46 I. GALOIS THEORY
I.G. Automorphisms and fixed fields

Begin with a field L and its group Aut(L) of automorphisms. To
each subfield K C L we can associate the subgroup

Aut(L/K) := {o € Aut(L) | o(k) = k (Vk € K)} < Aut(L)

of automorphisms over K, which we will denote sometimes by the
shorthand notation “I'(K)”. Similarly, to each subgroup (or even
subset) G < Aut(L) we may associate the subfield

Inv(G):={felL|oc(l)=¢(VgeG)} CL

of elements invariant under G, or “®(G)” for short.?!
One notices immediately that both of these operations are con-
travariant in the sense of reversing inclusions:

{Gl G = InV(Gl) - II’lV(Gz)

(1.G.1)
Ki DK, = Aut(L/K;) C Aut(L/Ky)

That is, a larger set of automorphisms leaves a smaller field invari-
ant, and a larger subfield has a smaller group of automorphisms fix-
ing it. Yes, that’s nice, but how are the two operations related?

I know what you really want to hear is “they produce a bijection
between subfields of L and subgroups of Aut(L), and are inverse to
each other.” We will eventually reach such a statement, but you will
have to settle for a weaker, preliminary result at this stage:

1.G.2. PROPOSITION. Let A C Aut(L) be a subset, (A) the subgroup
it generates, and K C L a subfield. Then:
(i) I'e(A) O A
(i) ®I'(K) O K.
(iii) PIO(A) = P(A).
(iv) T®I'(K) = T (K).
(v) B((A)) = D(A).

We can read (i) as saying that A is among the automorphisms fix-
ing its fixed field (though there may be more), and (ii) as saying that

21This is also called the “fixed field” of G, hence the “®”.
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K is invariant by the automorphisms fixing it (though they may fix
a larger subfield). Even better, (iii) and (iv) suggest that on subfields
arising as fixed fields, and subgroups arising as “Galois groups”,?
we do get something like a bijection. On the other hand, (v) asserts
that, if we don't restrict at least to subgroups, we definitely don’t get

a bijection.

PROOF. (i) and (ii) are clear (see the above paragraph). For (iii),
take K = ®(.A) and apply (ii) to get “2O”; and apply P to (i) (and use
(LG.1)) to get “C”. For (iv), use a symmetric argument.

Finally, by (i), T®(A) is a group containing A, hence contains
(A) (the minimal such group). Applying ® (and (I.G.1) and (iii)) to
A C (A) C TP(A) gives P(A) D P((A)) D PIP(A) = O(A),
hence the equality in (v). O

Now given a subgroup G = {c3,...,0|g} < Aut(L) and an ele-
ment A € L, consider the orbit vector

AS = (o1(A),...,01q (1)) € L%,
where by L!C! we simply mean the L-vector space of dimension |G|.

[.G.3. LEMMA. Set K := Inv(G), and let A C L be a subset. Then
the following are equivalent:

(@) A is linearly independent over K.
(b) {AC}\cn is linearly independent over K.
(©) {AC}aen is linearly independent over L.

PROOF. (c) = (b): This is obvious.
(b) = (a): If (a) fails, there exist Ay, ..., A, € Asuchthat) ; kiA; =
0 with all k; € K*. Since K is fixed by G, }_i_; kicj(A;) = 0 for each
oi € G. Thus }i_, ki/\iG = 0 and (b) fails.
(@) = (¢): If (c) fails, let 7, E,'AZG = 0 be a nontrivial relation (A; €
A, ¢; € L*) with minimal r (> 1). That is, for each ¢ € G, we have

22 [Jacobson]’s more general sense
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Y7, 4io(A;) = 0. Fixing any ¢ € G, we replace ¢ by ¢~ !0 and apply
gtoget) ;g(¢)o(A;) =0, so that

0 = 40 18(0)o(A) — g(br)Tiqbio(Ay)
= Y1 (g(l) by — g(€r) i) o (Ay).

By minimality of r, each coefficient in the last sum must be 0: so
gty = gllr)t; = g(l;/4) = {;/l,. Since g was arbitrary,
¢i/4, € Inv(G) = K. The 0 = id component of } | ; %)\ic = 0 now
reads Y/_; ¢:A; = 0, so that (a) fails. O

From this Lemma we now deduce our first big advance towards
the Galois correspondence:

1.G.4. THEOREM. Assume G < Aut(L) is finite. Then L/Inv(G) is
Galois, G = Aut(L/Inv(G)) (=T®(G)), and |G| = [L:Inv(G)].

PROOF. Set K = Inv(G).

Let A C L be a subset which is linearly independent over K; in
particular, we may take |A| = [L:K]. By the Lemma, the orbit vectors
{AS}ea C LISl arelinearly independent over L. Since dim (LI¢) =
|G|, we must have |A| < |G| hence [L:K] < |G].

On the other hand, by 1.G.2(i)) G < Aut(L/K), and by L.F.21
|Aut(L/K)| < [L:K] hence |G| < [L:K]. Conclude that |G| = [L:K],
forcing G = Aut(L/K), and by LLF.21 again, that L/K is Galois. [

Suppose now we are given any field extension L/K. The follow-
ing is then immediate from 1.G.4:

I.G.5. COROLLARY. Let G < Aut(L/K) be a finite subgroup, and put
M :=Inv(G). Then L/ M is finite and normal (and separable).

(Of course, M /K could still be a mess — in particular, non-normal.)
In contrast to the last Theorem and Corollary, if we start with a
subfield instead of a subgroup, we arrive at the following:

I.G.6. PROPOSITION. Let K C L be a subfield with [L:K] finite, and
put G := Aut(L/K). Then L/K is Galois <= K = Inv(G) ( <=
|G| = [L:K]). Otherwise, K C Inv(G) (and |G| < [L:K]).
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PROOF. The statements about |G| and [L:K] are from LF.21; in
particular, |G| < oo. So .G.4 applies, and |G| = [L:Inv(G)]. Also, we
know that K C Inv(G) from I.G.2(ii).

So if L/K is Galois, then |G| = [L:K] = [L:Inv(G)] = [L:K]
forces Inv(G) = K. If L/K is not Galois, then |G| < [L:K] =
[L:Inv(G)] < [L:K] = [Inv(G):K] >1 = Inv(G) 2 K. O

Here are some examples from [Jacobson]:

I.G.7. EXAMPLE. Assuming char(K) # 2, and that 2 € K has no
square root in K, we consider the quadratic extension L := K[x]/(x? —
a). Writing u for the image of x, sending u — —u induces a nontriv-
ial automorphism of L/K, namely23 o(ki + kou) := ki — kou. Be-
tween this and id;, we can’t have any more, since |Aut(L/K)| <
[L:K] = 2. (To see there are two, you could also use the fact that L /K

is a splitting field hence Galois.) So Aut(L/K) = Z,.

1.G.8. EXAMPLE. Let K = Q and L = Q(+/2,/3). Since this is
a splitting field for (x?> — 2)(x? — 3) (hence Galois), and has degree
[L:K] = 4, we must have |Aut(L/K)| = 4. Alternatively, you can
construct the 4 automorphisms and deduce L/K is Galois from that.

In fact, Aut(L/K) is the Klein 4-group Z, x Z;, with 0{,, ,) sending

V2 (—=1)"y/2and /3 > (—1)"/3.

[.G.9. EXAMPLE. Consider an imperfect field K of characteristic
p,and « € K\ ¢(K). Then f(x) := x? — a is irreducible and insep-
arable, becoming (by LE.9) a p! power (x — u)? in a splitting field
L = K(u) := K[x]/(f(x)). Since an automorphism of L/K must
send any root of f to another root, it sends u — u hence is the iden-
tity. So Aut(L/K) = {idp} is trivial, which also implies L/K is not
Galois, but we already knew that.

I.G.10. EXAMPLE. For a transcendental extension, look at L =
K(t), the rational function field in the indeterminate . Any automor-
phism must send f to another generator u = f(t)/g(t) of L (where

20y you can just invoke the general result .C.21(i).
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f,g € KJt] are coprime). Since F(t) := f(t) — ug(t) is irreducible
over K[u] hence (by Gauss) K(u), K(t) = K(u)[t]/(F(t)) has degree
d := max(deg(f),deg(g)) over K(u), which means u is a generator
(i.e. K(u) = K(t)) iff d = 1. Conclude that u = (at +b)/(ct + d),
with ad — be # 0 so that f and g are indeed coprime.

In other words, the automorphisms are pullback maps along “frac-
tional linear transformations”, and we have Aut(L/K) = PSL,(K):
toeach M = (24) € PSL,(K), we associate 0y sending t — o(t) :=
‘szig, and then any rational expression R(t) € L has oy (R(t)) =

R(om(t)).

Galois groups.

The first three examples above concern groups of automorphisms
of splitting field extensions. These are closely related to (algebraically
consistent) permutations of roots of the corresponding polynomial,
whose investigation was the original purpose of Galois’s theory. Here
are some things we already know regarding automorphisms of a SFE
L/K for f:

e Any such automorphism sends roots of f to roots of f: for any
roota, f(o(a)) =o(f(a)) =0.

e If an automorphism of an SFE L/K for f fixes all the roots of f,
then it is the identity, since L is generated by these roots.

e If ¢ is (over K) an irreducible factor of f, and a« and B are two

roots of g, then there exists an automorphsim sending a +— B (cf.
L.C.21).

These are clearly at the heart of the whole story, so the following
seems almost overdue:

I.G.11. DEFINITION. The Galois group of a polynomial f € K]x]
is?*
Galg(f) := Aut(L/K),

where L/K is a splitting field extension for f.

24This is well-defined, since (by LC.19) splitting fields are unique up to isomor-
phism.
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In this context, [.G.6 translates® to the statement

(i) [Galk (f)] = [L:K]

(i) K = Inv(Galg(f)) C L
If f is inseparable, then both (i) and (ii) fail: |Galg(f)| < [L:K], and
Inv(Galg(f)) is bigger than K. On the other hand, if K is perfect,
then (i) and (ii) are true for any polynomial.

<= f separable.

(LG.12) {

As for permutations of roots, we may interpret 1.G.12 as saying
that |Galg(f)| = [L:K] if there are enough roots to permute: the roots
in irreducible factors of f must be distinct. On the other hand, even if
f is both irreducible and separable (of degree 1), we cannot expect
that all n! possible permutations of the roots are realized by Galg(f):
only the permutations “preserving algebraic relations” amongst the
roots should be allowed. Here are some specific computations that
begin to clarify the various possibilities; for the first three, K = Q.

1.G.13. EXAMPLE. f(x) =x*+x3+x>+x+1,L/K=Q(5)/Q:
since [L:K] = 4, we have Galg(f) = Z4 or V,. Let 0 be an auto-
morphism sending the root {5 — (2. Since L is generated by (s, this
determines ¢. Clearly, this must also send g{; — @? in order to be a
field homomorphism — an instance of what is meant by “preserv-
ing algebraic relations”. Finally, we have 02({5) = (s = 0 # idy
= Galg(f) = Zs.

1.G.14. EXAMPLE. f(x) = (x*—-2)(x>—3),L/K = Q(+v/2,V/3)/Q:
from 1.G.8, we have Galg(f) = V4.

1.G.15. EXAMPLE. f(x) = x®>—2, L/K = Q(v/2,73)/Q: since
[L:K] = 6, Galg(f) must be a group of order 6; and since there are
three roots, it must be a subgroup of &3. So it is G3. To see this more
explicitly: consider the intermediate fields M; = Q(@é v/2), over each
of which L = M({3) is a SFE for x?> + x + 1. By 1.C.21, we have (for

2Since SFEs for a polynomial are already finite and normal, we can read “L/K is
Galois” as “L/K (equiv. f) is separable.” Of course, (i) and (ii) are equivalent; I am
just placing a different emphasis here.
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each j) an automorphism o; fixing M; and sending {3 — %; evi-
dently this fixes one root of x> — 2 and swaps the other two. For
the cyclic permutations, take M = Q({3), over which f remains irre-
ducible, and argue in the same way.

[.G.16. EXAMPLE. f(x) = xP — a irreducible (x € K\ ¢(K)),
char(K) = p, L = K({/a): since f is (x — {/a)? in L[x], Galg(f) =
{1}. Note that our setup, by requiring ¢(K) # K (hence K imper-
fect), means K cannot be a finite field or algebraically closed.

Let’s formalize our observations: given f € K[x| of degree n,
with splitting field extension L/K, write

Rp={reL|f(r)=0}

for its roots in L. Obviously |R¢| < n, with equality if (say) f is
irreducible and separable.

1.G.17. THEOREM. (i) Restricting automorphisms to Ry induces an
injective group homomorphism

CF GalK(f) — G'Rfr

or equivalently, a group action of Galk(f) on Ry. In particular, we have
|GalK(f)| < nl.

(ii) If f is irreducible, then this action is transitive. In particular, if f is
irreducible and separable, then |Galg(f)| > n.

(i) If |[R¢| = n and Galk(f) acts transitively, then f is irreducible.

PROOF. (i) We know that o € Galg(f) acts on the roots. Since
L = K(Ry) is generated over K by the roots, if that action is trivial,
o is too. So ker(®) = {idr }.

(ii) is again I.C.21, which gives at least | R ¢| automorphisms.

(iii) Given & € Ry with m, € K[x]; by assumption, for each g €
Ry, there exists a ¢ € Galg(f) with o(a) = B. Hence m,(B) =
my(c(a)) = o(my(a)) = 0. Conclude that m, has [Rs| = n distinct
roots, which together with irreducibility of m, and m,|f makes m, ~
f hence f irreducible. O
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[.G.18. EXAMPLE. Let K = Q. What are the possible Galois groups
of an irreducible polynomial of degree n = 3, 4, or 5? Clearly it has
order between n and n!, and dividing n!. But the real key is the
transitivity of the action: we say that a subgroup of &, is transi-
tive if the “tautological” action on {1,...,n} is transitive. Imposing
this constraint leaves us with the lists of possibilities (up to conjuga-
tion/isomorphism):

e in G3: Z3 and Gg3;

o in Sy Zy, Vi, Dy, Ay, and Sy;

e in &5: Zs, D5, W5, s, G5. (Here Ws is an extension of Z4 by Zs.)
Here Vj is tricky: its realization {1, (12), (34), (12)(34)} as a sub-
group of &4 is not transitive — this corresponds to our reducible
polynomial from I.G.14 — while {1, (12)(34), (13)(24), (14)(23)} is.

So where is our cubic with Galois group Z3? It’s the polynomial
from our first example, f(x) = x> — 3x — 1 from L.A.2. If 6 is a root,
we showed there that Rf C Q(0). So L = Q(0) is cubic, whence

|Galg(f)| = 3.

We will be in a position later to show that all the groups listed
above do occur; for now, we just do one example.

1.G.19. EXAMPLE. Consider f(x) = x° — 4x + 2, which is irre-
ducible over K = Q by Eisenstein. Since f’(x) = 5x* — 4 has 2 real
zeroes, f hasno more than 3; and f(—2) = —22, f(0) =2, f(1) = —1
show (by the IVT) that indeed f has exactly 3 real roots. We may con-
clude at once that Galg(f) = &5, due to the fabulous

1.G.20. PROPOSITION. If f € Qlx] is irreducible of prime degree p,
with exactly p — 2 real roots, then Galg(f) = &,.

1.G.21. LEMMA. (i) If G < &x is a group action on a finite set X, then
x~y <<= {x=yor G>(xy)}

defines an equivalence relation.
(ii) If G acts transitively on X, then (denoting the equivalence class of x
by &) forall x,y € X, we have |Ex| = |E;|.
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(iii) If G acts transitively and contains a transposition, and |X| is prime,
then G = Gy.

PROOF. (i) We only need to check transitivity, which follows from
(xy)(y2)(xy) = (x2).

(ii) Let o(x) = y. Then o(xx')o~ 1 = (yo(x')) = o(&) C &,
(and vice-versa).

(iii) If there is a transposition, then for some (hence every) x, e :=
|Ex| > 1. Clearly (by (ii)) e must divide |X|, whence e = p. That is, X
is a single equivalence class, and so G must contain all transpositions
(which generate Sx). U

PROOF OF I.G.20. Let L C C be the SFE for f € Q[x]. Since f
is irreducible, Galg(f) acts transitively on R f = {ri, .., rp2, 0, &}
(Any nonreal root of a real polynomial has a complex-conjugate root.)
Evidently L is closed under complex conjugation, which therefore
gives an element p € Galg(f) acting on R through a transposition.
Now apply 1.G.21(iii). O

The Galois Correspondence.

I will state a slightly more general result than [Jacobson]. Sup-
pose we have any finite extension L/K. Let G := Aut(L/K) and
Koy := Inv(G); by LE21 and 1.G.4, G = Aut(L/Kp). (If we start with
L/K Galois, then K = Ky by 1.G.6.)

[.G.22. FUNDAMENTAL THEOREM OF GALOIS THEORY. (i) Tuking
fixed fields and automorphism groups induces a bijection:
Inv(-)
subgroups | —— > |subfields M C L

H<G |=—— | containing Ky
Aut(L/-)

(i) Hy > Hy <= Inv(H;) C Inv(Hy).

(iii) |H| = [L:Inv(H)], and [G:H] = [Inv(H):Kp].
(iv) H 9 G <= Inv(H)/Ky is a normal extension.
(v) In the situation of (iv), G/H = Aut(Inv(H)/Kp).
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[.G.23. REMARK. (a) There are lots of little things to unpack here,
but (besides the sought-for bijection) the part that stands out is the
link between normal subgroups and normal "intermediate-to-bottom"
field extensions. (Remember that “top-to-intermediate” extensions
L/Inv(H) are always normal; in particular, L/Kp is normal since
Ky = Inv(G).) Note that since (i) asserts that (between L and Ky) ev-
ery intermediate field is “Inv” of something, we can turn (iv) around
to say: if M /Ky is normal, then Aut(L/M) < Aut(L/Ky), and also
Aut(M/Kp) = Aut(L/Kp)/Aut(L/M).

(b) In the proof, we will need to use L.E.3 in the following form,
which is worth stating separately: given a Galois extension L/ M, all
automorphisms of M extend to automorphisms of L. To see this, take
“K,M,L” in LE3 to be the present M,L,L. Then one extracts the
following statement (equivalent to concluding merely that » > 1):
“Let L/ M be a Galois extension, and fix an injective map j: M — L.
Then there exists an automorphism j: L 5 L with jlm = 7.7 So
given the embedding :: M — L and an automorphism oy;: M S M,
we simply need to take j := 100y, and the output 7 is our desired
automorphism of L extending oy;.

1.G.24. EXAMPLE. Continuing Example 1.G.15, with f(x) = x* —
2, we have Kp = Q and G = &3, in which we can label elements
by how they permute the roots a; = @é v/2. The non-normal sub-
groups Hy := ((23)), Hy := ((13)), and Hj := ((12)) correspond
to the subfields M, which are not normal over Q. The normal sub-
group H := ((123)) corresponds to M, which is normal/Q; and the
quotients match: G/H = Z; = Aut(M/Q).

PROOF. (i) Given H < G, |[H| < |G| < [LK] < 0 = H =
Aut(L/Inv(H)) by 1.G.4. From this we see that Inv(-) is 1-to-1 and
Aut(L/-) is onto.

Also by 1.G.4, L/Kj is Galois. Given an intermediate field Ky C
M C L, by ILE2 and L.E12 L/ M is separable and normal, hence Ga-
lois. By 1.G.6 it now follows that M = Inv(Aut(L/M)), hence that
Aut(L/-) is 1-to-1 and Inv(+) is onto. (Clearly they are also inverses.)
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(ii) We already know “ = ”, and “ <= " follows from the compa-
rable result for Aut(L/-) combined with (i).

(iii) From (i), Aut(L/Inv(H)) = H; since L/Inv(H) is Galois, this
gives [L:Inv(H)| = |Aut(L/Inv(H))| = |H|. The second equality

follows from this by the Tower Law.

(iv) Given L D M D Kpand ¢ € G, we have L D ¢(M) D Kj. Now

T € Aut(L/c(M)) <= to(u) =oc(n) (Yu € M)

= o lto(p) =p (YpeM)

= o 1o € Aut(L/M)
— T eoAut(L/M)c
from which we conclude
(1.G.25) cAut(L/M)o~t = Aut(L/a(M)).
So Inv(H) /Ky is normal
= o(Inv(H)) = Inv(H) (Vo € G)
= Aut(L/o(Inv(H))) = Aut(L/Inv(H)) (Vo € G)

hrera cAut(L/Inv(H))o ! = Aut(L/Inv(H)) (Vo € G)

<= Aut(L/Inv(H)) < G.

(v) Write M := Inv(H). If H < G, then M/Kj is normal by (iv).
So for each ¢ € G, we have M = M hence |y € Aut(M/Kp).
That is, restricting automorphisms from L to M induces a homo-
morphism ¢: G — Aut(M/Kp). By Remark 1.G.23(b), all automor-
phisms of M extend to automorphisms of L, and so 1 is surjective.
Moreover, the kernel of i consists precisely of automorphisms fixing
M pointwise, i.e. ker(y) = Aut(L/M). So we conclude (by the fun-

demental theorem of group homomorphisms) that G/Aut(L/M)
Aut(M/Kp).

O
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A few applications.

(a) Constructible p-gons. The polynomials x" — 1 are of interest
for various reasons — they are products of cyclotomic ones (which
played a role in our discussion of Fermat’s last theorem), and their
splitting fields are related to the constructibility problem for regular
n-gons. They also have a fatal flaw which we can exploit.

.G.26. PROPOSITION. Let f € K[x] be a polynomial whose roots R ¢
are closed under multiplication and inversion. Then ®: Galg(f) — Gr y
factors through Aut(R¢) (where we mean group automorphisms).

PROOF. O(0) respects multiplication (and identity, hence inver-
sion), since ¢ is a field automorphism after all. O

1.G.27. EXAMPLE. Take K = Q, f(x) = x1” — 1, and L = Q({17);
the roots are nothing but the powers of {17, and so form a cyclic
group: R¢ = Zy7. By the Proposition, Galg(f) is a subgroup of
Aut(Rys) = Aut(Zy7) = Z3,, which (as the multiplicative group of a
tinite field) is isomorphic to Z¢ by [Algebra I, II1.G.18]. Moreover,
since f(x)/(x —1) = Z}io x/ is irreducible, |Galg(f)| = [L:K] = 16.
This forces Galg(f) = Zj,, an isomorphism realized by 0;({17) :=
iy for j € Z;;.

Since 3 generates Z],, we set 7 := 03 and consider the sequence
of subgroups

AGt(L/K) = (1) > (1) > (%) > () > {1}

with successive quotients Z. Taking Inv and applying the FTGT?®
produces a sequence of field extensions

K C Ky C Ky C Kg CL

of degree 2. Since quadratic extensions (in characteristic # 2, cf.
1.C.7) are always obtained by adjoining a square-root, L is a square-
root tower. By L.B.4, it follows that R (and hence a regular 17-gon)
is constructible.

26 An abbreviation for “Fundamental Theorem of Galois Theory”. Specifically, 1
am using 1.G.22(iii) here.
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This is a better proof than the one at the end of §1.B, because it
generalizes to all Fermat primes p = 22 + 1. Taking f(x) = x? — 1,
@y, (x) = (x¥ —1)/(x — 1) is irreducible, R f = Z,, consists of the pth
roots of unity, and Aut(Q({,)/Q) = Aut(Ry) = Zj, = Zys, whence
Q(Cp) is a square-root tower by the same arguments as above. To-
gether with I.B.9, this yields the

1.G.28. THEOREM. A regular p-gon, p prime, is constructible if and
only if p is a Fermat prime.

(b) Symmetric rational functions. Let F be a field, and L :=
F(x1,...,xn) the field of rational expressions over F in n indetermi-
nates. Write o(7r) € Aut(L/F) for the automorphism induced by a
permutation 7 € &,. This gives an embedding &, — Aut(L/F),
and we write Ko := Inv(&,) = F(xq,...,x,)%" for the field of sym-
metric rational expressions.?’

There is a another field that comes to mind: K := F(ey,...,ey),
where ¢; = ep(x1,...,%,) is the k™ elementary symmetric polynomial.
Recall from [Algebra I, II1.G.27-28] that this is (—1)* times the coef-
ficient of x" % in ¢(x) = [T/ ;(x — x;). What we are going to do now
is prove the surjectivity part of [Algebra I, IIL.G.29], i.e. that the {e;}
generate Ky /F, in a completely different way:

1.G.29. THEOREM. F(ey,...,e,) = F(x1,...,x,)®".

PROOF. Clearly K C Kj, as every o () fixes K. Conversely, con-
sider ¢ € Aut(L/K). Working in L{x|, c(g(x)) = g(x) = 0 =
7(0) = o(g(x)) = o(@)(e(x) = glo(x) = o(x) = x for
some ] = ¢ = o(m) for some T € &,. So we have Aut(L/K) =
Aut(L/Kp) = S;. To conclude that K = Ky, we need that L/K is
Galois. But L/K is a SFE for g = Y!_,(—1)*e,x" % € K[x],which
is separable because it has distinct roots x,...,x, € L; so L/K is
Galois by I.E22. O

27For those interested in algebraic geometry, you can think of this as the function
field of (IPL)" /&, (or any resolution thereof).
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(c) Degrees of normal closures. Here is a question about the nu-
merology of degrees of field extensions. It’s a bit silly, but gives a
tirst glimpse of how we can learn a lot about field theory by apply-
ing group theory. Suppose [L:K]| = p is prime and L /K is non-normal;
then is [L°:K] a power of p? Since L°/K is normal, we can apply the
Galois correspondence to L D L D K toobtain {1} < H < G, where
e H=Aut(L°/L) and G = Aut(L‘/K),

e H< G (since L/K isn’t normal), and

e [G:H] = [Inv(H):K] = [L:K] = p.

Suppose [L¢:K] = p*. Then G is a p-group with a non-normal sub-
group H of index p. By [Algebra I, I.LH.8], we know that G has non-
trivial center, hence (by Cauchy) that C(G) contains a subgroup | of
order p. If ] £ H, then G = JH and H < G, a contradiction; while
if ] < H, then H/]<« G/] (by the First Isomorphism Thm.) and we
continue the argument, which reaches a contradiction by induction.
Conclude that [L¢:K] is never a power of p!

(d) The theorem on natural irrationalities. Finally, we turn to
an important technical result which answers the question of what
happens to the Galois group of a polynomial f € K[x] when we per-
form an arbitrary field extension M /K. That is, how can we compare
Galg(f) and Galp(f)? If f has a splitting field extension L/K con-
taining M, then of course

Galpy(f) = Aut(L/M) < Aut(L/K) = Galg(f).

But in general, M is not an intermediate field like this. The next
theorem says that this essentially doesn’t matter, which will be cru-
cial when we study solubility by radicals. The name “natural irra-
tionalities” comes from the view that extensions of Q by radicals are
somehow more “natural” than other extensions; our theorem doesn’t
deal specifically with such extensions, but it generalizes results of
Lagrange and Abel which did.

1.G.30. THEOREM. Given f € K[x] and M /K an extension, Galp(f)
is isomorphic to a subgroup of Galg(f).
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More precisely, let L' be a splitting field for f over M, with roots R C
L' (and L' = M(Ry)), so that L = K(R¢) /K is a splitting field for f over
K. Set My := Inv(Galy(f)) C L'. Then sending o — o|r induces an
isomorphism

Aut(L'/M) S Aut(L/MyN L) < Aut(L/K).

I I
Galpm(f) Galg(f)

PROOF. Here is a diagram of the situation:

L' o> My o M
U U U

L > MgNL > K

First, given o € Aut(L'/M), o fixes My hence K, and permutes the
roots in R f- So it sends L — L while fixing My N L; that is, o|;, does
indeed lie in Aut(L/Mp NL). If o[p = idy, then ¢ fixes R (and M),
hence is id;/; so o — 0|y is injective.

Let V := Inv(Aut(L'/M)|.) C L. I claim that the obvious inclu-
sion V O My N L is an equality. Indeed, given x € L\ (M N L), then
as My = Inv(Aut(L'/M)), there exists a ¢ € Aut(L’'/M) such that
o(x) # x; thus x ¢ V. So V = My N L, which yields Aut(L'/M)|, =
Aut(L/Inv(Aut(L’/M)|L)) = Aut(L/MpN L) (by applying L.G.4
with G = Aut(L'/M)|.). Thatis, ¢ — o] is onto. O

[.G.31. REMARK. Assuming f is separable cuts down on the com-
plexity of notation a bit, since then M = Mpy. In that case the result
says that L’/M and L/ (M N L) are “Galois-equivalent extensions”.

1.G.32. EXAMPLE. Take K = QQ, and L C C a number field normal
over Q; then L/Q is a SFE for some f € Q[x]. Assume L ¢ R. Taking
M =R, L' = C is a splitting field for f over R, and 1.G.30 gives an
embedding of Z; = (p) = Aut(R/C) into Aut(L/Q), where p is
complex conjugation. (This is of course obvious by other means but
illustrates the result.) Note that one may not get such an embedding
if L/Q isn’t normal.



