
Homework 1, Math 4121, due 23 Jan 2014

(1) Find the lim sup of the sequence {cosn}. (Hint: You may use
the fact that the set {a+ bπ|a, b ∈ Z} is dense in R.)

(2) If
∑∞

n=1 an, where an > 0, converges, prove that
∑∞

n=1 a
2
n con-

verges.
(3) Imitating the proof in class, consider the series

∑
n∈S

1
n
, where

S ⊂ N be the set of all natural numbers which do not have 2 in
its decimal representation. Prove that the series converges by
showing that it is bounded above by 80.

(4) Let {an} be a decreasing sequence of positive numbers. Prove
that if

∑∞
k=0 2

ka2k converges, so does
∑∞

n=1 an. (Hint: Use the
function p(n) = 2n− 1 to add parenthesis) The converse is also
true and the proof is similar.

(5) Decide whether the following series converge 1.
∑∞

n=1(n
1
n − 1)n

(Hint: Root test); 2.
∑∞

n=2
1

(logn)logn (Hint: Compare with the

series
∑

1
n2 .)

(6) Prove that the double series
∑

m,n e
−(m2+n2) converges.
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