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IIL.L. Algebraic number rings

Let F = Q[uy, ..., uy] be an algebraic field extension of Q, and
Or C F the subset of algebraic integers in F, i.e. elements which are
roots of monic polynomials with coefficients in Z. We begin this sec-
tion by making good on a promise from IIL.E.8, namely showing that
Or is a ring. One has to be more clever than to attack this directly;
try to check directly that v/5 + %ﬁ — 3i is an algebraic integer!

Consider an element & € F, with minimal polynomial m, € Q[x].
Recall that this is the unique monic generator of I, := ker{ev,: Q[x] —
F}, or equivalently the lowest-degree (nontrivial, monic) polynomial
over Q having « as a root. Here it is crucial that Q[x] is a PID.

II.L.1. THEOREM. The following are equivalent:
(i) a € Of
(ii) m, € Z[x]
(iii) Z[«] is a finitely generated abelian group
(e, Zla) = Z+aZ + a>Z + - - - + &1 Z for some n € N)
(iv) There exists a nontrivial f.g. abelian subgroup G < Q|«] closed under
multiplication by «.

PROOF. We do this “merry-go-round” style:

(i) = (ii): By definition of OF, there exists a monic f € Z[x] with
f(a) = 0. Then f € I, = (m,) C Q[x] = f = m,g for some
¢ € Q[x]. But now since f and m, are monic, f € Z[x|, and m,|f, we
have m, € Z[x] by IILK.11.

(i) = (iii): Let n = deg(my,), so that
Ma(x) = x" +a, X" 1+ tay, a€Z

Then my(a) =0 =

n 1

alt = _anillxn— 2 n—1>

—o—ag € (l,m,a%,...,«

7

where the RHS denotes the additive abelian subgroup of F generated
by these elements. Inductively let m > n, and assume we know that
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o e (1,a,...,a" 1) fork < m — 1. Then

WM =@M g e (@M e < (1,2, e,
Hence Z[a] = (1,a,...,a" ') as a group.
(iii) = (iv): Take G = Z[«]. Then

aG = aZ[x] = (a,a%,...,a") < (1,a,...,a" 1) = Z[a] = G.

(iv) = (i): Let G = (71,...,7) < Qa] be a finitely generated
abelian subgroup. By assumption on G, we can express

r
wyi =Y piyp  (i=1,...,r) with p; € Z.
j=1

Rewriting this in matrix form™® gives

T Hir - Hir T

Yr Ui - Hrr Yr

N J/
-~

p(a)

and we see that « is an eigenvalue of y(«), hence a root of the char-
acteristic polynomial f(x) := det(xI, — u(«)). Now simply observe
that f is monic and belongs to Z[x]. O

III.L.2. COROLLARY. Ofr is a subring of F, called the ring of integers
of F (or simply an algebraic number ring).

PROOF. We need only check closedness of Or under addition
and multiplication. Let «, 8 € Op. Then Z[«]| and Z[p] are finitely
generated, from which it follows that Z[a, f] is also finitely gener-
ated. More concretely, if Z[a] = Z +aZ + - -+ +a" " 'Z and Z[B] =
Z+PZ+ -+ p"'Z, then Z[n, ] = Z[a][B] = L) LI, ' PZ.
Both Z[ax 4 B] and Z[ap] are additive subgroups of Z|a, ], and so

35The vectors here belong to the vector space Q[a]” over the field Q[«], and the re-
sult we are using from linear algebra works over any field: given M7 = A7, clearly
7 is in the kernel of left-multiplication by AI, — M, which means the columns of
the latter are dependent and hence that its determinant is zero.
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are themselves finitely generated (cf. I1.K.4). By IIL.L.1, « + 8 and a8
belong to Of. O

I1.L.3. EXAMPLE. In HW, you’ll show that the p'" cyclotomic
polynomial xP~1 4+ xP=2 + ... + 1 isirreducible (for p an odd prime).
In C|[x], this factors as H,’f;ll (x — C;‘,) where {, = e . Soall powers
of {p are algebraic integers, and Z[(,] € Ogq(,). The field Q[7,] =
Q[x]/(xP~1 +xP=2 4 ... + 1) is called the p'" cyclotomic field.

Given an arbitrary element & = ag + a1{p + -+ + a,,fzz;;’j‘z €
OQ[gp]’ we know from III.L.1 that the minimal polynomial has inte-
ger coefficients. In fact, one can use Galois theory to show that all
the a; must be integers, hence that Z[(,] = Ogq;,. We will prove
this next semester, along with the

IIL.L.4. PROPOSITION (Kummer). If u € Z[(,]*, then u/ii is a root
of unity.

I am stating these results now because we will refer to them in an
application at the end of the section.

Integral ideals. Now write, given a number field K, Z(K) for its
monoid of integral ideals (i.e. nonzero ideals I C Ok). Slightly chang-
ing notation,*® we write 7 (K) for the fractional ideals a = AI (A € K*,
I € Z(K)). Recall that a € J(K) is invertible iff a - b = Ok for some
b e J(K).

We have seen that

(a) factorization into irreducibles is not necessarily unique, and
(b) irreducibles need not be prime

in a non-UFD Ok. As we shall now see, replacing { Oy, Ok, K} by
{(1),Z(K), J (K) } makes these problems disappear.

The proof of the next result requires Galois theory if K is a gen-
eral number field (as it involves introducing discriminants and ideal-
norms in general), so we shall assume it. However, I will explain

how it follows from what we already know when K is quadratic.

30This is instead of writing J (Ok).
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III.L.5. THEOREM. (i) Maximal ideals I€Z(K) are invertible in [J (K).

(ii) There exists a homomorphism of monoids M: Z(K) — IN\{0} strictly
respecting inclusions: 1 O ] = N(I) < N(]) with equality iff I = J.
(iii) Every ideal I € Z(K) is finitely generated as an abelian group.

PROOF FOR K = Q[V/d]. (i) We proved J (K) is a group when we
used Hurwitz’s theorem to show %T 1= (1).

(ii) We know N(I-]) = N(I)-N(J). Now if I D JthenI D |
= I DJ] = M) > M(J)) = N() | N(J) (which is
in fact stronger than (1) < 9(])). If also N(I) = N(J) =: m, then
D] =

12 Ir=M1=1

=
=

J= (])] =
hence I = J.
(iii) See Fact II1.].15, proved in I11.].17(b). O

III.L.6. REMARK. (a) From (i), it follows that any product of max-
imal ideals is invertible in 7 (K).

(b) In (iii), I is of rank [K:Q] as an abelian group, at least according
to unproved assertions in II1.].17.

(c) For any I € Z(K), the quotient Ok/I is a finite abelian group.
One can define an ideal norm by 9(I) := |Ok/I|, which agrees with
the definition in the quadratic case.

IMLL.7. LEMMA. Given I,] € Z(K), with I D [, and I invertible™ in
J (K). Then:
(i) I"1] € Z(K);
() I]|JinZ(K); and
(iii) I7'] D J, with equality iff I = Ok.

PROOF. () [ D] = Ox=1"1'1>I"Y = I7'] e Z(K).

GYI|I-I7Y=].

(i) Ok DI = (Ox)I"YDI-I7Y=].1fI"'] = Jthena] C
] for each « € I, Since ] is finitely generated, say = (B, ..., Bn),

3This is in fact always true. See IIL.L.10.
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we can write multiplication by a in this basis: [a]g, =: p(a), with
entries in Z. Set f(A) := det(Al — p(a)), which as before is monic
and integral. By Cayley-Hamilton, 0 = f(u(a)) = [f(a)](5 =
f(a) =0 = a € Ok. Since a € I"! was arbitrary, we have
I''CcOx = Ox=1I""ClOx=1 = 1= 0Ok O

III.L.8. REMARK. Note that Z(K)* — the invertible elements with
inverse in Z(K) — is trivial (= {Ok}). This is because if both I, [~! €
IZ(K)then 17! = Ox D1 =10g D 117! = I = Ok. Hence the
natural definition of “irreducible element” I € Z(K),

“I = hI = [ or I is invertible in Z(K),”
becomes
“l = 1]l = oneof I; and I is just Ox”

— no factoring at all. As mentioned at the end of §IIL], this is what
we will mean by an irreducible (integral) ideal.

III.L.9. THEOREM. Any ] € Z(K) is a product of maximal ideals.

PROOF. Suppose otherwise, and choose | € Z(K) a non-product-
of-maximals of smallest possible 91(]). Observe that ] non-maximal
= 3J] € Z(K) suchthat Ox 2 I 2 ] = N(I) < N(J]) by
III.L.5(ii). By “minimality” of 91(J), I must be a product of maximal
ideals; according to IIL.L.6(a), it is then invertible in 7 (K).

By III.L.7, since I is invertible and contains |, we must have I -1 ] €
Z(K), with I71] D J (since I # Ok) hence M(I7']) < N(]). Again
by “minimality” of 9t(]), I~!] must be a product of maximal ideals,
which presents | = I - (I"1]) itself as a product of maximals, a con-

tradiction. 0

IIT.L.10. COROLLARY. (i) Any I € Z(K) is invertible in J (K).
(i) J (K) is a group (abelian, of course).

PROOF. (i) Use III.L.5(i) and III.L.9.
(i) Givena = AL a= ! = A7111 gives an inverse. O
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II.L.11. REMARK. The Corollary implies that Lemma III.L.7 doesn’t
need the invertibility hypothesis on I. So III.L.7(ii) simply reads

ID] < 1]],

thatis, “to divide is to contain”. This is a different result than II1.D.16,
but we will call it Caesar’s lemma as well.

Note in addition that for I O J, IILL.7 now gives | := [7!] €
Z(K), so that ] = I]'. By multiplicativity of 91, we get M(]) =
N(HN(J') hence N(I) | N(]).

Before stating the next (extremely important) result, recall that a
priori “® is a prime ideal” means

(IIL.L.12) ©oab = ®>aorP>bh.

Suppose that ¥ contains I] but not I, and let 10 € I\(IN¥). Then
10 € I] € 9 (V] € ]), hence all j € | are in ¥ by (IIL.L.12); conclude
that ¥ D J. This gives an alternate characterization

(IILL.13) 9> = $©>lor®>O]J
of primality of ¥, which is more suitable for the present context.

II1.L.14. PROPOSITION. For € € Z(K) proper (¥ C Ok), the follow-
ing are equivalent:
(a) ¥ is irreducible (in Z(K): i.e., doesn’t factor at all);
(b) ¥ is a maximal ideal;
(c) ¥ is a prime ideal; and
(d) € is a prime element in Z(K) (¥ | I] = ® | Lor® | ]).

PROOF. (a) = (b): If ¥ is non-maximal, it is a product of (multiple)
maximal ideals by III.L.9, and so is not irreducible.

(b) = (¢): If ¥ is maximal, then O/¥ is a field hence a domain,
and so ¥ is a prime ideal.

(c) = (d): Caesar.

(d) = (a): Suppose ¥ is a prime element of Z(K), and that ¥ = I]
(I,] € Z(K)). Then ® | I or € | ], say the former: | = 2 (2 € Z(K))
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— 9 =1 = 92] = NE®) = NO)N(2)N(J) in N. So
N2) =1 = N(J), whence 2 = Og = ] by IILL.7(iii). So ¢ is

irreducible. U

Finally we come to the main point:

III.L.15. COROLLARY. Any ideal I € Z(K) has a unique factorization
(up to order) into prime ideals (hence into primes/irreducibles in Z(K)).

PROOF. Existence of such a factorization follows from III.L.9 and
III.L.14, and one can give a direct proof of uniqueness using Cae-
sar and IIL.L.7. A more intuitive approach is to use [Jacobson, Thm.
2.21] extending our results on UFDs to unique factorization monoids.
We want to show Z(K) is a UEM, so it suffices to check DCC and PC.
For DCC, use the norm 9t and III.L.5(ii); and PC follows immediately
from III.L.14. O

Here is a somewhat obvious but useful result:

III.L.16. COROLLARY. Let | € Z(K) have prime norm N(J) € IN.
Then ] satisfies the equivalent conditions of 111.L.14.

PROOF. We need only prove that | is maximal. To this end, sup-
pose otherwise and let ] C I € Og. Then by IILL.53ii), M(J) >
N(I) > 1(= N(Ok)). But by IILL.7 (cf. Remark III.L.11), we have
N(I)|N(]), a contradiction since 91(]) is prime. O

The ideal class group. Next, we denote by PJ (K) < J(K) the
subgroup of principal fractional ideals, i.e. those of the form (A) :=
AQk, for A € K*, and by

GUK) = T (K)/PI(K)
the ideal class group.®
II.L.17. DEFINITION. The class number of K is the order
hi := [€L(K)]

38As with 7 (K), this is a slight change in notation from IILE.16.
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of the ideal class group.*
III.L.18. THEOREM. Ok isa PID <— hg = 1.

PROOF. By definition, Ok is a PID if and only if all integral ideals
are principal, which is to say (i) Z(K) = Z(K) N PJ(K). The class
number is 1 exactly when (ii) J (K) = PJ (K). Clearly (ii) implies (i)
by intersecting both sides with Z(K). Moreover, given a € J (K), we
have a = Al for some I € Z(K); if (i) holds, then I is principal, and
then so is a. Hence (i) implies (ii). O

Write [a] := a- PJ(K) for the coset (ideal class) of a fractional
ideal a. The identity element is [Ox| = [(1)] =: e. Here are some
(mostly obvious) rules for working in ’¢(K):

II1.L.19. PROPOSITION. Let I, ] € J (K).
() [I] = e < I € PJ(K) (I is principal).
@[ =[] < I-PIJK)=]-PI(K) < I = (A)] for some
A € K¥ <= (a)I = (B)] for some a, B € Ox\{0}.
(iii) [I][J] = [I]] (multiplication of cosets).
Gv) (171 = [I71].
(v) [I]™ = e <= I™is principal.
(i) I] = () <= [I]7' = []].
PROOF OF (VI). e = [(a)] = [I]] = [1]]]] O
This is all very useful for solving (or showing insoluble) Dio-

phantine equations like X?> = Y3 — 14, as you will see in Problem
Set 10.

III.L.20. THEOREM. If the ring of integers Ok of an algebraic number
field is a UFD, then it is a PID.

III.L.21. COROLLARY. hg =1 <= Ok PID <= O UFD.

This is always finite, a fact which we will not be able to prove (but see IIL.L.27
for the idea).
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PROOF OF I11.L.20 FOR K = Q[v/d]. Suppose that O is a UFD.
To show that it is a PID (every ideal is principal), it will suffice to
prove that its prime ideals are principal, since (by III.L.14) every
ideal is a product of maximal ideals, and maximal ideals are prime.

Solet ¥ € Z(K) be a prime ideal, and write 91(¥) = []; 0; for the
(unique) decomposition of its norm into irreducibles in Og. Since
Ok is a UFD, these irreducibles o; are prime elements of Ok, so that
the (0;) are prime ideals, and thus irreducible in Z(K) by III.L.14.

By Hurwitz, ¥ = (M(Q)) = © | (N(P)) = [1;(c;) = ¢ |
(07) for some i (since ¥ € Z(K) is a prime element). By irreducibility
of (0;), we have ¥ = (07;), so that ¥ is principal as desired. O

[I.L.22. REMARK. (a) In a non-UFD O, the irreducible o; need
not be prime, and so the (0;) need not be irreducible as elements of
Z(K). These principal ideals can and do split up into products of
(necessarily) non-principal prime ideals.

(b) The observation that ¥ | (9(#)) does generalize to arbitrary
number fields; therefore, so does the above proof.

For all this to be useful for number theory, we need to be able to
compute class groups, which requires being able to find all the prime
ideals and then all the ideals of a given norm. Consider K = Q[v/d]:

III.L.23. LEMMA. Let ¥ € Z(K) be a prime ideal. Then there exists a
unique prime p € IN such that ¥ | (p). Hence, if p # 2 then

_{{onr@p z'f(%):00r1
=

where in the first line 9, := (p,m —\/d) (and @p = (p,m + V/d)) are

determined from d = m?.

(p)

(ITLL.24)

PROOF. Let (%) = [T; p;" be a prime factorization in N. As ¢ is
prime and ¥ | (M(¥)), we must have € | (p;) for some p; =: p. So
N(P) | N((p)) = p? (for K quadratic) = N(¥) = p or p*.

If N(P) = p, then (by Hurwitz) ¥9 = (p), whence ¥ = ¢, or §,
since Z(K) is a UFM. If (¥) = p?, then (by IILL.5(ii)) ¥ = (p).
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For the uniqueness, if € | (g) for some other prime g, we get
N(¥) = g or g% hence g = p. O

If p = 2, the possibilities are a bit more complicated and depend
on the congruence class mod 8 (see Problem Set 10).
Continuing to assume K quadratic, we have the

II1.L.25. PROPOSITION. Let I € Z(K) and suppose

HPZ HP/H” o

is a prime factorization (in IN) with (E) =1, (%) =0, and (%) = —1.

<

Then the {n;} are even, and*
G R § (L
i j k
with 0 < a; < Ei.

PROOF. We have ("py) irreducible, ('p;) = ’K)}?', (pi) = 9;©;, and
I () =1L K)f"@fi Hj’@?mj [T("px)"™. By uniqueness of fac-
torization in Z(K), we have I = [T; @ai@bi H] ’@Cj]_[ (" )% where
a;, by < 4, ¢; < 2mj, dp < ny, and ]_Lpl IT;’ p] TI" p=N(I) =

[1;p} +oi L' p ; TI" Zd" By uniqueness of factor1zat1on in N, a; +
b; = El, ¢j = mj, and de = . O

[I.L.26. EXAMPLE. Let K = Q[v/—29]. I claim that Ox = Z[/—29]
has an ideal of norm 5 and order 3 in €¢(K).

Consider the integer prime p = 5: since —29 % 12, we have
5

(5) = (5,1 — v/—29)(5,1 4 v/—29) = ¥595; and by the Proposition,
s, ©s5 are the only ideals of norm 5. Pell’s equation a* + 29b? = 5 is
insoluble, so 5 is non-principal and [¥5] is nontrivial.

On the other hand, a? + 29b? = 125 has solutions (43, 4-2), and
so (B) := (3+2v/—29) has norm 5. This gives () | (M((B))) =
(5% = 9207 = (B) = ©2P2 * for some a € {0,1,2,3}.

40The notation here means for instance @ = @ and ® ji= @’p,-'
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Now B = 5—2(1 —1/=29) € ¥s, so that (by Caesar) ¥5 | (B).
If also ©5 | (B), then (5) = ¥595 | (B) hence 5 | 3 + 21/—29, which
is visibly false.*! So we conclude that (8) = ¥3, hence that [¢5]* =
[©3] = [(B)] = e as claimed. Note also that [P5] = [#5]! = [¢5]2
since [05][P5] = [9505] = [(5)] = e.

III.L.27. REMARK. In order to compute ¢¢(K) completely, one
uses the Minkowski bound: for each class T € € ¢(K), there exists a
representative I € Z(K) (i.e. [I] = 7) satisfying

4N\ nt
‘Jt([) S BK = <;> ﬁ |AK|/

where n = [K:Q)] is the degree, r, the number of pairs of conjugate
complex embeddings, and A is the discriminant.** By IILL.25 (and
its generalization to arbitrary number fields), it follows that there are
only finitely many ideal classes, so that hg < .

Fermat’s equation. The foregoing is useful for treating Diophan-
tine equations, which are polynomial equations in one or more vari-
ables with integer coefficients, to which integer solutions are sought.
A particularly famous example is

(IT1.L.28) xP+yP =2z,  p = prime > 3.

Of course, Fermat's Last Theorem states that for any exponent n > 2,
the only solutions to x" + y" = z" are the “trivial” ones, with x or
y = 0. The cases n = 4 (Fermat) and 3 (Euler) were proved by
Fermat’s method of descent; and if one has the theorem for some n,
one has it for all exponents divisible by n (why?).

As you may know, the proof was ultimately completed by Wiles
in 1995, building on decades of work by many people on modularity
and Galois representations. What I want to discuss here is Kum-
mer’s big advance in the mid-19th Century, which led to the devel-
opment of ideals.

That is, 2 + 21/=29 does not belong to Z[/—29].

42Say K = Q[vd]. Thenn = 2; and rpis 1 ford < 0 and 0 for d > 0. The
discriminant is 4d unless d % 1, in which case it is d.
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Suppose there exists a solution to (III.L.28) in relatively prime
x,y,z € Z\{0}, none divisible by p.*> (In fact, x and y must also be
coprime; otherwise m | x,y = m? | z@ = gecd(m, z) # 1 violates
the relative primality of x,y,z.) We will obtain a contradiction by
passing to the “cyclotomic” number ring Z[(], where { denotes a
primitive p'" root of 1, and considering the equation

(I1L.L.29) (x+y)(x+yQ) - (x+yP 1) =z,

We split the argument up into two cases.

Case 1: Z[{] a UFD.| As the p" cyclotomic polynomial

p_
(t—C)---(t—gp_l):%:14—1‘4—---—!—1‘”_1
evaluatestop att =1,
(r)Cc(1-2% foreacha=1,...,p— 1

Since it is irreducible over Q, it is the minimal polynomial of {, and
thus any element of K := Q] has a unique representation as ag +
a4+ ap_ng—Z,

Let w € Z[{] = Ok be a prime factor of x + y¢. By unique fac-
torization and (IIL.L.29), w | z. If w also divides x + yZ**! (for some
a€{l,...,p—1}) then it divides the Z|[(]-linear combination

M x+yl) - M+ y" ) =y(1-7%)

hence yp. Now in Z, ged(z,yp) | ged(z,y) - ged(z,p) =1-1 =1
= zm+ypm=1forsomenmeZ — w|1l = w e Z[{]* a
contradiction. So w divides no other factor in LHS(III.L.29).

Since w divides z, w” | zP. No w-factor can divide other factors
(of LHS(IIL.L.29)), so w? | x 4+ y{. By uniqueness of the decompo-
sition of x + y{ into prime factors, and repeating the argument for

4BThere is a case where one of x,Y, z is divisible by p, which (while more compli-
cated) can be treated by similar methods.
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each prime factor, we find that

x +y{ = ua?, {(XEZ[C]

ueZg*.

Writea = ag+a10+-- -+ ﬂp_zép_z.

Now we apply Kummer’s result III.L.4 that u /i is a root of 1 in
Z[7], i.e. +C* for some k (we may assume u/i = {¥). Modulo p, in
Z[C]/(p), we have by the “freshman’s dream”

p—2
ol =af +algP+-- + aﬁ_zg(r’—z)r’ =Y dl=aeZ,
i=0

Applying complex conjugation (which preserves the integer prime
(p)) to x + y{ = ua? = ua gives x + y{ ! = ia hence

Fatyl ) =(c+yi ) =ua=x+yg  mod (p).

That is, p divides x + y{ — {*x — {*~'y in Z|Z]. By uniqueness of the
representation of elements of Z[{], this is impossible unless k = 1.
So

plx—y)+lly—x) = plx-y = x=y.

Writing x? + (—z)? = (—y)?, we obtain similarly x =~z But then
4

2xP = xP +yP =2P = —«F mod (p)

= p | 3x¥, a contradiction.

Case 2: Z[(] not a UFD? | Well, we aren’t going to prove Fermat's

Last Theorem for all odd primes, so there must be a catch. But we
can still show non-existence of (nontrivial) solutions in some cases,
by reinterpreting (II.L.29) as an equation

MLL30)  ((x+y) ((x+y0)) -+ ((x+yg" ™) = (&)

of ideals in Z[{]. We may further (uniquely!) factor both sides of
(IIT.L.30) into prime ideals. If some prime ideal ¥ O ((x+y{)) (i-e.
© | ((x+yQ))), then it can’t contain/divide any other of the ideals
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on LHS(IIL.L.30). (Otherwise ¥ O (z,yp) = Z[{] as before.) Since
Z(K)isaUFM, ¥ | (z) = 97| (2)? = P | ((x+y{)) and so

((x+y{)) =1IF, Inotnecessarily principal.

Now suppose that p is a regular prime: that is,

p1hi (= hqp,))-

In this case, if [I] # e € €/4(K), then by Lagrange we would have
[I]P # e € €4(K), contradicting principality of ((x + y{)). Therefore
I is principal: I = («) for some a € Z[{]. So ((x +y{)) = (a?) hence
x + yC = ua? and we proceed as in Case 1.

The first irregular prime is 37. The method described here essen-
tially settles Fermat for any smaller exponent (prime or not). Note
how deeply we dug into the ideal structure of Z[] to deal with an
equation ostensibly in rational integers!



