MATH 233 LECTURE 23:
FINISHING UP DIFFERENTIAL MULTIVARIABLE CALCULUS

This lecture ties up two loose ends:
e Clairaut’s Theorem: f,, = f,, wherever the second partials are continuous.

Suppose they are continuous near (0,0).! We have

£,(0.y) = 1im 1879 = J(0.y)

Az—0 Az

and so

fmy(()’ 0) - Algl/rgo Ay

~ lim (limAgHo f(A:c,AyA);f(O,Ay)) — (limmﬁo W)
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i i JATAY) — F(A2.0) — £(0,Ay) + £(0.0)
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By the same argument with z and y reversed, f,,(0,0) is the same as the last expression,
but with lima, o and lima,_,o reversed.

Why could switching the order limits be a problem? Consider the limits lim,_,¢ lim,,_,o
and lim,_,olim,_,o of %: the first is 4+1, the second —1. But of course, this is a badly
behaved function.

Write A(h) := f(h,h) — f(h,0) — f(0,h) + f(0,0), and set g(x) := f(x,h) — f(z,0).

We have
A(h) _ g(h) —g(0)
h h ’

IThere is no generality lost here: if you want to do this at (zg,%o), we can always replace f(zx,y) by

flx+ 0,y +yo) =: F(x,y).
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By the Mean Value Theorem (for g), this equals ¢’(a) for some a € [0, h], which equals
fz(a,h) — fi(a,0) by definition. Setting G(y) := f.(a,y), this says that

= - G,(b) = fzy(a7 b)

for some b € [0, h|. By continuity of f,,, we therefore have

. A(h) _
N fay(a,0) = f2y(0,0).

An exactly symmetric argument (swapping = and y) yields

AR
=

= fy2(0,0).

So fuy(0,0) = £,.(0,0).
We also had postponed justifying

e Theorem 2: f is differentiable wherever f, and f, are continuous.

Suppose f, and f, are continuous about (0,0). We want to show that

S, y) — f(0,0) — f2(0,0)z — £,(0,0)y _

llm - 07

(z,y)—(0,0) Va? +y?

i.e. that f is differentiable at (0,0). By the Mean Value Theorem, there exist a € [0, z]

and b € [0,y] so that

f(@,y) = £(0,0) = {f(z,y) — £(0,9)} + {f(0,y) — (0,0)}

= fala,y)z + £,(0,0)y

= fx(070)x + {f:c(auy) - f$(070)}x + fy(0,0)y + {fy(07b) - fy(ov 0)}y



Plugging this in above yields

. xz Yy
1 z(a,y) — [2(0,0)) ——=—= 0,b) — f,(0,0)) ——=—= ¢ -
i (e - 00 Lo o - po0) L]
Why is this zero? Consider

) T
lim

(z,y)—(0,0) (fe(a,y) = £ (0, 0))@

By taking (a,y) close enough to (0,0), we can make f,(a,y) — f-(0,0) as close to 0

as we like, since f,(z,y) is continuous near (0,0) by assumption and the limit forces

a — 0. Moreover, v/22 + y? > Va2 = |z|, and so

i
1< ——=<1.

S UET LS
Applying the squeeze lemma to the product, and a similar argument to the other term,

we get 0.



