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IIL.J. Greatest common divisors

III.J.1. DEFINITION. Let R be a commutative ring, and S C R a
nonempty subset. Then v € Risa GCD of § if

i) v|s(vVseS), and
(i) 6|s(VseS) = d|7.

If 1is a GCD of S, then S is relatively prime.?®

II1.].2. REMARKS. (a) In terms of ideals: (i) S C (vy); and (ii) S C
(6) = (7) C (). If S is relatively prime, then S (or (§)) is not
contained in a proper principal ideal.

(b) If 7, ¢ are two GCDs of S, then (a) = (7)) = (v) = v~ 7.
That is, if a GCD exists, it is unique up to units.

(c) RPID = (S) = () for some 7y € R, which is clearly a GCD
for S,and v = syrq + - - - + 5,7, for some s; € S, rj € R.

(c) Conversely to (c), if every S C R has a GCD of the form «y =Y ; s,
then we have (S) D (y) D (§) = (§) is principal. Since any
I = (I), R is then a PID. (As every UFD is not a PID, the italicized
property cannot hold for UFDs in general.)

(d) Dually, we have the notion of least common multiple (LCM): ¢
isaLlCMof Sif(i)s | ¢ (Vs € S)and (ii)s |k (Vs € S) = (| k.

(e) For two elements: yisa GCD of a,b € Rif: (i) v | aand 7 | b, and
) é|ab = 6|n.

Of course, a GCD need not always exist: in Z[v/10], leta = 3 +
310, b = 9. Then é = 3 and &' = 1+ /10 both divide a and b
properly (i.e. the quotient is not a unit). Moreover, we have a { b,
bta 610, and &' t 6. Were there a GCD v of a and b, we’d have®

28 As for ideals, a pair of relatively prime elements (|S| = 2) is said to be coprime.

29We write a || B for “a is a proper divisor of B”, which is to say that a | f and g

is not a unit. The reason we’d have (say) & || v here is that, were 1 a unit, &’ | «y

would become ¢’ | 6, which is false.



164 III. RINGS
36y |lab =

N(@)=N(@)=9[N() I81=N(a) =N(b) =
N(y) =27 = y=c+dV/10withc®? —10d*> =27 — 2 =7,a

(10

=

contradiction since 7 is not a square mod 10.
But Z[v/10] (as we know) is not a UFD, and in the UFD case the
situation changes:

I11.].3. THEOREM. Any nonempty subset S of a UFD R has a GCD.

PROOF. Write D := {r € R|r|s(Vs € S)} C R for the set of all
divisors. Clearly 1 € D = D # @. Recalling the length function
{(r) (= #of irreducible factorsin r) fora UFD,r € D = {(r) < {(s)
(Vs € S) = v € D of maximal length /().

Let a € D be arbitrary. We claim that a | 7y, which will establish
that yisa GCD of S.

Write D’ for the common divisors of 7y and a. Arguing as above,
there exists ¢ € D’ of maximal length ¢(c); and we may write a = cd,
v = cé. Clearly it is enough to show that d € R*, since thenc¢ | v =
al .

Suppose this is not so — i.e., that d ¢ R*, with irreducible factor f.
Then ¢(cf) = £(c) + 1, while c¢f | a. By maximality of ¢(c), we must
have cf { ¢, hence f { 6.

Now for every s € S, wehavea,y | s = ¢f | s = v = ¢d¢
= f | é6¢. By IIL.L12, since R is a UFD and f is irreducible, f is
prime. Since f 1 ¢, it follows that f | ¢, hence vf | s. Since s was
arbitrary, vf € D. But £(yf) = £(v) + 1, contradicting maximality
of £(7). O

II1.].4. DEFINITION. R satisfies the GCD condition (GCDC) if ev-
ery pair a,b € R has a GCD.

When the GCDC holds, we shall write ged(a,b) (which is then
well-defined up to a unit).

IIL.].5. REMARKS. (i) Note that (by IIL.].3) UFDs satisfy the GCDC;
and (by IIL].2(c)) for a PID we have (a,b) = (gcd(a, b)).
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(ii) The GCDC implies the existence of GCDs for all nonempty finite
subsets S C R. [PROOF: given S = {s1,...,s,}, inductively assume
that there exists a GCD 7 for {s1,...,s¢_1}. Then 7 := gcd(7o, sx)
has v | 70 | $1,--.,8k—1 and 7 | sx. Moreover, if 7' | sq,...,s; then
Y|s1,...,5x.1 = 7| v0, which together with v’ | sy yields ' | v.]

So “gcd(S)” makes sense.>

(iii) If 1 = ged(S1), 12 = ged(Sz) for two nonempty finite subsets,
the same argument gives gcd(S1 U Sy) = ged (71, 72)-

(iv) If v = ged(S) (for a finite subset S = {s1,...,s,}) and v € R,
then (writing rS := {rsy,...,rs,}) we have ry = ged(rS).

II1.J.6. PROPOSITION. Let R be a commutative domain. Then GCDC
= PC (primeness condition).

PROOE. Assume GCDC, and let 7t € R be irreducible; we claim
that 7t is prime. First note that

m, ifr|a

d ~
it~ {1 17

Let 7t | B and 7t { . We must show 7T | B.
Suppose otherwise: 77 f B. Then (writing (, ) for ged(, ))

1~ (ma)(m,B) ~ ((ma)m, (m,a)p)
~ (72 ), (7B, ap) ) ~ (72, 7, 7P, cB)
~ (n(m,a,B),aB) ~ (m,ap) ~ 7,

a contradiction since 7t is not a unit. O

II1.J.7. COROLLARY. Let R be a commutative domain, with GCDC and
DCC. Then R is a UFD.

30The reader may wonder about infinite subsets, since their GCDs exist in I1I.].3 for
UFDs. But the GCDC doesn’t imply R is a UFD, and can’t handle infinite subsets,
without also assuming the DCC. For example, if you are feeling adventurous, try
to show that if R C C is the ring of all algebraic integers (i.e. roots of monic
polynomials, which we will show yield a ring later on), then the GCDC holds, but
S:={21|9€Q, g > 2} C RhasnoGCD.
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PROOF. Combine II1.].6 and III.I1.12. O

This leads to a second proof that PIDs are UFDs, since the GCDC
obviously holds for PIDs (cf. IIL.].2(c)).

III.J.8. REMARK. In some of the remarks and computations above,
we have treated some aspects of GCDs in terms of ideals. Before
proceeding, we want to emphasize that when R is not a PID, some
caution is warranted.

Consider that we have two notions of coprimality for a,b in a
commutative ring R:

(i) The ideals (a), (b) are coprime if (a) + (b) (= (a,b)) =R
(ii) The elements a, b are coprime if ged(a, b) = 1.

Clearly (i) == (ii). But (ii) doesn’t imply (i) in a non-PID, e.g. in
the UFD F[x, y], (x) and (y) are not coprime as ideals, but x and y are

coprime as elements.

So far we have said a lot about the theory of GCDs, and nothing
about effectively computing them (when they are not visibly obvi-
ous).

I11.J.9. EUCLID’S ALGORITHM. In a PID, ged(a, B) is the princi-
pal generator of («, ), which gives a clue how to find it. If R is
Euclidean, this leads to a (very efficient) algorithm. Define g; and r;

recursively by
x=qp+r d(r1) < 6(B) [orry =0]
B = qar1 +12 5(r2) < é(r) [orr, =0]
r1 =4qsry+713 (5(1’3) < (5(1’2) [or 73 = 0]

As ¢ doesn’t take negative values, eventually some 7,1 = 0 (where
rn 7 0):

"n—1 = qn+1¥n + 0.
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Now look at this in terms of ideals:

(@, ) = (q1p+11,B) =

(B11) = (211 +12,11) =
(r1,12) = (qara +13,12) =
(r2,73) =

(ra—1,7n) = (Gns17n,10) = (rn).

This proves the

I11.J.10. THEOREM. For a, B in a Euclidean domain R, ged(a, B) is the
last nonzero remainder in the Euclidean algorithm.

We now turn to a couple of applications of Euclid’s algorithm
and GCDs in Z.

Application 1: The RSA cryptosystem.

II1.J.11. PROPOSITION. Suppose k,k',m € Z~1, ged(a,m) = 1, and
kk' = 1. Then a** = 4.

¢(m) (m)

PROOF. Since a € Z}, we have a?(") = 1 by Euler’s theorem

IL.D.9, and so a* = a - aN¢(") = g(a?(M)N = g, O

m

—
N

As k is invertible mod ¢ (m) provided they are coprime, we have

I11.J.12. COROLLARY. The map (-)¥: Z}, — Z3, is an isomorphism if
ged(k, ¢(m)) = 1, and has inverse (-)~.

Say you want to be able to receive secure communications from
me over a public channel:

Pick two large primes p, g, put m = pg. Then ¢(m) = (p —
1)(g —1). Now

letk € (0,¢(m)) NZ be large,

(IT1.J.13) with (k,¢(m)) =1, and find k'.

Make m, k public; and keep p, g, ¢(m), k" secret.
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I take a message, encode it as a single number a € (0,m) N Z,
and send you
b:=adez,.
Compute v e Zy, recovering (by IIL.J.11) my message a.

Suppose someone overhears m, k, b and wants to break the code to re-
cover a. They must find k/, which requires knowing ¢ (m), for which
they will need to be able to factor m (into p and g4). Unless they have
a quantum computer, this could take centuries.

As for us, how do we manage II1.].13? By using Euclid: first, to
check ged(k, ¢(m)) = 1; but less obviously, to solve the congruence

kk' = 1:
¢(m)

p(m) =kqo+ro = ro=¢(m)—kqo = —kqo

k=rog1+r = r1 =k —roq 47(Em) k + kqoq1 = k(1 + qoq1)

ro=rqa+ry = rp=r10—"112 ¢(Em) —kgo — k(1 + q091)92

= —k(q0 + 92 + q09192)

Eventually, some r, = 1 and so the algorithm gives
1 = k- (big mess).
= k- (bigmess)

The big mess is our k'.

Application 2: Prime factorization in quadratic fields. Let p be
an odd prime number (¢ IN), and K = Q[v/d] a quadratic number
field (d squarefree). Below, (p) will mean pOk, i.e. the ideal (p) C
Ok. Denote by Z(K) the monoid of ideals®! in Q. An element
I € Z(K) is irreducible if we cannot write I = I1I, with both Iy, I
proper in Okg. We would like to factor (p) in Z(K) as a product of
irreducibles.

31cf. Problem Set 7 #4. Here we take this to consist of all nonzero ideals.
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We know that Ok is often not a UFD, and that GCDs may not
exist. So we are not going to take them in Ok. Rather, the connection
of this section to GCDs comes from Hurwitz’s theorem (cf. III.LE.17).
Recall that given I = (¢, 8) C Ok and I = (&, B), it says that

e ail, BB, and af + Bi belong to Z, and
e if ¢ is their GCD in Z, then IT = (g) = gOk.

It is the main tool in the proof of the following

I11.].14. THEOREM. As an element of Z(K), the ideal (p) C Ok de-
composes into irreducibles as follows:

(i) d . 0 = (p) = (p, Vd)? =: ©,2, and we say p ramifies.
P

(ii) d = m? % 0 = (p) = (p,m—Vd)(p,m+Vd) =: 9,9, (where
14 p
¥y # @p), and we say p splits.

(iii) d % square = (p) is irreducible in Ok, and we say p is inert.

PROOF. Introduce the ideal norm 91: Z(K) — IN\ {0}, sending a
nonzero ideal I C Ok to the unique generator in IN of II. (That is,
IT = (M(I)).) This is well-defined by Hurwitz, and is a multiplica-
tive monoid homomorphism. Moreover, it is useful for detecting
irreducibles: if 91(I) = 1, then

IT=MI)=(1)=0xkCI=10gx CII
forces I = Ok. So if MN(I) is prime, then I is irreducible in Z(K).

For (i), combining Hurwitz with the fact that d is squarefree and
divisible by p, we get ©,2 = (p, Vd)(p,Vd) = (gcd, (p%,0,4)) = (p)
= N(¥y) = p = prirreducible.

For (ii), again by Hurwitz we have

@p@p = (p,m— \/E)(p,m + \/E) = (ngz(P212Pmr m* —d))

= (p-gedz(p,2m,n)) = (p)
since p odd and m ?é) 0 = p,2m coprime. Again N(¥,) = p =
14
‘ﬁ(@p), and so both ¥, and @p are irreducible.
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Finally, for (iii), begin by noting that 9t((p)) = p?, and suppose
that (p) is not irreducible. Then there exists an ideal I of norm p with
I 2 (p) (as (p) must break into two such). Assume the following

I11.J.15. FACT. Every I € Z(K) is generated by 2 elements of Ok.

which will be proved in a moment. Then I = (a,f) = p =
ged,, (a&, BB, ap + Bi). Since I 2 (p), p cannot divide both a and B;
say pta = #g (where r = s).

On the other hand, p | ai = 2554 — 2 = 2d. Ifp | s
p

then p | r and so (writing r = pr/, s = ps/, with 7/ = s') we have
2
/ /
= w = p(%) hence p|a, a contradiction. Therefore

p 1 s, and there exists an inverse s~ € Z,,. We then find that

d=(ss D2d=s%d(s ) =r*(s )2 = (rs71)?,
(r) (r) p

—~
=
—~
<
=

in contradiction to our hypothesis in (iii). Conclude that I cannot
exist, and (p) is irreducible. O

Here is a standard bit of notation attached to I11.].14.
III.J.16. DEFINITION. Define the Legendre symbol by

p 0 incase (i)
(—) = 1 in case (ii)
P —1 in case (iii)
It won’t be used until a later section.
We now prove Fact II1.].15 — actually a bit more. Recall:
e any subgroup K < Z" is = Z for some m < n (cf. I1.K.4); and
e any quadratic number field is of the form Q[x]/(x? — d) (with el-
ements of the form q; + g2x) hence a Q-vector space of dimension
2. In fact, for a general number field F ,32 we’ll show in the Galois
theory unit that F = Q[x]/ (m,) for some minimal polynomial 1,
of degree n, so that dimg F = n =: [F:Q].

wWe already saw this for number fields of the form Q[u] (cf. II1.G.9 and its proof,
and III.LH.13); the point here is that even those which appear to require multiple
generators really have just one.
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I11.J.17. PROPOSITION.
(a) Let F be a number field, O its ring of integers.>

(i) Every nonzero ideal I C Of contains a basis for F as a Q-vector
space, hence a subgroup = Z!FQ,
(ii) Assuming that Op = ZFQl (and F = QFQN3* we have that
I = Z[F:Q}, with basis spanning F / Q.
(b) Let K = Q[\/ﬁ], and I C Ok be a nonzero ideal. Then as an additive
abelian group, I = (v, ), for some v, 8 € Ok; and, moreover, [ = (v, 9).

PROOF. (a) (i) If B1,...,Bn (n = [F:Q)) is a basis for F/Q, then I
claim that there exists b € Z such that bB; € Or (Vi). To see this, note
that each B; satisfies some monic rational polynomial equation, as F
is algebraic over Q. Taking b to be the product of all denominators
of the coefficients of this equation, the bp; will satisty equations with
integer coefficients:

bB)* _ B
— O s (0BT + B (BB) 2 =0

- - d
= (B +ar (0 + ;L (b)) + -+ agl =0,

Next, taking any « € I\{0}, each bB;a € I; and since (in F) mul-
tiplication by ab is invertible, the {bf;x} cannot satisfy a nontrivial
Q-linear relation (without contradicting linear independence of the
{Bi}). So I contains a Z".

(ii) Applying K4 to I < O = Z" gives I = Z™ for some
m < n. Applying it to the result of (i) (that I contains a subgroup
isomorphic to Z") gives n < m. So m = n.

(b) We have Ox = (1,v/d) or (1, %3% in either case isomorphic
to Z? as an abelian group. So (a)(ii) yields I =& Z?; and writing
I = (v,6) (Z-linear combinations of 7, §), we clearly have I C (v, )
(Ok-linear combinations). Since 7,6 € I and [ is an ideal, we also
have I D (v, 9). O

33We have yet to check that this is a ring, except for F = Q[/d].
34These will turn out to be always true (as we already know for quadratic fields).



