
Homework 7, Math 310, due October 19th, Monday

(1) Prove the formula,

| ∪n
i=1 Si| =

n∑
i=1

|Si| −
∑

1≤i<j≤n

|Si ∩ Sj|+
∑

1≤i<j<k≤n

|Si ∩ Sj ∩ Sk| − · · ·

+ (−1)n−1| ∩n
i=1 Si|.

(Hint: When notation as above seems confusing, always write
out the expressions fully (without summation signs) for small
values of n, till it is clear what is meant.)

(2) Recall the defintion of a prime number.

Definition 1. An element p ∈ N is a prime number if p > 1
and if a ∈ N divides p, then a = 1 or a = p.

(a) If p ∈ N is a prime number and a, b ∈ N with p dividing
ab, show that p divides a or p divides b.

(b) Show that any n ∈ N, n > 1 can be written uniquely
as a product of primes. That is, given such an n, there
exists prime numbers p1, p2, . . . , pm for some m ∈ N so
that n = p1p2 · · · pm and this expression is unique upto
reordering the pis. (Hint: Use the version of induction
(P (n))(∀n ≤ N)⇒ P (N + 1)).

(3) Let f : A → A be a function. Define fn to be composite
f ◦f ◦· · · f , n times. For example, f 2 = f ◦f and f 3 = f ◦f ◦f .
Show that if fn = IdA, then f is bijective.

(4) Construct functions fn : R2 → R2 for any natural number n ≥ 2
so that fn

n = IdR2 , but fm
n 6= IdR2 for 1 ≤ m < n.

(5) If A, B are finite sets with |A| = m ≥ 1 and |B| = n ≥ 1, show
that the set of all functions from A→ B, denoted by Fun(A, B)
is a finite set and |Fun(A, B)| = nm.

(6) Let R[x] denote the set of all polynomials. Show that the func-

tion d : R[x] → R[x] given by d(f(x)) = df(x)
dx

is surjective but
not injective.
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