and (21), giving

MSE(H}) = MSE(E, [HF) + Erfvary, ()]
— n—2 U](X) (z)(x)z + O(n—5/2 +hrn—3/2 +hr+2n—l +h21‘+4)
+ O{B—l(M—Zan—lh—Z + Ml/Zn—lh—3/2 + n_7/4h_2 + n—3/2h—3 + n—l)}, (22)
where h — 0, M — oo and Mh — 0 as n — o0.

The proof of the proposition is completed by adjusting 4 and M so that the O{B~'(-)} term
in equation (22) is minimized. O

APPENDIX B

We describe a heuristic approach to determining an optimal formula for the smoothing
bandwidth / in our second linear approximation method.

First, we write 7, = L, +n~"/?R,, and let g, and f, be the joint density of (L,, R,) and the
marginal density of L, respectively.

Assuming validity of Taylor expansions up to an infinite order, we have

Hp(x) = J dt J gt —n~"?0, v)do

- Z s (=1) J g . (OE[RS|L, = 1]dt

520 —o0 or

[ A@a= Y G R g BRI = (Y

Jj=0
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Assume that the bootstrap versions of densities g, and f;, admit Edgeworth expansions
denoted respectively by g, and f:. Set

i= j Fiz —fi).
9!
8x./*1

J/
Cis =G+ DIG =7 (1) J V7 KO)dy 5 s B RS ILE = )

Ay =17 (=1y {Fiz () B [R¥|LE = x] — f1,(x) E[RA|L, = x]},

Using expansion techniques similar to those giving equation (23), we obtain

Jj—r
]Eﬁ”[H]ﬂé] — Hi(x) = i+ Z n—//ZAj _ Z Z h'/_Sn_(Hl)/zém. (24)
j=1 j=r s=0

Note that [ ¥/ K(y)dy = 0 for odd j by symmetry of K and that typically

I=0,m™, Ai=0,m™'?), &= 0,0, (25)
El = 0(n™?), EA; = 0™, ECys = G+ 0™,

where C;; denotes the population version of CJ;S. Squaring and taking the expectation of
expression (24), and using equations (25), we arrive at an asymptotic expansion for the MSE
of Eg [H¥] as an estimator of Hx(x),
MSE(Es [HE) =B +n 2R + 0 CLy = 20 P EC, o(T+n72A))
4 O(n—5/2+h27+2n—1 +h2rn_3/2+hr+2n_2). (26)

Similarly an asymptotic expansion can be found for the expected conditional variance of H}:
Evarg, (HE) = B 'n'h™! (J K2) S () E[RAL, =x]+ OB 'n ' + B 'n 207, (27)

Summing equations (26) and (27) gives an expansion for the overall MSE of H}.
For simplicity we consider a special case where B = Byn® with By >0 and 0 < A <
(2r 4 1)/r. In this case we have

MSEH¥) =E(I+n"2A) + W0 ' Cro+n """ By (J K2> 1. (x)E[R2|L, = x]
+ O(n75/2+h2r+2n71 +h2rn73/2+hrn72+n7A71 +n7A72h73). (28)

Minimizing expression (28) results in a formula for the optimal bandwidth:

1/(2r+1)
f1.(x)E[R3|L, = x]r* J K?

h — n—A/(2r+l). (29)
2rBok2{0" /Ox" f1,(x) E[R,|L, = x])?

Formula (29) depends on the unknown underlying distribution F and hence must be
estimated before being put to practical use. One possibility is to use a bootstrap estimate of
expression (29).
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