1. 0-ALGEBRAS

Definition 1. Let X be any set and let F be a collection of subsets of
X. We say that F is a o-algebra (on X), if it satisfies the following.
(1) X e F.
(2) If A e F, then A° € F.
(3) If Ay, Ay, --- € F, a countable collection, then U A, € F.

In the above situation, the elements of F are called measurable sets
and X (or more precisely (X, F)) is called a measurable space.

Ezample 1. For any set X, P(X), the set of all subsets of X is a
o-algebra and so is F = {0, X }.

Theorem 1. Let X be any set and let G be any collection of subsets
of X. Then there exists a o-algebra, containing G and smallest with
respect to inclusion.

Proof. Let S be the collection of all g-algebras containing G. This set
is non-empty, since P(X) € S. Then F = N ges.4 can easily be checked
to have all the properties asserted in the theorem. O

Remark 1. In the above situation, F is called the o-algebra generated
by G.

Definition 2. Let X be a topological space (for example, a metric space)
and let B be the o-algebra generated by the set of all open sets of X.
The elements of B are called Borel sets and (X, B), a Borel measurable
space.

Definition 3. Let (X, F) be a measurable space and let Y be any topo-
logical space and let f : X — Y be any function. We say that f is
measurable, if for any open set U C Y, f~YU) € F.

Ezample 2. (1) If (X, F) is a measurable space with X a topologi-
cal space and B C F, then any continuous function from X to
any topological space is measurable.

(2) If f: X =Y is measurable and ¢ : Y — Z is continuous, g o f
is measurable.

Theorem 2. Let (X, F) be a measurable space and let f: X — Y be
a function, where Y 1is any set.

(1) If G is defined as the collection of all subsets A of Y such that
f~YA) € F, then G is a o-algebra on Y.
(2) If f: X — [—00,00] is any function, f is measurable if and
only if f~'((a,00]) € F for any a € [—o0, 00].
1
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Proof. The first part is mere checking. For the second part, notice that
since (a, o] is open in [—o0, 00|, the condition is clearly necessary. To
check sufficiency, one notes that [—o0, b) = U,[—00, b— %] for any b and
[—00, c] = (¢, 00]°. So, one gets that f~!([—00,b)) € F too for any b and
thus we get f~!((a,b)) € F for any a, b, since (a,b) = [—00,b) N (a, 0]
and these generate all open sets. U

Theorem 3. Let f, : X — [—o00,00] be a sequence of measurable
functions. Then, supf,,inf f,, limsupf,, liminff, are all measurable.

Proof. Let g = supf,. Then g7!((a,c]) = U, f,*((a,o0]) and so we
are done by the previous theorem. A similar proof applies to infimum.
Let g, = supy>, fr- Then all the g,’s are measurable by the previous
part. Then limsupf, = infg, and hence it too is measurable. Similar
argument applies to liminf. 0

We get as a corollary the following results.

Corollary 1. Let f,g : X — [—00,00] be measurable. Then so are
max{f, g} and min{f, g}. In particular, writing f* = max{f,0} and
f~ = —min{f,0}, we see that these are measurable.

Remark 2. In all the above, we have dealt with [—o0, co] which has the
advantage that supremum, limsup etc. make sense. But, notice that
if a,b € [—00, 0], then a + b may not make sense. On the other hand,
if we worked with R, then the latter obviously makes sense, but not
necessarily the former. In most cases, it should be clear which space
we are working in and why.

Definition 4. A function f : X — [0,00) is called simple, if it takes
only finitely many values.

Ezample 3. (1) If A C X, the characteristic function x4 defined as
xa(x) =11if x € A an zero otherwise, is a simple function.

(2) More generally, if s is a simple function, let a4, ...,a, be its
finitely many values and let A; = s7'(a;). Then s = >"" | aixa,-
Notice that U;A; = X and A, N A; = 0 if i # j (pairwise
disjoint).

(3) If s is a simple function as above from a measurable space X,
s is measurable if and only if all the A;’s are measurable.

(4) If s =) a;xa, and t = ) bjxp, are simple (measurable) func-
tions, so is s + t. Letting C;; = A; N B;, one can see that
s+t = Z(al + bj)XCij'

Theorem 4. Let f : X — [0,00] be a measurable function. Then
there exists simple measurable functions sy < sy < --- < f such that
lims, = f.
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Proof. For any n and an i such that 1 <1i <n2" let E,; = f‘l([i;—nl, 7))
and let F,, = f~!([n,o0]). Then these are all measurable sets, pairwise
disjoint for a fixed n and cover all of X. So, s,, = Z?j: ’;—,}XE” +nxe,
is a simple measurable function. Easy to check that s, <s,.1 < f for

all n and lims,, = f. O

2. MEASURES

Definition 5. Let (X, F) be a measurable space. A (positive) measure
on X is a function p : F — [0, 00] which is countably additive. That
is, if Ay, Ag,... € F is a countable collection of pairwise disjoint sets,

then p(Upey An) = 3207, p(An).

Since pu(A) = oo for all A € F is trivially a measure by the above,
to avoid this case, we will always assume that there exists some A € F
with pu(A) < oo for our definition.

Ezample 4. (1) Let X be any set and consider the function p :
P(X) — [0,00] given by p(A) is the cardinality of A if A is
finite and oo otherwise. Then p is a positive measure. This is
called the counting measure.

(2) Again consider (X,P(X)) and let a € X, fixed. Define pu(A) =
1 if a € A and zero otherwise. This is a positive measure.

Theorem 5. Let pu be a positive measure on (X, F).

(1) u(®) =0.

(2) If Ay, Ay, A, € F, pairwise disjoint, then p(Ur,A;) =
o w(A;). (Finite additivity)

(3) If A C B are measurable, u(A) < u(B). (Monotonicity)

(4) If Ay C Ay C --- are measurable sets and A = U2 | A, then
limy, o0 N(An) = IU(A>

(5) If Ay D Ay D -+ and A = N2 A, with u(Ay) < oo, then
lim ju(A4,) = i(A).

Proof. (1) Let A be such that pu(A) < co. Let Ay = Aand A, =0

for n > 1. Then these are pairwise disjoint and its union is A.
So, we get u(A) = p(A) 4+ > (D). Rest is clear, since we can
cancel p(A) < oo from bot sides.

(2) This is clear by taking A, = @) for m > n and using the first.

(3) We can write B = AU (B — A), pairwise disjoint and thus
1(B) = n(A) + (B — A) > p(A).

(4) Let B, = A, — A,_1 for n > 1 and B; = A;. Then {B,} are
pairwise disjoint and U, B,, = A. Also, U, B; = A,,. So, we
get u(An) = 37, u(B;) and p(A) = 307 u(By).



(5) For this, let C,, = A; — A,,. Then C,, C C,1; and U2 ,C,, =

A;—A. So, from the previous part, we have lim p(C,,) = u(A; —

A) = u(Ay) — p(A), since A C A;. We also have by the same

reason, u(Cp,) = u(A;) — p(A,). So, taking limits, we get,

limu(Cy) = p(A;) —lim(A,) = u(A;) — u(A) and canceling
1(Ay) < oo, we are done.

O

3. LEBESGUE INTEGRAL

Definition 6. Let (X, F, 1) be a measure space and let s : X — [0, 00)
be a simple positive measurable function. Writing s = > a;x4,, define
[ sdp = > a;p(A;), where we use the convention, 0 - p(A) = 0 even
if p(A) = oco. If 0 < f is any positive measurable function, we define
[ fdp to be the supremum of [, sdu for simple measurable functions
0<s<f.

Remark 3. The above gives two possible definitions for the integral of a
simple measurable function, but it is clear that the definitions coincide.

We collect a few easy facts which follow from the definitions.

Theorem 6. Let (X, F,u) be a measure space. All functions men-
tioned below are measurable and so are all the subsets of X.

(1) /0 < f < g, then [y fdu < [y gdp.

(2) fAC B in F, for 0 < f on X, we have, [, fdu < [, fdpu.

(3) If0 < f and 0 < ¢ < o0, then [y cfdu = c [y fdp.

(4) If f(x) =0 forallz € A, [, fdu =0, even if u(A) = oco.

(5) If w(A) = 0, for any measurable positive f, [, fdu =0 even if
f(z) = oo for some or all x € A.

(7) If s,t are simple functions, then [y (s+g)du = [, sdu+ [y tdu

Proof. The only part which requires a proof is the last one.
If s = > a;xa, and t = " bjxp,, we have [, sdu = > a;u(A;) and
[ tdp = > bjpu(B;). On the other hand, we have s+t = Y (a;+b;) xc

ij



where C;; = A; N B;. Thus

[ s+ 0 = Y+ bty
= Z a; ZM(OH) + Z b Z 1(Cij)
= aip(A) + ) bju(By)

:/sdu+/tdu
X X

As a corollary, we get,

Corollary 2. Let s be a simple measurable function on X and define
p(A) = [, sdu for A measurable. Then ¢ is a measure.

Proof. Let s = > a;xa,- If By, Bs,...1is a countable collection of
pairwise disjoint measurable sets and B is their union, we have,

¢(B) = Zai,u(Ai NB)= Zai ZM(Az‘ N B;)

=1

=" an(An By = Z ¢(B;)

j=1 i=1
Since ¢(f)) = 0 < 0o, we see that ¢ is indeed a measure in our sense. [

Next we come to an important theorem.

Theorem 7 (Lebesgue Monotone Convergence Theorem). Let 0 <
fi < fo < - < f be a sequence of positive measurable functions

converging to f. Then lim,, fX fndp = fX fdu.

Proof. Let a = lim,, fX fndp. Since fX fndp < fX fdu for all n, we
get that o < fdp.

Next we prove the reverse inequality. For this, let 0 < s < f be a
simple measurable function. It suffices to prove that o > [ « sdp. Let
0 < ¢ < 1 and consider the sets A,, = {z € X|f,(z) > ¢s(z)}. Then A,
is measurable, Ay C Ay C --- and UA,, = X. Also, we have [, f.du >
Ju, fudp > ¢ [, sdp for all n. Thus, a = lim [y fodp > lime [, sdp.
Noting that the latter is a measure from the previous corollary and
using an earlier theorem, we get that it is equal to ¢ [ « Sdp. Since
this is true for any 0 < ¢ < 1, we see that a > fX sdu, finishing the
proof. O
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Corollary 3. If f,g : X — [0,00] are measurable, [\(f + g)du =
[ fdu+ [ gdp.

Proof. By arguments as in the homework, it is immediate that f + ¢
is measurable. Let 0 < 51 < 55 < --- < f be simple function such that
lims, = f (see Theorem 4). Similarly, 0 < ¢; <ty < --- < g. Then
Sptty, issimple and 0 < sy+ty < so+ty < -+ < f4g with lim(s,+t,) =
f+g. So, by Theorem 7, we get lim [\ (s, + tn)dp = [ (f + g)dpu.
But we have [\ (s, +tn)dpu = [y spdp+ [y tndp, since these are simple
functions. We have lim [y s,du = [, fdp and lim [ t,dp = [, gdp
by Theorem 7 and so we are done. 0

Corollary 4. Let f, : X — [0,00] be a sequence of measurable func-
tions and let f = >>° | fo. Then f is measurable and fX fdu =

Z;.LO:I fX fnd/vb

Proof. Let g, = Y 4, fu- So, we have limg, = f with 0 < ¢ <
g2 < -+ < f and thus by Theorem 7, lim [y gndp = [ fdp. On the
other hand, by a simple induction from the previous corollary, we have,
Jx gndpe =301 [y frdp and thus lim [, gpdp = 307 [y fudp. O
Corollary 5. Ifa;; > 0 are real numbers, 3372, 372 a; = D721 D7, aij.

Proof. Consider X = N with its power set as a o-algebra and u, the
counting measure. Let f, : X — [0,00) be defined as f,(m) = amp.
Then f, is measurable (if the o-algebra is the power set, any function
is measurable) and so we have, from the previous corollary,

/ i Fudp = i | o

For any g : X — [0, 00], we also have [, gdu =" g(n). For this,
consider simple functions s, : X — [0, 00| defined as s, (k) = g(k) if
k < n and zero other wise. Then 0 < sy < 59 < --- < gandlims, =g.
So, [y gdp =1lim [y spdp. s, = > 9(k)xqey + 0x{k > n} and thus
Jx sndie =301 g(k)u({k}) = 341 g(k). Rest is clear. O

Theorem 8 (Fatou’s lemma). Let f, : X — [0,00] be a sequence of
measurable functions. Then,

/ liminf f,dp < liminf/ fndpt.
D' b'e

Proof. Notice first, that we have proved liminf f,, is measurable, so the
left hand side above makes sense.

Consider g, = inf,,>; f,. Then g; is measurable and we have 0 <
g1 < g2 < --- < liminf f,, and lim g, = liminf f,,. Thus, by Theorem
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7, we get the left hand side in the theorem to be lim fX grdp. But
gr < fo for all n > k and thus [ grdp < [y fudp for all n > k. So,

fX grdp < inf, >, fX fndp. So,

lim/ grdp < lim inf/ fndu:hminf/ frndpe.
X konzk Jx X

O
Theorem 9. Let f : X — [0 oo| be measurable. The the function
¢ F — [0,00] given by ¢(A fA fdu is a positive measure. If g is

any positive measurable functzon we have fX gdop = fX gfdu

Proof. We have ¢(0) = 0. If Ay, Ay, ... is a countable collection of
measurable disjoint sets with A = UA,,, we have x4 = > x4,. Thus,

A) = [, fdu = [ xafdp =" [ xa,fdu, the last by the corollary
to Theorem 7. Since [y xa,fdp = [, fdu = ¢(A;), we get countable
additivity for ¢ proving that it is indeed a measure.

For the last part, we consider g = x4 for some A € F. Then,

/ g = H(A / Fdyu = /X ofdn.

Thus, the same holds for any simple measurable function and then
Theorem 7 finishes the proof for any g, since any positive measurable
function is the limit of an increasing sequence of simple functions. [J

4. L' SPACES

In this section, we will consider functions f : X — R, not necessarily
positive, but only taking finite values. If f is measurable, we have seen
that both f*, f~ are measurable and thus so is |f| = f™ + f~.

Deﬁm’tion 7. A measurable function f : X — R belongs to the set
LYp) if [ |fldp < oo.

If f € L'(p), then clearly |f| € L'(u). Also, both [, f*du, [ f~du
are finite and hence it makes sense to define,

/deuz/xﬁdu—/xfdu-

For a measurable function f, not necessarily positive, | + fdp may not
make sense, since the only reasonable way we could do this was to write
f = fT—f and attempt to define [, fdu = [ fTdu— [ f~dp. The
subtraction above will make sense only if at least on those integrals
were finite.
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Theorem 10. The set L*(u) is a vector space over R. That is, given
frge LY (p), a,b R, af +bg € L*(p).

Proof. We already know that af + bg is measurable (since they take
finite values). So,

/ laf +bgldp < / (lall|+ bl gl)dp < |al / [l b / gldu < oo.
X X X X

]
Theorem 11. If f € L'(n), | [y fdu| < [y |fldp.
Proof. Ifa = [, fdp, then | [, fdu| = 6a where @ = +1. So, | [, fdu| =
[x 0fdp. But, 0f < |6f| = |f| and so we are done. O

Theorem 12 (Lebesgue Dominated Convergence Theorem). Let f, :
X — R be a sequence of measurable functions converging pointwise to
a function f: X — R. Assume that there exists a g € L'(u) such that

|ful < g for all n. Then, lim [, fudp = [, fdu.

Proof. Clearly, we have |f| < g and thus |f, — f| < 2¢g for all n. So,
hn, = 29 — |f, — f| are positive measurable functions. Thus we can
apply Fatou’s lemma, to conclude, [, liminfh,dy < liminf [, h,dpu.
Clearly liminfh, = limh, = 2g. On the other hand, fX hpdp =

Jx 29dp — [ | fo — fldp and thus,

liminf/ hndu:/ 2gd,u+liminf(—/ |fo — fldp)
X X X

— [ 20d ~ tmsup [ 17, flau
X X

/2gdu§/2gdu—limsup/ | fo — fldp.
X X X

Since [ 2gdp < 0o, we can cancel these to get, limsup [ |f, — f|du <
0. Easy to see that this implies lim [ |f, — f|du = 0. Since | [ fn —
fdu| < [y | fo— fldp from the previous result, we get that lim | [ f, —

fdu| = 0 and thus lim [, fodp = [, fdp. O

5. SETS OF MEASURE ZERO

So, we get,

If (X, F, u) is a measure space, any A € F with u(A) = 0 is naturally
called a set of measure zero. If B C A, we would like to say that
u(B) = 0, but B may not be in F. So, we want to enlarge F to G
so that, if A € F has measure zero, and B C A, then B € G and of
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course F C G. This may not be a o-algebra, but of course we can
replace G by the smallest o-algebra containing G. Then it is not clear
that we can extend p to this bigger o-algebra, since we do not have
an explicit enough description of it. All this can be achieved by the
following construction, which can be easily checked to be the same as
above.

Consider G to be the collection of all subsets £ C X such that there
exists A,B € F with A C E C B and u(B — A) = 0. Then using
simple set theory, one can easily check that G is a g-algebra containing
F and if we define pu(E) = u(A) = u(B), it is well defined. We usually
call such a G (or more precisely (X, G, 1)) a complete measure space.

We will often say ‘something happens’ almost everywhere, abbrevi-
ated to a. e. to mean that it happens outside a set of measure zero.
For example, we may write f = g a. e. for two functions f,g on X
when they coincide outside some unspecified set of measure zero. It is
also common to use the expression for almost all v € X to mean the
same.

Remark 4. Here is an important remark. Let (X, F, u) be a complete
measure space. Let f be a measurable function defined a. e. This
means, f is defined on X — E where E is a set of measure zero and
measurable on X — E (with respect to the restricted o-algebra). Then
extending f to all of X by assigning arbitrary values at points of FE,
one easily checks that this function is measurable on all of X. So, one
can be loose about the definition of f on a set of measure zero.

Many of the earlier results we proved for functions on all of X can
thus be extended to functions defined a. e.

To illustrate, here is a corollary to Theorems 7 and 12

Theorem 13. Suppose f, : X — R (or C) be a sequence of measurable
functions defined a. e. on X such that Y ", [ |faldp < 0o. Then the
series f(x) =307 fu(z) converges a. e. to a function f € L'(n) and
Jx fdp=32000 [ fadp.

Proof. Let E, be the set where f,, is defined. Then letting £ = NE,,, we
see that p(E°) = 0. Let ¢(z) =7, | fu(x)]. Then ¢(z) : X — [0, o0
is a measurable function and [, ¢dp = Y7 [ [faldp < oo. Let
A = ¢ (o0). Then [, ¢dp > [, ¢dp = oo - p(A). This implies that
p(A) = 0. So, outside the measure zero set E°U A, ¢ is a function to
R and thus f(z) = )_ f.(z) converges (absolutely) on E'N A°. Further
|f(z)] < ¢(x) on this set and thus by Theorem 12, we see that f €
L'(u) and the rest is clear too by Theorem 12. O

Below are some similar results, which are easy to prove.
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Theorem 14. (1) If f : X — [0,00] is measurable, A € F and
J4 fdp =0, then f =0 a. e. on A.
(2) If f € L' () and [, fdu =0 for every A € F, then f =0 a. e.
on X.
(3) If f € LY (n) and | [ fdu| = [y | fldu, then there is a constant
a such that af = |f| a. e. on X.

Theorem 15. Suppose u(X) < oo and f € L'(u) and let T C R (or
C) be a closed subset. If the averages Ag(f) = ﬁ [ fdp lie in T for

every E € F with u(E) > 0, then f(x) € T for almost all x € X.

Proof. We can cover R — T by countably many open intervals of the
form I = (a—r,a+r) CR—T where a ¢ T and r > 0. So, suffices to
prove that £ = f~!(I) has measure zero.

If u(E) > 0, then,

1 / 1
— f—adu‘g—/f—adu<r.
w8 | M=y S
But Ag(f) € T and thus |Ag(f) —a| > r. This is a contradiction.

[Ap(f) —al =

O

Theorem 16. Let A, € F such that > >~ u(A,) < co. Then almost
all x lie in at most finitely many A,s.

Proof. Consider ¢(z) = 0" xa,. Then ¢ : X — [0, 00| is measurable
and [, ¢dp =3 [y xa,dp by Theorem 7. The latter is just Y u(A,) <
00, by assumption. Thus as before, ¢$~!(c0) has measure zero. If an
x belonged to infinitely many A,,’s, then ¢(z) = oo. This finishes the
proof. O

6. RIESZ REPRESENTATION THEOREM

We start with some notation. We will always use K for a compact
set in a topological space X and V for an open set. We also write
C.(X) to denote continuous functions on X with compact support-
that is, functions vanishing outside a compact set. If K C V C X, and
if fe Cu(X) with f=1o0n K and f =0 outside V, with 0 < f <1,
we write K < f < V. The notation K < f would mean f = 1 on
K, where f € C.(X) and similarly f < V would mean f = 0 outside
V with f € C.(X). The theorems in this section are valid for any
locally compact Hausdorff topological space, but we will work with R”
(or subsets of it) , which is one such and we will denote it by X.

We start with a slight variation of Tietze extension theorem.
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Theorem 17. Let K CV C X. Then there exists an f € C.(X) such
that K < f < V.

Proof. Notice that we may replace V' by any open set containing K and
contained in V. Since K is compact, it is bounded and hence contained
in a ball of radius R with center the origin and R > 0. Thus, we may
replace V' by V' N B(0, R) and assume V' is bounded. In particular, if
K < f <V, with f continuous, it is in C.(X), since f = 0 outside the
closed and bounded (and hence compact) set, the closure of V.

If we take the function which is 1 on K and zero on X — V/, then it
is continuous on the closed set K U (X — V) and then by Tietze, we
can extend this to a continuous function on X with |f| < 1. Clearly,
we may replace f with |f| and so we are done. O

Remark 5. Some of you might have guessed that this could be done
much more easily, since we are working on a metric space with the
usual metric, which let me call d. Letting K’ = X — V' above, we can

explicitly describe such a function by taking f(z) = #ﬁ%x).

Theorem 18 (Partition of Unity). Let K be a compact set contained
in U, V; where Vs are open. Then there exists f; € Co.(X) such that
fi<Viand ) fi(x) =1 forallz € K.

Proof. For any point x € K, we can find an open neighborhood W,
such that the closure of W, is compact and this compact neighborhood
is contained in V; for some 7. Since these cover K, by compactness, we
can find W, ,..., W, which cover K. Collecting the ones contained
in V;, thus we get H; C V;, H; compact and K C UH;.

By the previous result, we can find g; such that H; < ¢g; < V;. Let
h; = 1 — g;. Notice that h; € C.(X) and 0 < h; < 1. Now, consider f;
defined as,

fi=1-m

J2=h1 — hihy

J3 = hihy — hihahs

fo=hyhpq—hi-hy

Clearly, all the f; € C.(X) and 0 < f; < 1, since each h; is. If z € V],
then h;(z) = 1 and thus,
filx) =hy---hi—1(x) — hy---hiy(x) = 0.

So, f; < V;. If x € K, then x € H; for some i and then h;(x) = 0. But,
Y. fi=1—hy---h,and so ) fi(z) = 1. O
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Theorem 19 (Riesz Representation Theorem). Let L : C.(X) — R
be linear map such that L(f) > 0 if f > 0. (Usually referred to as a
positive linear functional.) Then there exists a o-algebra F, containing
all open sets and a unique positive measure p such that for any f €

C.(X),
L(f) = /X fdu.

Further, we have,

(1) For any compact set K, p(K) < oo.

(2) If V is any open set, then (V') = sup{u(K)|K C V}, K com-
pact.

(3) If E € F, then u(E) = inf{u(V)|E C V}, V open.

(4) (X, F,pn) is a complete measure space.

We will not a give a complete proof, though it is not difficult, it is a
bit tedious.

Proof. First, we show that p is unique. If (Fy,u1), (Fo, i2) are two
such, we will show that they agree on F; N F5. So, the measures are
essentially the same.

It is clear that we only need to show that p;(K) = ps(K) for any
compact set. Given € > 0, by property 3) above, there exists an open
set V' containing K such that pu1(K) < pi (V) < i (K) + €. Choose f
such that K < f < V. Then we have,

fio(K) = /X Xrdpy < /X fdps = L(f)

=/ fdulﬁ/deulzul(v)ﬁul(ff)+€
X X

Since € was arbitrary, we get po(K) < py(K) and reversing the roles of
11, b2, We get equality.
Notice that since u(K) = ps(K) < L(f) < oo, we have Property 1)
of the theorem, if we have the equation connecting L and the integral.
Next, we define p : P(X) — [0, 00] as follows. For any open set V|
define

u(V) = sup{L(f)|f < V}.
It is clear that if U C V are open, then p(U) < u(V). Next define for
any set F,
w(E) =inf{u(V)|E C V, Vopen}.
Notice that this definition agrees with the previous definition for open
sets. It looks as though we have defined i on all subsets of X. But,
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we will construct a suitable o-algebra, only on which all the properties
will be checked-mainly the countable additivity.

For this, we first look at F’ consisting of all subsets of £ C X such
that u(E) < oo and

(1) pu(E) = sup{u(K)|K C E, Kcompact}.

(Those of you who have seen Lebesgue measure using outer and inner
measure would see where one is going.)

Finally, define F to be the set of all E such that ENK € F for any
compact set K.

First some remarks. Clearly p(A) < u(B) if A C B. If u(E) =0,
then F € F', E € F. So, we see that property 2) and property 4) both
hold for our p.

Next we write down steps which will finish the proof.

(1) p is countably sub-additive. That is, if E4, Es, ... are arbitrary
subsets of X, p(UE,) <> u(E,).

(2) F' contains every compact set.

(3) F' contains every open set with finite measure. Further, they
satisfy equation 1 above.

(4) p is countably additive on F.

(5) If E € F" and € > 0, there exists a compact K and open V such
that K C E C V with u(V — K) <.

(6) If El, EQ S f/, then so do E1 — Eg, E1 U EQ, E1 N EQ.

(7) F is a o-algebra containing all open sets.

(8) F' consists of precisely those elements of F with finite measure.

(9) p is a measure on F.

10)

(10) For every f € Co(X), L(f) = [ fdp.

7. LP-SPACES

Definition 8. A function ¢ : (a,b) — R is called convex if for any
a<z,y<bandanyte€|0,1], (1 —t)z +ty) < (1 —t)p(x) + tP(y).

Lemma 1. A convex function is continuous.

Lemma 2. If ¢ is differentiable and ¢' is monotonically increasing,
then ¢ is conver.

Ezxample 5. The above lemma implies ¢(z) = €” is convex on R. Simi-
larly, ¢(z) = «P is convex on (0, 00) if p > 0.

Theorem 20 (Jensen’s inequality). Let (X, F, ) be a measure space
with u(X) = 1. Assume f € L1(X) with f(X) C (a,b). If ¢ is convex
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on (a,b), one has,

¢(/deu> < [ @o pan

As an immediate corollary, we get that geometric mean is less than
the arithmetic mean.

Corollary 6. Let x1,x9,...,x, be n positive real numbers. Then,
1
(x14 - - -xn)% < ﬁ(xl +xo+ -+ Ty).

Proof. Consider a space X = {p1,...,pn} consisting of n elements
with measure pu({p;}) = % for all i. Consider the function f: X — R
given by f(p;) = logx; and apply Jensen’s inequality with the convex
function exp. O

Definition 9. If p, q are positive real numbers with 217 + % =1, we say
that p, ¢ are conjugate.

Notice that the above condition forces 1 < p,q < oo and p = 1 if
and only if ¢ = oo.

Theorem 21. Let p,q be conjugate with 1 < p,q < oo and let (X, p)
be a measure space. Let f,g be positive measurable functions on X.
Then,

(1) Hélder’s inequality:

foms (fra) (0]

(2) Minkowski’s inequality:

(7w < () + (7o)

Definition 10. Let 0 < p < oo and let f be measurable on (X, i). De-
fine || f|[5 = [y fPdp and let LP(X) consists of all measurable functions
f with || fl], < oo.

We define || f||o somewhat differently. Let f be any positive mea-
surable function and let S = {a € R|f~!((a, oo])has measure zero}. If
S = (), define ||f]|oc = 0o and otherwise define ||f||o = infS. Notice
that S is bounded below by zero (unless u(X) = 0, which is a trivial
case and we will not usually consider it). Define L>°(X) to be the set
of all measurable functions f such that g = |f] has ||g||cc < 00. The
previous theorem (Holder’s and Minkowski’s inequalities) immediately
give the following.
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Theorem 22. Let p,q be conjugates with 1 < p,q < oo.
(1) If f € L*(X),g € LYX) then fg € L'(X) and,

fglle < 11 1pllglle-
(2) If f,g € LP(X), then,

1+ gllp < [[f1lp + llgllp-

One immediately sees that LP(X) is a vector space and || - || is a
norm. In particular, for f,g € LP(X), we can define a metric by
d(f,9) = ||f — gl|p, the only difficulty is that it is possible d(f,g) =0
even if f # g. But it is clear that d(f,g) = 0 if and only if f = g a. e.
and thus identifying this we still get a new vector space with actually
a metric on it. One usually sweeps this under the carpet, since it is
easier to think of elements of LP(X) as functions and not equivalence
class of functions, and the context will make clear which of these we
are dealing with.

The fundamental theorem about these spaces is,

Theorem 23. LP(X) is a complete metric space for 1 < p < oco.

We finally state some density properties. Notice that if s is a simple
measurable functions with u{z|s(z) # 0} < oo, then s € LP for all
1<p<oo.

Theorem 24. Let S be the set of all measurable functions satisfying
the above property. Then S is dense in LP(X) for 1 <p < oc.

Next, we consider the case X to be an open or closed subset of R"
(or more generally a locally compact Hausdorff space, so that Riesz
representation theorem is applicable) and the Lebesgue measure on it.
Then, C.(X) C LP(X) for 1 < p < 0.

Theorem 25. C.(X) is dense in LP(X) for 1 < p < oc.



