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ABSTRACT

We show that the limit of a 1-parameter admissible normal function with no singularities
lies in a non-classical sub-object of the limiting intermediate Jacobian. Using this, we
construct a Hausdorft slit-analytic space, with complex Lie group fibres, which “graphs”
such normal functions. For singular normal functions, an extension of the sub-object by
a finite group leads to the Néron models of the title.

When the normal function comes from geometry, i.e. a family of algebraic cycles on
a semistably degenerating family of varieties, its limit may be interpreted via the AJ
map on motivic cohomology of the singular fiber, hence via regulators on K-groups of
its substrata. Two examples are worked out in detail, for families of 1-cycles on CY and
abelian 3-folds, where this produces interesting arithmetic constraints on such limits. We
also show how to compute the finite “singularity group” in the geometric setting.

I. Introduction

There are two main objectives in this paper. For the first, we denote by S = {s € C: |s| < 1} the
disc with origin so = {0} and by S* = S\{so} the punctured disc. Let H be a polarized variation
of Hodge structure (VHS) over the punctured disc S* with torsion free integral structure Hy, of
odd weight 2n — 1 and unipotent monodromy 7. We want to construct over the whole disc S a slit
analytic fibre space of connected, abelian complex Lie groups

Jo— S

that (i) fills in over the origin the family of intermediate Jacobians associated to the VHS, (ii) is
a Hausdorff space and (iii) which graphs normal functions. Additionally, we want to construct a
Néron model J. which fits in an exact sequence

0—>Je—>je—>G—>O

where (i) G is a finite abelian group constructed from 7" and sitting over the origin and (ii) J. graphs
admissible normal functions (ANF’s). The various terminologies will be explained in the text. Here
we remark that usual or “classical” normal functions, as defined for example in [EZ] and [Z2], are
admissible normal functions, but not conversely. Admissable normal functions were introduced in
[Sal.

Secondly, if the VHS arises from a family {X}scs of varieties of dimension 2n — 1 with X
smooth for s # sg, and if Z; € Z™(X;) is a family of algebraic cycles with Zs; =om 0 for s # so,
then the Abel-Jacobi images

Alx (Zs) € J(Xs) , s # 80
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will be proved to give an ANF and therefore a section of J. — S. In case the singular fibre X 50
is a reduced normal crossing variety and the cohomology class of Z,, is zero, one may define the
generalized Jacobian J(Xs,) and the Abel-Jacobi image AJx, (Zs,) € J(Xs,). Moreover, (i) the
AJx, (Zs) for s € S define a normal function and therefore a section of J. — S, (ii) there is a
natural map

J(Xy) 222 g,

from the generalized intermediate Jacobian J(Xj,) to the fibre of J. over the origin, and (iii) in a
manner to be made precise

lim AJx, (Zs) = AJ(p) (AJx,, (Zs,)) -

s—SQ
Here, AJ(p) is induced from a map p in the Clemens-Schmid exact sequence in a manner to be
explained below.

In more detail, in the classical case we let

x5S (L1)

be a family of algebraic curves X = 77 1(s) over the disc. We assume that the curves X, are smooth
for s # sg and let Js = J(X;) be the Jacobian variety of Xs. Then as above letting S* = S\{so}
denote the punctured disc, the union

U Je=3—s5 (1.2)
s€S*
forms naturally an analytic fibre space of principally polarized abelian varieties (PPAV’s) over S*.
The classical Néron model [BLR] gives an extension of (I.2) to an analytic fibre space of abelian
complex Lie groups
J.2s (1.3)
with the following property: Let v be an admissible normal function, which is given by a holomorphic

section of (I.2) that satisfies certain conditions, to be specified below, as s — sg. If Z € Z}(X) is a
codimension-1 algebraic cycle such that a general intersection Z; = Z - X has degree zero, then

vy(s) = Alx,(Zs) € J(Xs) (I.4)
gives an ANF. Then a property of Néron models is

An admissible normal function extends to a holomorphic section of (I1.3). (L5)
We will informally phrase this as saying that the Néron model graphs admissible normal functions.

Remark. In the earlier works [GG1]| and [GG2] of the first two authors the term extended normal
functions was used. However, since as pointed out to us by Greg Pearlstein, exended normal functions
correspond to admissible variations of mixed Hodge structure in the sense of M. Saito, we have
changed to that terminology. The admissibility of normal functions arising from geometry follows
from the work of M. Saito [Sa]. For discussion of admissible variations of mixed Hodge structure
see [Pe2] and the original reference [SZ].

Remark on notations. Throughout this paper the subscript “e” means that an object has been
extended from S* to S. The family of identity components of the fibres of the extension of (I1.3) to

the general case will be denoted by
J.— S.
There is then an exact sequence

O—>Je—>je—>G—>0
2
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where
G g je,SO/Je,SO

is the group of components, which will be shown to be finite, of the fibre of the Néron model over
the origin.

As indicated above, one objective of this paper is to extend this story to the case when (I.1) is
replaced by a family of projective varieties of complex dimension 2n — 1 and, for s # sg, Js = J(X5)
is the n'" intermediate Jacobian of X,. We remark that if for s # sy we denote by Z" (Xs)hom the
codimension-n algebraic cycles on X whose fundamental class is zero, the Abel-Jacobi map will be
denoted by

AJXS : Zn(Xs)hom — J(XS) .
As in the n =1 case, it is a result that an algebraic cycle Z € Z™(X) such that Z; € Z™(Xs)nom for
s # so gives an admissible normal function by the same formula (I1.4).

In constructing the Néron model we shall make the (perhaps inessential) assumption that the
monodromy is unipotent.

Returning to the general discussion, in the classical case the Néron model may be constructed for
a general family of PPAV’s, not just those that arise as Jacobians of curves. More generally, given
over the punctured disc S* any principally polarized variation of Hodge structure (H, F?P, Hz, V) of
weight 2n — 1 and with unipotent monodromy, there is a corresponding family of compact complex
tori

Js — F;L\Hs/(g{Z)s 5

and we shall construct a corresponding Néron model (I.3). There are a number of noteworthy
features of the construction:

(i) The group G may be identified in terms of the monodromy transformation 7" as
~ Im(Tg — 1)z
- Im(Ty - 1)
We note that
G= HI(S*vg{Z)tor ;
a similar formula is stated for the example in [Sa, (2.5.4)], where G is denoted by Cy(H). Using the
polarization we have the equivalent expression
(Ker(Tg — I)*)z
Im(Ty —I)
where the outer subscript Z means both in (I.6) and above that we take the integral classes in

Vo = Z7 ®7 Q for any lattice Vz = Z". This formulation is useful in computing examples. It is also
used in the description of G in Theorem (II1.C.3).

To explain the next point, we recall that there is a canonical extension (cf. [De]) (He, F2, Hz e, V)
of the VHS, where denoting by j : S* < S the inclusion we have Hyz . = j.(Hz), and the Gauss-
Manin connection satisfies

G =

V32 — I @ Ql(log{so}) .

We denote by H, and F% the extended Hodge bundles, and we define the sheaves
Jd=F"\H/Hzg (over S*)
Je = F\He/Hze  (over S)

3
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The reason for the ~ will appear below. Finally, we set

Je,s0 = ngo\He,so/(g{Z)So )
we may informally think of je,SO as the “fibre” of ée at sg. A natural candidate for J, — S would
be to set
Jo=JUJeg; (1.7)
i.e., we simply insert JAe,SO over the origin. For example

e this is what is suggested by the extension theorems of Zucker [Z1], [Z2] and El Zein-Zucker
[BZ];
e in the classical case n = 1, or more generally for any n and with the assumption (which is
automatic when n = 1)
(T-1)2=0 (1.8)
plus a technical assumption (cf. Propostion I1.A.8 below) on the limiting mixed Hodge structure
(LMHS), the construction (I.7) is the correct one (cf. Clemens [Cl2] and M. Saito [Sal).

However, our second point is
(ii) In general, (I.7) is the wrong object.

Rather, denoting as usual by N = logT the logarithm of T, it turns out that we should set
Je,so = F" Ker Nc\ Ker Nc/(Hz.e)so (1.9)
and
Je=JUJes, — 5. (1.10)

A more suggestive notation might be J(Ker N), meaning that we construct the intermediate Jaco-
bian using only the Ker NV part of He .

We note that J. is a subset of the “wrong object” J., and that unless (I.8) is satisfied
dim J, 5, < dim Jy s # 8

so that (I.10) is not an analytic fibre space of complex Lie groups in the usual sense, but rather is
what we shall call a slit analytic fibre space of complex Lie groups. The concept of a slit analytic
space first appeared in the fundamental work [KU]. There the reason was also to obtain a Hausdorff
quotient. The space J. will be seen to have the properties:

e It is a Hausdorff topological space. By contrast, we shall see that, with the natural topology,
J. is not separated unless (1.8) is satisfied (cf. [Sa]);

e The fibres of J, — S are connected abelian complex Lie groups, composed of compact, complex
tori and algebraic tori — no vector groups;

e One may “do geometry” on J, — S.

This point will be elaborated on in a future work; cf. [KU] where “doing geometry” on a slit analytic
space is discussed in their context.

Remark. The referee observes that, after adjusting the VHS to have weight —1,
Je,so = Extyps(2(0), K) (L.11)

where K is the induced limit mixed Hodge structure on the kernel of N. From a formal point of view
this description is preferable. For the computation of examples in our setting, taking the classical
description

VZ(S) S Je,s = v23/3{2,6,5 (8 7’é 50)
4
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and analyzing the limit as s — sg turns out for us to be more convenient.

(iii) To get a feeling for this, we let v be an admissible normal function. Then we shall show that
for some integer m the value

mv(sg) € Jes
is defined. This puts a constraint, not visible in the classical case (1.8), on the values of an admissible
normal function at the singular point. In particular, we may define the subsheaf

J. C Je

to be given by Og(J.), and the results of Zucker and El Zein-Zucker may be refined to give an
extension of a normal function satisfying their assumptions to the smaller sheaf J..

Remark. The result that for a normal function v the value
v(s0) € Je,sp C je,so

has been found independently by Greg Pearlstein. Indeed, our proof is a direct application of his
extension of Schmid’s nilpotent orbit theorem to admissible variations of mixed Hodge structure
[Pel]. It is to be expected that this work, together with the extension of Schmid’s SLg-orbit theorem
to AVMHS’s [Pe2], will have important applications to the study of normal functions. In fact, in
addition to the above result one such is the result of Brosnan-Pearlstein [BP] that will be commented
on below.

The first case that illustrates this non-classical behaviour is when n = 2 and, using the standard
notation from mixed Hodge theory,

N2=0, N#O0
IV £0.

One may schematically represent any LMHS as a Hodge diamond with N playing the role of the
Lefschtetz operator. In this case the picture is

where N is an isomorphism from the top row to the bottom row. Then one has
0— Jesg — JAQSO — I 0

where I3 is represented by the dot in the box. The constraint is that v(so) projects to zero in this
term. In the geometric case this result is non-trivial and may be thought of as some sort of relative
version of the local invariant cycle theorem.

Since the category of mixed Hodge structure is abelian, Ker N¢c C H, 4, inherits a weight filtra-
tion W, defined over Q and a Hodge filtration F? Ker N¢, and these then induce a filtration

me(Je,so), Oémé m—1
on the analytic group Je 5,. We will then see that
Gr*m(Je,so) = Fn\HQ”_l—m/H%nfl—m

where (H?n—1=m FP, H%”_l_m) is a polarized Hodge structure of weight 2n — 1 — m. Filtrations
of this form were introduced by Carlson, cf. [Ca2, formulas (1.5)—(1.6)]. Thus, as indicated above,

5
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when n = 2

from which it follows that

where A; = Z! is a discrete subgroup; therefore, as previously remarked, the graded quotients are
composed of extensions of compact analytic tori by algebraic tori.

Two very natural questions to ask are:

(i) When the VHS arises from a geometric family, how are H°, H', H? H? related to the geometry
of the singular fiber Xg,?

(il) When we have a geometric family of cycles, what is the geometric content of the part of
limg_,s, AJx,(Zs) lying in the various pieces of Je 4,7

More specifically, we assume given a family (I.1) where now X is smooth and of dimension 2n
and X, = U Xj is a reduced strict normal crossings divisor (SNCD; cd. III.A). We denote by Z7(X)

7
the group of codimension-n algebraic cycles Z that are in general position relative to the fibration
(I.1). In particular, we assume that

Z - Xg, =t Zs, meets the strata X1 properly,

i.e., the intersections are proper intersections as in the standard theory of algebraic cycles. This
assumption will be discussed in detail in section III.A below. Here, we are using the customary
notation
X=X
i€l
for the strata of Xy,. For Z € ZJ(X) we set X* = 771(9*) = X\{ X, } and 2* = Z
the conditions

1+ and consider

(2] =0 in H*"(X,Z); (1.12.i)
[2*] =0 in H*"(X*,Z) (I.12.i1)
[Z] =0 in H*™(X,,Z) for s # s . (I.12.ii)

We note that

(i) = (ii) = (iii) ,
and all implications are easily seen by example to be strict. In cases (i) and (ii) it will follow from
our results that the extended normal function

Vz(SO) S Je730

and therefore takes its value in the identity component of je750. These are refinements of the results
of Zucker [Z1], [Z2] and El Zein-Zucker [EZ].
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In case (i), we will define AJx, (Zs,) € J(Xs,), where by definition the (generalized) interme-

diate Jacobian of Xy, is
J(XSO) = FnHQn_l(XSO)\H2n_1(XSO)/HQn_l(XSO7Z) :
We recall the Clemens-Schmid (C-S) (cf. [Mol] and [KK]) exact sequence of MHS’s with Q-
coeflicients
= HP N () S Hi T (XG) S HETN(XG) % o1 (X)

where Hgm(X s) is the limiting mixed Hodge structure on the cohomology of a general fibre. There
is an induced map

AJ(p) : J(Xsy) = Jesy | (1.13)

and one of our main results is:

In case (1.12.i) we have

vz(s0) = AJ(p) (AJx,, (Zs,)) -
We shall write this as

lim AJx,(Zs) = Alx, (Zs,) - (L14)

S— S0

In a precise sense, in case (i) the Abel-Jacobi mappings on the smooth fibres specialize to the
Abel-Jacobi mapping on the NCD over the origin.

The mixed Hodge structure on H?"~1(X,,) induces a weight filtration on J(Xs,) and (1.13) is a
map of filtered analytic groups. Using (I.14) we will be able to interpret the induced graded pieces
of lim,_.s, AJx, as follows:

There will be subquotients A™ (1) of
¢ cu(x.,0)
I|=1+1

together with (Beilinson) regulator maps
A"M(1) — Gr_(J(Xs,)) -
In a manner to be made precise we will then have the

CONCLUSION. limg_,s, AJx, involves the regulator maps, defined on the higher Chow groups of the
strata of X, .

In fact, although so far as we know it has not generally been formulated in quite this way, this
result is already the case classically when X, is a nodal curve: the C*’s in the generalized Jacobian
of the nodal curve are the images of maps

CH'(node, 1) — C*
l
CHY(C,1) .

In section IV we turn to the analysis of examples. The first is the Fermat-pentahedron (F/P)
pencil
5 5.5 1.5 .5y _ _
s(xg+ 2] + 25 + 23 + ) — vor1T22324 =0 (I.15)
which has been much studied. After applying semi-stable reduction to (I.15) we will find that
AJ(p) + J(Xs9) = Jewso
7
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is an isomorphism. Then the graded pieces turn out to be

10
Cro = @ J(C)(—1)
Gr_1 =0

40
Gr,=gC*
Grf'g, ~C*
where C is a Fermat quintic curve {z° 4+ y% = 1}. The group of components of the Néron model
turns out to be
G = (Z/57.)3 . (1.16)
Of particular interest are the limits

lim AJx, (L, — L")

s— S0

!/

where L] and LY are lines in X whose limiting positions L,

pentahedron P. Denoting by [ | the quotient map

0
Jeso — G

we shall prove in section IV.B that, under the above conditions,

LY are in different components of the

lim AJy, (L, — L") #0,

S— S0

and that taken over all pairs L), L” these limits generate G.

Remark. The Abel-Jacobi map on the difference of lines on a quintic was one of the first examples
studied of non-classical Abel-Jacobi maps (cf. [Grl] and [Cl2]). It was shown by a global monodromy
argument that for a generic quintic the Abel-Jacobi image of a difference of lines was non-torsion
and therefore non-trivial. But (I.15) is not a generic quintic for a generic choice of s; moreover, the
last relation above does not imply that the ANF AJx, (L, — L”) is nontorsion. The construction in
section IV.C, in contrast, does yield nontorsion normal functions.

We shall also construct in section IV.C a cycle Wy, € Z%(Xs,) in general position and with the
properties

(i) Wy, deforms to a cycle Wy € Z%(X4)hom for s near to so;
(ii) lmg sy Adx, (Ws) € W_3(Je,s0);
(iii) this limit is the image under the map (I.13) of a map

CH2(C,3) — C/Z(2) .

This illustrates in an interesting example how the higher Chow groups, beyond the classical cases,
enter naturally into limits of Abel-Jacobi mappings.

Finally, the Abel-Jacobi images of the degeneration of the Collino variant of the Ceresa cycle —
on the Jacobian of a genus three curve specializing to one with three independent nodes — gives
another interesting example where the regulator image of a higher Chow group naturally appears
(in the form of Catalan’s constant). This story is worked out in section IV.D.

The authors wish to thank S. Bloch, M. de Cataldo, J. Lewis, L. Migliorini, and G. Pearlstein for
helpful conversations. We would especially like to thank the referees and the editors for an extremely
thorough and helpful job, which we feel significantly clarified and improved the exposition, and Sarah
Warren for the excellent job of typing.
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Note added in proof. The paper [DM] contains results related to those presented in this paper,
especially those dealing with the integral structure on monodromy of the classical mirror quintic
family.

II. Construction of the Néron model and graphing of admissible normal functions

II.A Graphing normal functions

We denote by S a smooth projective variety and by D C S a divisor with local normal crossings
(LNC’s) with complement S* = S\D . Over S* we assume given a polarized variation of Hodge
structure (VHS) (H,FP,V,Hz) of weight 2n — 1. Here, Hy is a torsion free local system H =
Hy ®c Og+. The transversality condition

AR R ¢ - X ) (IL.A.1)
gives the usual differential constraint on how the Hodge filtration varies.
In a neighborhood U of sg € D C S where D N U = UD; has normal crossings, we assume that

1
the local monodromies T; : Hz s — Hyz s, s € U* = U\U N D are unipotent with logarithms N;.
Then it is well-known [De] that there are canonical extensions H., F% of the sheaves associated to
the VHS such that
V:H, — He ® QL (log D)
{ Ress, (V) = N; .

We define Hz . by Hz e = ji«(Hz) where j : S* — S is the inclusion. We have the natural identifi-
cation

Hz,e:50 = ﬂKer(Ti - D)y .
i

In this work we shall primarily be concerned with the case
dimS=1. (IL.A.2)

Then there is only one local monodromy transformation 7" with N = logT'. The neighborhood U
of sy € D may be taken to be a disc S = A, and we shall denote by s both a point in U and a
coordinate on S with sg = {0}. All the constructions described below will be canonical up to scaling
of s.

Unless mentioned to the contrary we shall make the assumption (11.A.2).

For s € S* we denote by J; = FJ"\Hs/Hz s the compact, complex torus that, in the geometric
case, will be the intermediate Jacobian of the smooth fibre X. Then J = J,cg+ Js has naturally
the structure of a complex manifold such that

J— S5 (IT.A.3)
is an analytic fibre space of complex Lie groups. We denote by
Jd=F"\H/Hz = 0g+(J)

the sheaf of holomorphic sections of (II.A.3). We may locally lift a section v of J to a section v of
H, and then by (II.A.1) the condition

Vi eI @ Q. (IL.A.4)

is well-defined. We denote by Jv C J the subsheaf of J defined by the transversality condition
(IL.A.4).

Using the canonical extensions defined above we set J. = FN\He/Hze, and then define
ge,v = je N ]*(8V) .
9
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DEFINITION. A normal function v is given by a section over S of J. v.

More precisely, over an open set U C S normal functions are given by I'(U, je,v). For U a
neighborhood of sg € D, assuming that it can be defined one would expect that the “value” of v at
so will be given by

V<30) € je,so = ngO\He,SO/%Z,e;so . (H.A.5)
We shall see below that

%Z,e;so CF \HG,SO

e,s0
is a discrete subgroup, so that the RHS of (II.A.5) is in fact a connected, abelian complex Lie group.
However, if we add Je s, to J to obtain

Jo=Ju | | Jeso
soeD
we do not obtain a complex manifold, since as will be seen below the equivalence relation on FZ\H,
defined by the subgroups Hz s C Fl'\H.s, s € S, is, except in the very special circumstances
described below, not closed so that the natural induced topology on J. is non-Hausdorff (see M.
Saito [Sa] or the example in §II.B below).

As a consequence of the nilpotent orbit theorem (recalled below) on the limiting Hodge structures
as s — g, we see that the sub-MHS Ker No¢ C H?, is defined independently of the choice of

€,80

coordinate and that Hz ..;, C Ker Nc. Therefore, we may define
Je,so = F" Ker Nc\ Ker N¢/Hz e;5 - (IL.A.6)
We note that
Jerso C Jeso s (ILA.7)

and below we shall show

ProposITION I1.A.8. Equality holds in (II.A.7) if, and only if, the limiting mixed Hodge structure
has weight filtration

Wan—2 C Wap—1 C Wa,
with

Gra,(We) = Gra,—o(W,) of Tate type .

The isomorphism results from the structure of the limiting MHS. To say that a Hodge structure
H of even weight 2p is of “Tate type” means, by definition, that only HPP = 0. Equivalently,
Hg = @Q(—p). The conditions in the Proposition are realized in the geometric setting in case the
degenerate X, has only (possibly several) nodes.

We now define the set

the main result of this section is the

THEOREM II.A.9. (i) For a normal function v, the value at so € S may be defined and v(sg) € Je s, -
(ii) There is a natural topology on J. C J. so that it is Hausdorff, and

J,— S (I1.A.10)

forms a slit analytic fibre space of complex Lie groups.

10
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Remark. This topology is modeled on the “strong topology” in [KU]. The infinite sequences con-
structed in §II.B will not have any convergent subsequences in this topology, although it does have
subsequences which converge in the natural non-Hausdorff topology on J..

We shall explain the terminology “slit analytic fibre space” below. We note that in general
dim J, 5, < dim Je s, s # S0, so that J. — S is not a complex manifold and is not a fibre space in
the usual sense. Informally, we may state the theorem as saying

The slit analytic fibre space (II.A.10) graphs normal functions.

More precisely, one may define the tangent bundle T'J and the sub-bundle H C T'J. corresponding
to (II.A.4). Then normal functions are given by holomorphic sections of (II.A.10), which will be
seen to be a well-defined concept, whose graphs have tangent spaces lying in H.

We will give two proofs of the theorem. Both are in essence very similar. The first is more
self-contained, deducing the result from standard results in the classical literature, together with
an extension of Schmid’s nilpotent orbit theorem to the situation at hand. The second, which was
kindly provided by a referee, uses more recent results on admissible variations of MHS’s.

The first proof will consist of two steps.

(i) The observation due to Greg Pearlstein et al. [PBNF] that a normal function gives an admissible
variation of mixed Hodge structure (AVMHS), and Greg Pearlstein’s extension[Pel], [Pe2] of
Schmid’s nilpotent orbit and Sly orbit theorems to AVMHS’s, which will lead to part (i) of the
theorem; and

(ii) The structure of the limiting MHS associated to a VHS, which is a consequence of Schmid’s
Sls-orbit theorem.

As noted in the introduction, part (i) of Theorem II.A.9 has been obtained independently by Pearl-
stein (private communication).

Remark. Before commencing the proof we note that any section of J. has a well-defined value in
Jo.sy at so (cf. the argument following II1.B.4). Theorem II.A.9 constrains this value for a quasi-
horizontal section. In particular, recalling J. := Og(J.) from §I, we have that the obvious inclusion
Jev C HAQV is an equality. We shall therefore write J. v below for the sheaf of normal functions

over A.

We note that an admissible normal function — which is more general than a classical normal
function — also gives an admissible VMHS. This is due to M. Saito [Sa], where the definition of
ANF’s first appears.

Step one: We begin by recalling Schmid’s nilpotent orbit theorem [Sc] associated to a polarized
VHS over the punctured disc S* with unipotent monodromy. For this we let U = {t € C : Im¢ > 0}
be the usual upper half plane, D the classifying space for polarized Hodge structures of weight
2n — 1 and D C D the inclusion into the dual classifying space (cf. [CMP] for a general reference).
We have

D = G/H
N N
D = G¢/P

where G is a real semi-simple Lie group with complexification G¢. Upon the choice of a reference
Hodge structure, the polarized VHS is given by a locally liftable holomorphic map

p:S* = {T"H\D (IT.A.11)
where {77} is the subgroup of Gz given by the powers of 7', and where the differential of ¢ satisfies
11
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the condition corresponding to (IL.A.1). Setting s = 2™V~ (ILA.11) leads to a diagram

u

D

|

§* —2> {T"}\D

where @(t + 1) = T'¢(t). One then may define a map ¥ : U — D into the dual classifying space by
Y(t) = exp(—tN)p(t). Because of 9)(t + 1) = 1)(t) there is an induced map 1) : S* — D and Schmid
[Sc] showed that:

(a) the map 9 extends across the origin, and if we set

Y(so) ={FL} €D
then

(b) the original period mapping ¢ is approximated (cf. [Sc| for the precise meaning) by the nilpotent
orbit

O(s) = (log s(2mV/—1)N) - {F2} .
More explicitly, for some positive € and 0 < |s| < € we have O(s) € D C D for any point O(s) lying
over O(s) under the projection D — {77 }\D, and rescaling to have ¢ = 1 the map O : § — {T™}\D

gives a VHS that approximates (II.A.11). Denoting by Hy the vector space on which the reference
Hodge structure is defined, we may write

O(s) = {F?} (modulo{T™} acting on Hy)

where FY C Hj is a multi-valued, holomorphically varying filtration. By abuse of notation, we will
denote the nilpotent orbit by (F¥, H,) where FY C H,. Taking the limit as s — sg of (II.A.1) in the
form % C FP™! gives the important fact that

NFP C FPL. (I1.A.12)

S0 —

Next, the nilpotent endomorphism N € Hom(Hy, Hy) defines the monodromy weight filtration
We(Hp) such that

(Ho, W,, FL)defines a
mixed Hodge structure
with the property that
N has type (—1,—1). (IILA.13)
This result is a consequence of Schmid’s SLg-orbit theorem [Sc], which goes far deeper than the
nilpotent orbit theorem and leads to precise conclusions about the limiting mixed Hodge structure
(LMHS). The integral and rational structures involved will be discussed at the end of this section.

For the next step, we use the natural identification due to Carlson [Cal].
Extlus(Z(—n), Hs) = F'\Hy/Hz, (I1.A.14)
for s # s¢ to think of v(s) as giving a variation of mixed Hodge structure (VMHS)
0— Hy, — Hy — Z(—n) — 0 (IL.A.15)

with the evident weight filtration Wgn_l(ﬁs) = H, and Wgn(ﬁs) = H,, and with Hodge filtration
FP? C H,. The transversality condition (ILA.1) on the original VHS together with the differential
condition (II.A.4) on v combine to give the conditions that (II.A.15) be an admissible variation of
mixed Hodge structure (AVMHS) (cf. [Pe2], [BP], and [Sa], and the references cited there).

12
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The monodromy associated to this AVMHS is again unipotent with logarithm

- N A
= (50)
where A € Homgy(Z(—n), Hz ;). Writing N as above means we have chosen a splitting over Z of

(II.A.15), and a different change in splitting induces the substitution
A— A+ Nu, u€ Hy . (I.A.16)

An important property (cf. [Sa] and [SZ]) of AVMHS is that, by the existence of the relative
weight filtration, the exact sequence

0—>H5—>ﬁ80—>(@(—n)—>0

splits as a Q-vector space in a manner that makes A = (. Since a change of basis sends A\ — A — Nu,
u € Hg s, we have that A = Nu for some u € Hg. Note that u is defined modulo Hz ,,. Now

- N Nu
wo (NN,
We also have that T = eV is integral. Now

T:eN:<eN (eN—I)u>:<T (T—I)u> .

0 1 0 1
Thus

u € {w € Hys : (T = Dw € Hys} :
HZ,SO

According to Pearlstein [Pe2] there is a nilpotent orbit of M}{S’s that approximates the above
AVMHS. The constant weight filtration will be written Hy C H for the reference vector spaces.
We will write the nilpotent orbit as

0— H, — Hy — Z(—n) — 0 (IL.A.17)
where H, means the above weight filtration on Hy together with the Hodge filtration

- logs ~\ =~
F, = N | F, . 11.A.18
s TP <27r\/jl > %0 ( )
There is an induced nilpotent orbit on the reference vector space Hy which agrees with the previous
one provided by Schmid’s theorem.
Again from Pearlstein’s work, the nilpotent orbit (II.A.17) and (I1.A.18) defines an AVMHS
which in the limit as s — so gives a MHS satisfying the analogous conditions to (II.A.12) and
(IT1.A.13)

NF? C Fo-! (I.A.19)
N has type (—1,—1) on Hy . (I1.A.20)
If
vz € Hyg,
Vp € Fsrg

both project to the generator of Z(—n), then vy = vy, — vz € Hc 5, Now Nvg = Nuvj, — Nvg so that
Nug € Fg)fl + HQ,50~
We now want to use this to show that

vo € Ker N + Fg + Hos, -
13
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For this the following general result will be used:

PROPOSITION. Let H be a limit MHS of weight m. Let
H'=Ker N C W;/W;_1, i=0,...,m
which is a pure Hodge structure of weight i. Then as a Q — HS,

/2] .
Wi/Wii1~ @& H'™*(—k)
k=0

and
H72F(—k) ~ Ker N*"' nIm N* € W;/W;_; .
Further,
N
Wi /Wiy — Wi_o/Wi_3
is diagonal with respect to this decomposition, and takes
Hi72k(_k) 1_d> Hi72k(_(k . 1))
with a shift of —1 in the Hodge filtration.
Proof. Since we work over Q, we apply ®zQ to all objects. We know that for j =1,...,n,

NI
Watj /Watj—1 = Wi/ Wn—j1
is an isomorphism over Q. Also, in the category of Q — HS,

m
M= & Wpnij/Wnij
j=—m

is a Q[x]-module where z acts by N, and thus by the classification of finitely generated modules
over a PID, M ~ ? M; where
M; = V; ® Qe /z**!
for some vector space V;. It follows that
Vi = Ker NP C Whii/ Winvioa
and
Winii/Wmyj-1= @ N7V

2]
i1—jeven

It follows that if H® is defined as in the proposition, we have V; ~ H*(—(n —1)) and the proposition
follows. H
Using the above proposition we may now conclude that
vo € Ker N + Fg) + Hgs
as desired.
Now wvg represents the extension class of
0 — Ho,sy — I:IO,SO - Z(_n) -0,

and this extension class lies in Hc s, /Fi + Hzs,. The result above gives that, if m € Z clears
denominators,

muvg € Ker No/F" Ker Nc + Ker Ny, = Je g, -
14
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Referring to (II.A.16) we may replace the normal function v by mv to get a new Z-splitting of
(II.A.15) with A = 0. Since J g, is divisible and Je s,/ Je s, is torsion free

mv(sg) € Je g9 = v(50) € Jesp -
The nilpotent orbit of AVMHS corresponds, under (II.A.14), to a normal function given by
log s
exp| —=—=N | ‘v
[ ’ <2W—1 ) O]
where the bracket means the quotient in the corresponding intermediate Jacobian.

Remark. At the suggestion of a referee, we will elaborate on and illustrate this point. The nilpotent
orbit is asymptotic to e(°gs/ 2my/~1)-N) go where gg is a vector space with a filtration and lattice. For
example, an elliptic curve with node is asymptotic to

“los s log s
D), ( e )go

and gg has F 1L — ((1]), lattice (Z;) In our picture
N
Z(-1) — R
Z(0)

is the limit MHS. Now for a normal function, the nilpotent orbit looks like

—logs

6N<2W¢jl>§0

where N is the monodromy of the extension

0— HYE) =+ —Z(-1) =0

i.e.
~ N u
(5 5)
where
Z(-1) % HY(E) .
We find that
u = Nuw, w € HY(E)
SO
~ N Nw
v (Y

The limit MHS g, is an extension
0— HY(E)jm — * — Z(—1) = 0
and this is the limit of the Abel-Jacobi map. Now

v H'(E)iim
Jo =
1 0

and (:) is the vector corresponding to the extension class. It is defined modulo F'H(E)jiy,.

Returning to the general discussion, note that [vo] € Fj\Ho/Hoz is well-defined. The condition

15
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(IT.A.4) for s # sp, a coordinate on the disc, is

d log s 1
— N F!
ds (exp <27r\/jl > UO) RO

which, in the limit as s — sg implies that

Nvg € F'7h (IL.A.21)
Proof. Given that

d 1 d
Ts exp (2:5: ) = <SS> NUOGFS"_l for s # sq

and that F7~! smoothly approaches F7'~!, then if ag € (FI'')* there is
a(s) = ag +sa +--- € (Fy)* .
Now
<a(8),iNU0+b0+8b1+...> =0,

where the b; are vectors and s # 0. This implies that
1
<a0+als+...,S(Nv0+bo+sb1+...)> =0, s#0.

Next, multiply through by s to have
(g +a1s+...,Nvg+sbg+...) =0, s#0,
which is
(a, Nug) + s ({a1, Nvg) + (ag, bo)) +--- =0, s#0
from which it follows that (o, Nuvg) = 0 for all a € (F2~')*, and thus Nvy € F2~!. We want to
show that Nvg € F7'~! implies vy € ker(N) + F.

Proof. Strictness of a morphism ¢ of MHS’s says that ¢(H) N F* = ¢(F'H), and similarly for the
weight filtration. Moreover, N is an endomorphism of (Hy,, Fy , Ws) of type (=1, —1), meaning that
strictness reads

(%) N(Hg)NF ' = N(FL) .
Given Nvg € LHS(*), there exists p € Fg with N(u) = Nvg, and so vg = (19 — p) + p €
ker(N) + Fg . O

This completes the proof of (i) in the theorem; the proof of (ii) will be given in the next section.

For the second proof, as suggested by the referee, we use the canonical Deligne extensions [De]
to have the short exact sequence over S

0— H, —>9:C — 0s—0.

This has two splittings defined by sections or and oz of H, — Og. The first is compatible with
the Hodge filtration F; it exists by the freeness of Gr% Grk H,, which is one of the conditions for
an admissible variation of MHS (cf. [SZ]). We note that the above sequence defines the weight
filtration W on H,.. The second splitting is compatible with the integral structure; it exists because
the normal function is defined over S. We apply both to the canonical generator 1 of Og, and take
the difference v = o (1) — 07(1) € H,. This gives the corresponding normal function, by definition.
By transversality together with the freeness of 71\ H, we have

(sVajas)v € F071.
16
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Since Ress,V = N, we may restrict to so to get N(v(sp)) € F* !, Using the strict compatibility
of N : (Heysy, F) — (Heps,, F[—1]) we infer that v(sg) € Ker N + F™. The rest of the proof now
proceeds as before.

Remark on integral and rational structures. In defining the approximating nilpotent orbit and sub-
sequent limiting MHS, one first chooses a reference Hodge structure, which we may think of as
choosing a base point s* € S*, built on a complex vector space Hy obtained as Hy = H 7 ® C where
Hyz = Z2". The integral structure at s € S* in the nilpotent orbit is, by definition,

log s
e N ) -Hyzg.
Xp (% = > 0,Z

Rescaling by s — e2™ =1 g induces a change in the integral structure by

k
Q@
(T — IHyz := Z HN’“ Hyz, .
k>1
CONCLUSION. Only the part
Ker Nz = Ker N N Hy 7z,

of the integral structure of the approximating nilpotent orbit is well-defined independently of the
scaling of the parameter.

Rescaling as above also changes the limiting Hodge filtration by FL — e *NF% . Since
N(Wg) € W2
NFP C Fbt
we have the

CoNcLUSION. The Hodge structures on the associated graded of the monodromy weight filtrations
are well-defined independently of the parameterization.

Finally, due to the denominators in the standard series expansion of logT around T'= I — in
general N does not preserve Hy 7 — we only have N - Hy g € Ho . For this reason the monodromy
weight filtration is usually considered over QQ. Later on, in the discussion of the group of components
of the Néron model, the important issue of defining it integrally will arise.

I1.B Néron models and graphing admissible normal functions
We begin by defining an admissible normal function (called an extended normal function in [GG1],
[GG2]). Over S* = A* we assume given a polarized VHS of weight 2n — 1, and for convenience we
assume that the polarization @ is principal. Then we have

FI\Hy/Hz,s = F}' [y, (ILB.1)

where the map Hz, ; — F is given for A € Hz , by A\(w) = Q(w, \), w € F.

Using (IL.B.1) we may give a normal function over S* by a section v of */Hy. Locally in S*
we may lift v to a section © of . We denote by (T' — I)v the analytic continuation around the
origin sg of such a local lifting. We then have

o (I'—1)v(s) e Hyys,

o (T'—1I)v(s) is well-defined modulo (T'— I)Hz,.

We shall write (T — I)Hz, s as Im(T7 — I).

In general in what follows we shall use the following notation: Given a lattice A = Z" and a

subgroup A’ C Ag = A ®z Q, we set A, = AN Ag. (T — I)Hg s shall be written Im(T" — I)z.

17
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DEFINITION. An admissible normal function (ANF) is a global section v € I'(S*, Jv) such that for
any local lifting o to a section of ", the following two conditions are satisfied:
(i) 7 has moderate — i.e. logarithmic — growth as a section of F,; and
(ii) we have
(T'-DNrvelm(T—1)z .

Since sections of Hz have moderate growth and Im(7% — ) C Im(7" — I)z the conditions (i) and
(ii) are well-defined.

We note that this definition is equivalent to the one given in [Sa]. The two conditions (i) and (ii)
above correspond to the two conditions there for an admissible variation of mixed Hodge structure,
given there respectively as the freeness of Gr’}GrZV for the Deligne extension and the existence of
the relative monodromy filtration.

We denote by je,v the sheaf of ANF’s. There is then an exact sheaf sequence
0—Jdev — dev — Ggg — 0 (IL.B.2)
where Gy, is a skyscraper sheaf supported at sop with stalk G.

THEOREM I1.B.3. We have that
Im(T@ — I)Z

¢ Im(T;, — 1)

I

which is a finite abelian group.

Proof. As previously noted, it follows directly from the definitions that G = H(A* Hz)ior is a
finite abelian group. O

We have also noted above the identification

(Ker(Tg — I)*)z
Im(TZ — I) ’

which uses the principal polarization. Because it will illustrate some of the concepts to be used below,

and also will give an opportunity to recall some facts about the limiting mixed Hodge structure

(LMHS), we shall point out in the case n = 2 that G as given by (I1.B.4) is a finite group. For this,
it will suffice to prove that over the rationals

G =

(ILB.4)

<Ker(T - I)L)Q = Im(T — I)g .
Since
N=(T-1)A=A(T-1)
where A is invertible, it will suffice to show that either over Q or C Ker N+ = Im N. For this we

shall use the fact that the limiting MHS is polarized (cf. [Sc]; this is stronger than saying that the
LMHS is graded polarized).

Specifically, recall that for the monodromy weight filtration one has

o N(W;) C Wi

o N7 :Grop_14j 5 Gra,—1—; is an isomorphism,
and if we then define the primitive spaces

Pyy_14j = Ker N7t1 C Grop_14j (j=0)
the bilinear forms on P, _14; defined by
Qj(u,u) = Q(u, N7u) (IL.B.5)
18
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are non-degenerate.

For our present purposes of illustration we will only do the case n = 2. Then the picture of the

LMHS gives
Im N
N / Ker N

N /

i.e., everything to the lower right of the solid line is Ker NV and everything to the upper right of the
dotted line is Im N. From the non-degeneracy of (I1.B.5) it follows that everything to the lower left
of the dotted line pairs non-degenerately under @ with Ker N. This gives Ker N+ C Im N, and the
reverse inclusion is evident. This shows that, in the case n = 2, G as given by (I1.B.4) is a finite
group. ]

Next, we recall that we have defined
Jeso = F"Ker Nc\ Ker Nc/Hze.s,
N
Jesg = Fl\He sy /Hze:50 -
We shall now prove Proposition II.A.8, and in addition show that

PROPOSITION IL.B.6. Hz .5, projects to a discrete subgroup in F™ Ker N¢\ Ker N¢.

Proof. The monodromy weight filtration on H, s, induces a filtration
{0} cWo(V)CcW(V)C - CW,(V)=V
on V =: F"Ker Nc\Ker Nc. Let A be the image of Hz,s, — V. We shall use the following

elementary

LEMMA. If A N Wi(V) projects to a discrete subgroup in Wi(V')/W;_1(V') for all I, then A is a
discrete subgroup of V.

The converse does not hold, as illustrated by
V =R2, A=17Z? Wy= irrational line through the origin .

For the proof of the lemma, we have that Ker N¢ C Wa,,_1(V), and thus is a sub-MHS of Wa,,_1 (V).
Its quotients
Ker Nc N W (V)
Ker Ne N W;_1(V)

are sub-HS of weight I in W;(V)/W;_1(V). The integral lattice Hz s, projects to the integral
lattices in these Hodge structures. However, in any Hodge structure H of weight [, the integral
lattice projects to a discrete subgroup of F"H/H when | < 2n — 1, as happens here. The lemma
above completes the proof of Proposition I1.B.6. 0
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‘We now define

J. = ( U JS) U Je.s

sES*
=JU e,

using the notations from section II.A. Setting

Vs = FQ\HS 5 # 80
Vso = FZs, Ker Nc'\ Ker N¢

and
Ve={JW
seS
we may view J. as a quotient J. = V./ ~ where the equivalence relation ~ is given fiberwise by
equating two elements «, o € Vj if and only if

, Hz, s for s # sg
oa—o €
Hzeso for s=sg.

We now define what is meant by a slit analytic fibre space of complex Lie groups. It is just a
formalization of what has just been discussed. For the local model we take an open set U C C with
distinguished point ug € U. We then set

W = (U\{uo} x C™) U ({uo} x C*)

where C* C C™ consists of the first k& coordinates. We then take the quotient W/ ~ where ~ is an
equivalence relation given fiberwise by a discrete group, and where the overall quotient is Hausdorff.

DEFINITION. A slit analytic fibre space of complex Lie groups is a Hausdorff topological space F'
together with a map

m:F—8§ (ILB.7)

to a 1-dimensional complex manifold S having a marked point sq such that (i) the fibres 7=!(s) are
commutative and connected complex Lie groups, (ii) F* =: F\7!(sq) is a complex analytic fibre
space of complex Lie groups in the usual sense, and (iii) locally around points of 77 (s9) we have
the local model described above.

At this point we have completed the discussion of (ii) in Theorem II.A.9.

Discussion. We want to explain intuitively the idea behind the above construction. For the purposes
of illustration we consider a VHS over S* = A* of weight three and whose limiting MHS has the
picture

where the boxed term I is non-zero. Setting
Vs = F5275\He,s
U
Ay = image of Hz s — Vs,
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and recalling that Hz .5, are the invariant cycles in Hz ..s for s # so, we see from the picture that

A, S lim A, (ILB.8)
0

50 Z# s

where the limit is taken along a ray or even just a sequence {s,,} going to the origin. More precisely,
by the limit we mean taking the closure inside the Deligne extensions, and then (II.B.8) follows
from the example in the following figure (cf. [Sa, Remark (3.5)(iv)]).

W3 2 Ker N

The question is: what should we “plug in” to J over the origin for purposes of graphing normal
functions? Since the RHS of (II.B.8) is not necessarily even a sub-abelian-group of V;,, taking
Vso/ lims_s, As is completely unsuitable. If we augment lim,_.s, A5 to the subgroup it generates,
this can actually include all of Ker(/NV) — again unsuitable since that is esentially where v(sg) should
lie by Theorem II.A.9. Finally, if we factor V;, only by As,, then since by (I1.B.8) the equivalence
relation on | J g Vs given by the Ay is not closed, the resulting total space will be non-Hausdorff.
This exhausts the possibilities which are quotients of V. So we conclude that we should replace
Vso by

F62,50 N Ker Nc\ Ker N¢ G Vg,
to get a closed equivalence relation with a Hausdorff quotient. The price we pay is that we only
obtain a slit analytic fibre space.

In the classical n = 1 case the above picture is replaced by

In the limit lims_,5, As the non-invariant part of A (corresponding to the boxed term) “goes to
infinity” as in the familiar picture of an elliptic curve acquiring a node where s = 2™V =1t and
Imt — oo.

To convince the reader of the claimed intractability of lims_.s, As C Vy, in the n = 2 case, we
offer the following geometrically motivated

Ezxample. We shall reproduce in detail and give a geometric example of the observation in Remark
3.5(iv) of [Sa].
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Let Es be a family of elliptic curves acquiring a node, with {ds,7s} € H'(Es,7Z) satisfying
Ny = -6, N6 = 0. We take X, := E,x W, where W is a fixed exceptional K3 surface, H} := H!(FE,)
and

H? = H! © HE(W) C HY(X,)
H? has rank 4. The limit MHS on H_ is an extension of Z(—1) by Z(0) which can be split by
choosing s := exp(2my/—1 f% ws), where wg € F;sHel,S is normalized to have f5s ws=1forallsesS.
A clearer notation would be to denote the point by P and then the coordinate s is defined by

s(P) =: exp(2my/—1 fyp wp). Then f% ws = %. This choice splits the limit MHS

o} = Gry @ Gry =Z(d) ® HL(W) & Z (50) ® HL(W)

where 75 1= s + 271:)%55(5 ws). This gives the picture

of the limit MHS of H3.

To compute the periods for s # sg, let Q € F2HZ(W,C), {r1,72} € HZ(W,Z) be a basis,
and assume fﬁ Q=-1, fT2 Q = /—1. Specifically, one may take the very simplest example of a
supersingular K3 surface, which is well known to have period ratio i = \/—1. Taking periods of a
generating set for U-C% s With respect to the basis 65 x €2, 7, x Q of F?_ we have

e,s?

ANFZ (ms(6 x 11), 7s(d X T2), ws(y X 11), 7s(y X T2))

-7 <(o,—1), (0, —v~=1), <1, 2?5;) ’ (ﬁ\/jlzjroi;l»

inside V, = F 2 for s # so. Note that
(Ker N)s = {(0,¢)|[( € C} C Vs

Now consider, for any a € C, the sequence

Sy 1= eQn\/—la/eZTrm 0.

We have ;Srgi\/s_il = a — +/—1m and for all integers m,

T, {7 X 71 —m(0 X 12)}

(15255 )~ m.—v)

:(17 a) )

which implies (1, a) € lims_,5, As. More generally, one has
lim As = {(k,a)la € C, ke Z[V-1]\{0}}
S$—S0

which is not a subgroup of Vg, and whose abelian-group closure contains (Ker V).

In contrast to this sitaution with H2 for H! one has A, = Z <1, 271r°5;1> and there is no way to

take a comparable sequence since [(s) — /—100.
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Returning to the general discussion, the remaining step in the construction of the Néron model
is the following:

THEOREM I1.B.9. There exists a canonical analytic fibre space
J e — S
that graphs admissible normal functions. We have for the fibre over sg the exact sequence
0— Jesyg — je,so —G—0

where G is as in Theorem I1.B.3.

Thus we may speak of the value v(sg) € Je s, of an admissible normal function.

Proof of Theorem II.B.9. We want to define the analytic group j&so that (i) sits naturally in an
exact sequence

0= Josy = Jogg — G —0, (I1.B.10)
and (ii) has the property that
J.=:J. U JNG,SO )
forms naturally a slit analytic fibre space of complex Lie groups that graphs admissible normal

functions. We note that the slit analytic fibre space J. is a subset of the Clemens extension Jg(H)
constructed in [Sa, Prop. (2.7)]; they coincide in the abelian variety case.

We first point out that graphs of admissible normal functions in J. will be continuous since the
“torsion singularities” in G of ANF’s are always “limits of something.” More precisely, since by
definition I'(A, Je v) C I'(A*,Jv), the sheaf . v of ANF’s has no skyscraper subsheaf and there

)

can be no map of sheaves G5, — J. v splitting (I1.B.2).

On the other hand, let A be a divisible abelian group; then in the category A of abelian groups
Extl (G, A) = 0. Consequently the extension of stalks

0= Jevisg —— devisy —— G — 0 (ILB.11)
splits, but there is no “canonical” choice from among the | Hom4(G, Jv e.s,)| many splittings; the
same should go for (II.B.10).

To define JN& s, Without making such a choice, simply push the extension (II.B.11) forward along
the morphism Jc v,s, — Je,s, guaranteed by Theorem I1.A.9, to obtain

O—>J6750—Z>je,SOL>G—>O.

Equivalently, define

Je,so Xﬂe,v;so

(a,v) € jo = {0 o)loedemg]

|

jv) € G

_ For the benefit of the reader we recall the definition of j: given an admissible variation of MHS
H, corresponding to v € Je v.s,, write the action of T'— I

H, —> f1, —1> 7(~n)

S
TIT AN TTI To
N

Hy—— H,—>Z(—n) .
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We must define an element of (Ker(T' — I ))2 C Hzs). A local lifting o of v is obtained by using
maps
(,OZ75 Z(n) E— %Z’f
Y L(n) — F"Hy
and setting (for s # sg) i(9(s)) = ¢z,s(1) — ¢ns(1). Denoting by (T'—I)>(s) the change in 7 under
analytic continuation around sg, the definition of ANF says
(T — Ni(s) € (Ker(T — 1))z .

Since ¢ g s(1) is single-valued in s, we may rewrite this as 7(v) := i~}(T'—I)¢z,s(1). In the geometric
case where v arises from a family of cycles Z,, this simply computes the change in the chain bounding
on Z as s turns about sg.

Having constructed J s,, which is non-canonically isomorphic to J. s, X G, we can set

je = JE ]_[ je,S()

~

where ~ identifies the identity component i(.Je 5,) C JNe,SO to the fiber of J, over sg. The local slit
analytic structure around a point of this may be transported to the other components simply by
translating by ANF’s mapping to each g € G.

Ezxample. Specialize to n = 1 and the simple case where H; comes from a family of elliptic curves
with singular fiber of type I, in Kodaira’s list [Ko|]. We will use a choice of splitting to give an
intuitive, analytic construction of the Néron model. Calculations of a similar sort are in [Ko|, [Na]
and [Nam|. The explicit identification of X with the Néron model is in [Sa, Remark (4.5)(i)]. This
argument can be extended to the general case and provided our original, highly non-intrinsic, proof
of Theorem I1.B.9.

In this case the sequence (II1.B.10) is

O—>(C*—>je7so—>Z/mZ—>0,

which splits as a sequence of abelian groups, the splitting being determined only up to an m™ root

of unity. In this sense, the sequence (I.B.10) does not split canonically. To explain this, choose
w(s) € H%(wx,) so as to have a normalized period matrix

log s

<1, 17127?\/_71 + h(s))
where h(s) is holomorphic. An admissible normal function is given modulo periods by its value on
w(s)
log s
(v(s).(s) = k52
where g(s) is holomorphic. By subtracting a period we may normalize to have 0 < k < m. Rescaling
s gives a change

+9(s), ke, (ILB.12)

h(0) — h(0) + mA
— g(0) + kA
where A € C.

The map gv& S0 —, Gisgiven by v — [k] € Z/mZ. The splitting is obtained first by multiplying
(I1.B.12) by m to kill the image in Z/mZ. Normalizing the result by subtracting the period k(m -
l(s)+h(s)), we get m-g(s)—k-h(s). Evaluating this (in C/Z) at s = sp, we may then “use divisibility
of C/Z” and divide by m to get

k [
——-h — leZ, 0<1 . 1I.B.13
o)~ = hso)+ L ez 0<i<m) (1B.13)
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No choice of [ here is “more natural”; on the other hand, (II1.B.13) is evidently not affected by choice
of the local parameter. So one obtains a well-defined, but non-canonical, “splitting” sending

(I1.B.12) — ((I1.B.13), [k]) ,
and this computes limits of ANF’s

ge,V;SO - Je,so X G = (C/Z X Z/mZ .

Remark on the work of Brosnan-Pearlstein. We have shown in the first part of this section that
Jo— S

is a fibration of a Hausdorff topological space whose fibres are connected, complex Lie groups and
where the restriction of the total space to S* is a complex analytic fibre space in the usual sense.
Moreover, a normal function v gives a continuous section of J, — S which is holomorphic over S*.
It follows that for any closed subset Z C J. v~1(Z) C S is closed. Moreover, if Z* denotes the part
of Z lying over S*, then v~1(Z*) is an analytic subvariety whose closure is ¥~1(Z) and one may
suspect that v~1(Z) is itself an analytic subvariety.

This brings us to important recent work of Brosnan-Pearlstein [BP] who have proved that v=1(2)
is an analytic variety in the case where dim §' = 1 and Z is the zero-section. What has to be proved
is that v~!(Z*) does not contain an infinite sequence s, of distinct points with lim, .o s, = So.
We think it is quite possible that the extension of the Brosnan-Pearlstein methods to the case when
dim S is arbitrary may not only lead to a proof that v~!(Z) is analytic in general, but moreover will
provide the tools to show that J. — S really does “behave” like a usual complex-analytic fibre space
of complex Lie groups insofar as admissible normal functions are concerned. In particular, objects
such as (v x v)~1(P) where P — J. xg J. is the extension of J. x g J. of the Poincaré line bundle
over J X g« J may have naturally the structure of an analytic line bundle over S that is canonically
associated to an admissible normal function.

I1.C Computation of the group G of components of the Néron model in Hodge-theoretic
examples

We consider a principally polarized variation of Hodge structure of weight 2n—1 over S = {|s| < 1}
with unipotent monodromy. We shall give an analysis of G in the case n = 1 and in some cases
when n = 2, k3% = 1 — corresponding to degeneration of Calabi-Yau’s — and where in the first
instance we assume that the limiting MHS is of the Tate type. Subsequently, we shall drop this
assumption in the sub-case h30 = h?1 = 1.

Case n =1. Then N =T — [ is integral, the limiting MHS may be defined over Z and pictured as

Z(-1)" Z(0)"
N
[ J _— [ J
[
Hl
Since (T — I)? = 0 we may choose a symplectic basis Y1, ..., Yry Yrt1y--«>Vg} Ols«««s0ry Opilys -, 0g
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such that, writing elements of Hy as row vectors,

()

(B 0\ b
B =
0 0] Ygr
—~—

r o g-r

where B = !B > 0 is integral and positive definite. Thus, for example v = (1,0,...,0) and
N’yl = Z;:l blj(sj- Then

Wiz =: Ker N N Hz, = spang{vr41,...,%,01,-..,0g}
Woz =:Im N N Hy, = spang{d1,...,6,} .
It follows that
(KerN)*),
ImNZ
~  Spang{di,...,0r}
~ Spang{N~i,..., N~}
~7"/ImB .

G = (ILC.1)

In particular
G| = det B (IL.C.2)
where |G| is the order of G.
This result is, of course, classical (cf. [Na]).
Case n = 2. We recall our notations
Wz = W 0 Hy
{ Groz =Wnz/Wimn-17 .
We set

k=h>»—1.
Our assumption is that the limiting MHS looks like

{ h = h*0 4 h>!

g Ker(T — 1)

where Ker(T — I) is everything to the lower right of the dotted line. For the identity component of
the Néron model we have

Jesy = (C (1)@ C*.
We shall use the following (cf. [Mo2]):
ProrosITION I1.C.3. There exists a symplectic basis
Y1572, -+ Vhi 02, - - - On, 01
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adapted to the integral weight filtration.

Thus the intersection form is

0 0 0 1Y\ o=t
0 0o I 0 Fh2t
Q=
0 —I 0 0| e
1 0 0 0/ sz
O~~~
B30 K21 pL2 KO3

and
Wsz = Wagz = spang{y2,...,Vn;02,...,0n,01}
Ws7 = Wa gz = spang{da,..., 0,01}
Wiz = Woz = spang {61} .
Writing elements of H as row vectors we shall also assume that the limiting Hodge filtration is

This is equivalent to the
ASSUMPTION. The limiting mixed Hodge structure is split over Z.
Later on we shall examine the non-split case when h%! = 1.

ProrosiTION. The log of monodromy is

0 A 0 0
0 0 B 0
N pu—
0 0 0 'A
0 0 0 O
where A and B are integral and
A#0
7 (I1.C.4)
B='B>0.
Moreover, the matrices
AB/2 (1 x h?! matrix)
) (I1.C.5)
AB'A/6 (1 x 1 matrix)
are also integral.
Proof. Since N(W,,) C W,_2 we have
0 A D FE
0 0 B F
N =
0 0 0 C
0 0 0 0
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where the entries are rational. From the last assumption and NFL,, C F? ;01 we infer that D = E =
F =0 (this is the key step). From NQ + Q'N = 0 we have

C=-tA
B='B.
From
0 0 AB 0
9 00 0 -B'A
N* =
00 O 0
00 O 0
0 0 0 —AB'A
3 0 00 0
N =
000 0
000 0
and the fact that limiting MHS is polarized we may conclude (II.C.4).
Since T =expN =1+ N + N72 + %3 is integral we see that A, B are integral and also conclude
(I1.C.5). O

We shall write vectors in Hc as (v1, v, v3, v4) where vy, vy are scalars and ve, v3 are row vectors
of length h*!. Then Ker(T — I) = {v; = 0,v2 = 0,v3'A = 0} and

(Ker(T — 1))z = {(0, \A, w3, wy) : all entries in Z} .
Writing A = (o, ..., ap21) we set a = g.c.d. {a,...,ay21} where we take a > 0. Then
a=1< A is primitive.
Thus
1 mA .
(Ker(T - 1) )Z = 0, —,ws3,wy | -m € Z,w; integral ¢ .
a

t t
Im(T — 1)z = {(0,1)1A, leTB + v9B, —leB A - vgB A — UgtA>}

6 2
where v1, v2, v3 are integral.
We now define a composition series
G3 (- G2 (- G1 cG
for G by taking the kernels of the mappings obtained sucessively by
(0, mTA,wg,uq) — [m] € Z/aZ
(0,0, w3, ws) — w3/ Im B
(0,0,0,QU4) — [w4] S Z/aZ .

CONCLUSION. G has a composition series with successive quotients Z/aZ, ZhQ’l/Im B, Z/oZ. In
particular

|G| = o® det B .

We then have the
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COROLLARY. Under the above assumption the group G is non-trivial.

Ezample. Hy, = Sym® H'(E,) where E, is a family of elliptic curves with a singular fiber of type I in
Kodaira’s list (cf. [Ko]) at so. One has cycles 6,y spanning H'(FE,Z) with T(8) = &, T'(y) = v + J;
it follows from (T — I)3(y x v x ) = 6(0 x § x §) that |G| = 6.

We shall now compute the group G without making the assumption that the limiting mixed
Hodge structure is split, where now we shall assume that h3? = h?! = 1. Proposition II.C.3 in this
case follows from Lemma 2 of [Mo2]. We have then

0 a e f
0 0 b

N = g
0 00 ¢
0 00O

where the entries are rational numbers. From NQ + Q!N = 0 we infer that

0 a e f

0 0 b e
N =

0 00 —a

0 00 O

We shall show that

PROPOSITION. (i) a and b are integral, and (ii) G has a composition series successive quotients
Z)aZ, 7)VZ, 7]aZ .

Proof. We compute that

0 a te =gty
ab

0 0 0 —a

0 0 0 0

and it is an integral matrix. It follows that Ker(7'— I) = {(0,0,0,v)}
(Ker(T — I)1)z = {(0,v1,v2,v3) : v; € Z}, and

b 2
(T — 1)z = {(O,awo, <e+a2> vo + buw, <f— % - “6b> wo

b
+<e—a2>w1—aw2):wi€Z} .

Comparison of the above expressions for (Ker(T — I)*)z and Im(7T — I)z exhibits the composition
series as indicated in the statement of the proposition. O

Remark. A somewhat more subtle matter is to relate e and f to the extension data for
Z(=3) — Z(-2) — Z(-1) — Z(0)

and to tie this discussion into the boundary component structure of the Kato-Usui spaces. This will
be done in a separate work.
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II1I. Abel-Jacobi mappings for normal crossing varieties and degenerations of
Abel-Jacobi mappings

III.A Abel-Jacobi mappings for normal crossing varieties

The material in this section is based partly on [KL, §8] and [KLM, §5]. We remark as in the
introduction that we expect the moving lemmas in [KL, §8.2] (only proved there rationally) to
be valid integrally. The presentation throughout section III.A-B (and IV.C) is done under this
assumption.

In this paper a complex analytic manifold X will mean an analytic connected open subset of a
smooth algebraic variety over C. We shall alternate in the present section between X of a “general”
dimension M and a “fixed” dimension 2n, with results for X in the general case meant to apply
to submanifolds of X in the latter. A strict normal crossing divisor (SNCD) on X is a union of
irreducible codimension-1 submanifolds Y = UY; C X satisfying:

(a) the Y; are compact (hence are smooth complete algebraic varieties)

(b) [transversality] any point y € Y has an analytic open neighborhood U C X with local holo-
morphic coordinates (z1,...,zp) such that Y NU = {2z ----- z, = 0} for some k(y); and

(c) the Y7 := N;erY; are smooth (not necessarily irreducible) for all multi-indices I.

The depth of a SNCD Y is the smallest w € Z> such that Y7 =0 V|I| > w + 1.

Our strong assumption that the Y; meet transversely will specialize to a semistable degeneration
in the variational setting, cf. (III.B.1)ff. In contrast, weaker intersection conditions are required
below for cycles, chains, and currents on X (or on the Y7) of “Y-intersection type”. One cycle-group
which plays a central role below is ZJ (Y) C 6,2"(Y;), with elements Z = {Z;}, the “intersection
cycles” on Y. The constituent (C-codim.-n, algebraic) cycles Z; € Z"(Y;) are required:

(a) to meet all strata Y7 C Y properly (i.e., codimy; (|Z;| N Y7) = n+ |I| —1); and

(b) to “match up” on the Y;; =Y;NY; (Z; - Yi; = Z; - Yi; Vi, j).

(Here the intersection product “” is the standard one defined for properly intersecting cy-
cles/subvarieties, cf. [Fu, Ex. 11.4.4]; extensions of this product to various currents are recalled
below.) For Z € Z}(Y), we will define the fundamental class in cohomology [Z] € H n(y, Z(n)),
and denote by ZJ (Y )hom C Z4(Y') the subgroup of those Z with [Z] = 0.

Using C-coefficients unless otherwise specified, the intermediate Jacobian is defined to be J*(Y) =
FrH> =Y Y)\H?"Y(Y)/H?*"1(Y,Z(n)). (In the classical case of [singular] curves, J(Y) is termed
the generalized Jacobian of Y. Thus, a more consistent terminology would be the generalized inter-
mediate Jacobian; we shall omit the term “generalized”.) It is known that there is a canonical iden-
tification J™(Y) & Extiys(Z(0), H?"~1(Y,Z(n))) [Cal]. In fact, by a well-known result of Deligne,
the weights of H?"~1(Y,Z(n)) are in degree (—1) or less, and hence the given extension group is
separated, meaning that it is the quotient of a complex vector space by a discrete subgroup. The
existence of a weight filtration on J*(Y) (induced from that on H?"~}(Y), cf. IIL.A.28(b)) follows
from [Ca2]. There is another canonical identification

JUY) 2 (F" U Hy, (V)" / H2Y(Y, Z(n)) (IILA.1)

that will be central to the study of limiting Abel-Jacobi mappings.

There are three main purposes to this section (beyond setting the stage for II11.B): the first two
are

(i) to define an Abel-Jacobi map Zy(Y Jhom — J"(Y); and

(i) to interpret this map in “classical” terms — i.e., as integrals over chains — using the identi-
fication (1II.A.1).
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This will be done via the following programme:

Step 1: construction of currents for the de Rham homology and cohomology of Y (together with
the pairing);

Step 2: construction of chains (integral currents) for the Betti cohomology of Y;

Step 3: definition of the motivic cohomology groups H/Q\TFM(Y, Z(n)) via a complex of higher Chow
precycles (from [KL]), and the map

Z3(Y) — HiG(Y. Z(n)); (IILA.2)

Step 4: definition of the Deligne cohomology groups HZ""™(Y,Z(n)) and (suitably adapting [KL)])
the Deligne cycle-class map

H3H(Y,Z(n)) <2+ HE (Y, Z(n)); (ILA.3)

Step 5: definition of the subgroups H3%(Y, Z(n))hom and Z5(Y Jhom, and of AJY H3(Y, Z(n))hom —
J™"(Y) (by restricting cp);

Step 6: description of AJy in terms of improper integrals against integral currents; and

Step 7: specialization of this description to the map in (i) above — that is, to the image of zy (Y )hom
by (IIL.A.2).

The semisimplicial structure arising from a hyper-resolution of Y induces compatible weight
filtrations on the terms of (III.A.3). We can now state our last main goal:

(iii) to understand the weight-graded pieces of cp in terms of requlator maps on higher Chow groups
(and how this relates to the map in (i)).

This is done in Step 5 (cf. (III1.A.29)ff); also see the running example in Steps 5-7 and Theo-
rem IV.4 (and its proof).

Step 1: Using the (mostly standard) notation

o [I|=0+1if I ="{i1,... 0041}

o Y =Niery;

o VI =111 Y]

® jr;: Yiugy < Y1 the inclusion (for j ¢ I)

e (I), := position of i in I (in the sense of ({i1,...,im}); =k for iy <. <ip)

o V.= UjerYiugy C Yr
we shall construct double-complexes of currents whose associated simple complexes compute ho-
mology and cohomology of Y (with C-coefficients). A partial regularization of the homology chains

is then necessary to pair them. The use of currents to represent cohomology may seem perverse,
but is necessary in order to receive the explicit AJ maps from motivic cohomology.

Denote by A"(X) the smooth degree-r forms on a complex analytic M-manifold X.

As a notational template for what follows, we shall recall the usual double-complex of C'*° forms
for computing cohomology of a SNCD in X from [GS p. 71], [KK pp. 151-153]:

Ag}k(n) — A2n+k(y[£}) — @|I\=€+1A2n+k(yl) (IILA.4)

with differentials dj : Ai}k(n) — Ai}kﬂ(n) resp. dj : Ai}k(n) — A€,+1’k(n) given by exterior dif-

ferential d resp. “intersection differential” 03 := 3 /444 Zj@(—l)mw{j}(‘]]’j)*. The associated
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Mayer-Vietoris spectral sequence degenerates at Fa, and converges to H*(A$.(n)) & H?"*(Y),
where the total complex Ay} (n) := EBH;C:mAf}k(n) has differential dy + (—1)*d; = d. (In general

for our double complexes, the total differential is a doubly-underlined version of whatever dj is.)
The “natural” weight filtration W_; on H*(AY,(n)) is defined to be the image of all d-cocycles
with entries zero above the (—7)% row; shifting this up by 2n gives the usual weight filtration on

cohomology. Another important bit of general notation for double-complexes is

(Vg0 AP (n) — AYE(n); (IILA.5)

given £ € Ai}k(n), €,ed

o4k =L+

oK oy ! 1.1\th O» (flvk/) 7£ (E, k)
Ay* (n) has by definition (¢/, k') entry { & (W) = (0k)

Now let U be an open set in X. The currents K € D"(U) on U are continuous linear functionals
on compactly supported forms a € A2Y~"(U), with the pairing frequently written (K (a) =) [;; KAa
and dK € D"TY(U) defined compatibly with integration by parts. The (locally) normal currents
NT(U) are those K for which K, dK are Radon measures [Kil, p. 43], and include the currents of

integration or over piecewise smooth Borel-Moore (2N — m)-chains I'. The complexes A*(U) &
N*(U) < D*(U) compute H*(U) and sheafify to complexes of fine sheaves Ay — Ny — D% with
hypercohomology groups H*(X); in both cases the quasi-isomorphisms are Hodge-filtered.

W C Xisa (complex) codimension ¢ submanifold, then there is a natural Gysin (push-forward)
map of complexes 2, : N*(W) — N*t2¢(X) (likewise for D*) inducing H*(W) %5 H**2¢(X). (In
general, push-forwards of currents are defined simply as the adjoint of pullback on C'*° forms.) Cur-
rents cannot in general be restricted (there is no +*); however, there is a (filtered-)quasi-isomorphic
subcomplex N*{W}(X) C N*(X) of “W-intersection-type” normal currents which are “current-
transversal” to W and do admit pullback (compatibly with d). Roughly speaking, if W is cut out

locally by y = 0, K A d?y and dK A d?y must be locally L'; in C?, the current of integration over

(say) 2 — 2* = 0 is current-transversal to the z-axis, so it is a weaker notion than the usual

“transversality” .

In fact the story we will review is that where W is replaced by a SNCD Y = UY; C X (with
7i + Y; — X). We shall use the notation A®*(X,log (Y)) for the C*° log complex, which computes
H*(X\Y) and which (as global sections of fine sheaves) it suffices to describe locally: if UNY =

2 dZ,L
{21+ 2, = 0} then A*(U,log(UNY)) =3, A (U)® c%, where %L = L AL A UL: the

zZr Zil ZilIl
exterior derivative induced from d on the smooth part is denoted “d” (quotes included).

The definition of intersection currents is complicated and readers after the main ideas may wish
to skim from here to (III.A.9). Let 7 :=characteristic function of X\Y7, and )\Z(;I) be a sequence of
smooth “cutoff functions” (compactly supported on X \Y7) limiting to ¢ as in [Ki2, p. 192]. For K, €
N7T(X\Y;) admitting a simple extension Ky € D"(X) (cf [op.cit.]), we have (for a € AZM=r (X))
I?o(a) = limy .o KO(AI(,I)a). By “multiplication by ¢;” we shall mean the map N"(X) — D"(X)

[well-]defined by 7K := (K|x\y,) (cf. [Kil, p. 43]). K € N"(X) is of Yr-residue-type if 1K = K
and ;dK € N™"Y(X), and Y;-transversal if also ¢;dK = dK; for K of Y;-residue-type, Resy; (K) €
NT7L(Y;) is defined by 27v/—1()s Resy, (K) := dK — 1;dK. There is no closedness assumption for
taking residues.

Now write s;(K) := (K|X\Yi A dz—zi"), if this exists; a Y;-transversal K is of Yj-intersection-type,
ie. K € N"{Y;}(X), if s;(K) and s;(dK) exist and are normal of Yj-residue-type. (Note that in
this case, s;(K) is the unique normal current satisfying K A dz; = z; - s;(K).) The intersection
75 NT{Y;HX) — N7(Y;) is then defined by jf K = Resy, (s;(K)), or (3i)«)f K = d[si(K)] — s;(dK).

We refer to [KL, Def. 8.5] for the full definition of Y-intersection-type currents K € N"{Y}(X).
Three main points are that
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(a) there are normal currents S; (resp. &5) [e.g., S; = s;(K)] in N”“"I'(reSp‘H){Uﬁ]Yj}(X)
playing the role of K A % (resp. dK A dg),

(b) i K = Resy; (S;) defines a map 77 : N"{Y }(X) — N"{Y}(V;), and

(¢) N{Y HX) — N*(X) is an F*-filtered quasi-isomorphism [KL, Lemma 8.7].

We will also need the following

LemMA TILA6. (i) For K € N"{Y }(X), 5; ;i K = 75,01 K.

(i) There is a natural map N"™{Y }(X) ® A* (Y,log (Uie1Y;)) 2 NT5{Uj g Y;}(X) inducing a
pairing
NTYH0) @ 4P (X Jog (V) H0 €,

and we have (j ¢ I) Resy;(K A a) = 57K A Resy, (a).
Proof. (i) By injectivity of the push-forwards it suffices to check

Dixdi 15+ 0] K = 95207 2ix; K. (IIL.A.7)
First, we claim that s;(S;) = Sj;, again referring to [KL Def. 8.5]. For 2 normal currents A, B of
Yi-residue-type satisfying z,A = z;B, we have A = B, as (A — B)(a) = lim,, (A — B)()\;a) =
limy oo [24(A — B)] (2

Zi

O4> = limp_wo 0 = 0. Since z; - (Sz A de) =z (Sijzj), Siij =5 A de =

~——

X\ 25

@Z)jSl- VAN de = S@’ /\Xdz] =2zj- <S¢|X\Yj A dz]) = Zij(Si) - Sij = SJ(Sl)

Next, we claim that S; and &; (cf [op. cit.]) are of Yj-intersection-type. The required Y;-
transversality follows from [op. cit., 8.5(b)(iii)], and (using arguments similar to the above)

s;(Si) = Sij, s;(dSi) = —1;dSi;, $j(6i) = Gij, 5;(dS;) = 1;dS;
resp.
5i(95) = =Sij, si(dS;) = —idSij, $i(6;) = =6jj, 5i(dG;) = —1hidS;;
are of Yj- resp. Yj-residue-type. Now (III.A.7) becomes
(1 —1b)d[si(dS; — &;)] = (1 — ¢;)d[s;(dS; — &;)];
in fact both sides of this are supported on Y;;, and we have
(1 = ¢i;)d[si(dS;) — s:(6;)] = (1 — 1byj)d[s;(dSi) — 5;(S4)]. (IILA.8)

(Note that 1 — v — 15 + {¢i10;} = 1 — 1045, in the sense that this holds for the cutoff functions,
where {1;1);} means to take simultaneous rather than successive limits.) Subtracting and using the
formulas above, it remains to check that

(1 = vij)d[26i; — ¥idSi; — ¥;dSi;]
is zero. Now dS;; (using [op. cit., 8.5(b)(iv)]) is invariant under multiplication by 1;;, so that
(¥i +95)dSij = {i; }dSi; + dSij = &5 + dSij;
moreover, ddS;; = 0. So (III.A.8) becomes
(1 — tbij)dSy;,
where again KL8.5(b)(iv) says &;; is Yjj-transversal, in particular dS;; = 1;;dS;;; done.

(ii) Working locally and writing o = ZIdTZII Aoy with a; € A5 (X)), we set K A o :=

YuSiNar = lej StANar+>. 1 SrAar where the j ¢ I term is Yj-transversal (j is fixed).
jgrI
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Then
. dzp ;
7jx Resy; (K A @) = 7« Z(—l)mi’ Resy; <Sj AN 041)
[gj Zl\j
_ * ) dZ[\] *
== S K A D (14 ANJjar | ¢
]3]' ZI\j
details are left to the reader. O

In view of Lemma IIL.A.6(i) we may unambiguously define 75 : N"{Y }(X) — NT{YT}(Y]) by
iteration of pullbacks (in any order).

Now take M = 2n(= dim(X)). We are ready to define the intersection-current analogue of
(ITL.A.4). Writing D%, (Y1) := N"{Y'}(Y7) we set

Dy (n) = @1—1 DYH(YD), do =d, dy =95, (IILA.9)

with Hodge filtration Fpr/’k(n) = EBFpDi"+k(Y1). That the total (simple) complexes compute
H?"*(Y) and FPH?""*(Y') (resp.) follows again from the Mayer-Vietoris s.s. and strict compati-
bility of all maps with F°.

Ultimately we are going to represent (a lift of) AJ of motivic cohomology of Y by d-cocycles in

the total complex of Df}k_l(n), and view these as functionals on homology of Y (cf. (III.A.1)). To
that end, if we put

[F 7P| AL (log) (—n) := @|pj=py [F2 P71 AP 2R (Y7, log (Y1) (IIL.A.10)

then by Lemma III.A.6(ii) there are pairings Df}kil(n) ® A}fk(log)(—n) Lo C. The catch is that,
while we shall write [F~P]AY (log)(—n) for @y k—m of it, (IIL.A.10) is not a bicomplex (and though
one could define at least a vertical differential, we will not).

Instead, we include it in one, as follows. For (dim¢ X =)M arbitrary and any w € A9(X,log (Y)),
n € A?M=4(X), the integral f ¢ wAn is absolutely convergent, and this leads to a Hodge-filtered inclu-
sion A7(X,log (Y)) < D%(Y'). This is not a map of complexes, since dw = “d’w+2my/—1>"; 7ix Resy; (w)
(where d is the differential on currents). Now taking M = 2n, consider the homological bicomplex
(F'* same as in (II1.A.10))

D} (—n) == & pj=e1 DY), do=4d, dy =Gy (ITL.A.11)

where Gy = 2mv/ =137/, Ziel(_1)<i>l(91\{i},i)*v both d; decrease indices, and d := (—1)*{do+d; }.
Then [F*]Azk(log)(—n) C [F*]Dzk(—n) (and [F*]AY (log)(—n) C [F*]DY(—n)) are subspaces;
since there is no Gysin for C*° log forms (and as before “d” and d disagree) we shall leave it at
that.

The main point is that the total complex of (III.A.11) computes homology of Y
H.(F7?D) (—n)) & F P Hy,_1)1.(Y,C), (IL.A.12)

and we want to be able to partially regularize d-cycles (representing classes in (III.A.12)) so that
they pair with representatives of cohomology.

PROPOSITION II1.A.13. (i) Every K € ker(d) C F~""' D} (—n) may, by addition of a (d-)boundary,

be moved to lie in the subspace ker(d)N F~"+1AY (log)(—n).

(ii) Writing w = {wl%}y50 = {wr} 50 € ker(d) N AY (log)(—n) and k = {kl1} € {ker(d) C

Il =¢+1 =

Dy (n)} for representatives of classes in Ho,—1(Y) and H*»~1(Y') (resp.), the “summing along the
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diagonal” formula (k,w) = ZQO(—QW\/—l)E D\ |=t41 sz k1 A wy induces a well-defined pairing.

Notation here is that e.g. !9 = {K1}1)=¢41 1s the entry of & in DZ_K(—n); also write (-), for the
inclusion of szg(—n) — D{ (—n). We need the following

LEMMA IIL.A.14. Let W = UW,, C Y; be a SNCD, and let Q., € FP~A™"1(W,, log (W7)) be
such that (considered as a current) d . 18y = 0. (That is, Res,, {1y, + Resy, Qy, =0 on Wy,
Vy1 # vY2.) Then 3 Q € FPA™(Y],log (W)) which (viewed as a current) has d) = 2my/—1 >y bySly
mod A™L(Y7).

Proof. Let {Bg} be a system of polydisks C Y; covering W, and let {ng} be C'° forms giving a
partition of unity on W and falling off to 0 outside W. For some 3 let U = Bg, so that W NU =:
V = UV; = U{z; = 0} in local holomorphic coordinates.

For each j write Q; = Zjaj(—l)@JajJ A iZJ—J\\jj for a*j] c A%V (with af =0 for |J| < p).

: — , 0, = G atE g (x5 ol — % ol dZ7\ {5k}
Now on Vji, 0 = RespQj + Res; @, = >- 0, o (1) (o — op ) A By
J _

5 = szag =: oz}.]k V J and j, k € J. From this it is clear that for j € Jy C J, setting afo = L?Oaj
is independent of the choice of j € J; and that (writing 7, : (Bg =)A? - A9~1%0l for the projection
killing z;,) o’ := 20— DM X o= ﬂjoajo has L;fa‘] = a}-] Vj.

Setting Q8 := J al A % then solves the local problem, and ZWQB the global problem. [

*
ijOé

Proof of IIILA.13. (i) Let £ > 0. By an “(¢ + 1)-log-smooth 0-cycle” we mean
K ={KWO g gl o2 e ker(d) ¢ FTTIDY (—n),

with all w’s C* log. Tt is enough to produce I'¥ € Fr—¢p2n—t=2(yl) st. K — Q<FV]>Z is ¢-log-
smooth. Since each dK; = 27\/j12j¢1(—1)<j>lu{j}(][’j)*wlu{j} and ddK; = 0, Lemma III.A.14
applies and 3 w; € F" A1 (v log (Y1) with d[K; — wy] € FPtA™(Yy) V|I| = £+ 1.
By acyclicity of % 3T, € Frtp2—=2(Y;) and Q; € FP A1y} st Kj — wy =
d[l'7] 4+ Qp; that is,

d (L1}, = (Ko}, — (s +wih) % (GyrtD)

and we are done.
(ii) (0-)log-smooth O-cycles which yield trivial homology classes can be written as d of elements
of AY,(—n) (no log poles). The well-definedness is then a messy but straightforward exercise; left
to reader. 0

Here is a useful statement characterizing log-smooth representatives of homology classes.
Observation. Any collection {w;} € F~"1 A} (log)(—n) which is d-closed (in D} (—n)) satisfies
wy = :l:ReSJ\{i}(wi) Vi € J; (HI.A.15)

that is, the wy for |J| > 2 are determined by the w; on the irreducible components of Y. In fact,
given {w; € A?"1(Y;,log (Y"))} “d’-closed and satisfying merely Res; w; + Res;w; = 0, (IIL.A.15)
produces such a collection {wr}.

Proof. Viewed as currents, they Inusfc satisfy dlwy] = 2mv/—1 Zj¢1(—l)<j>w{j}(]Lj)*wlu{j}; clearly
this forces “d”w; = 0. So zjgl(—l)mIUU}(j[,j)*Resj wr = T\lﬁ{dw[ — “d’wr} implies Res; wy =
wrugjy> and (IILA.15) follows from Res;—g;, ;3 = Res;; o--- o Res;, . Indeed, (IIL.A.15) is clearly

(together with “d”-closedness) a sufficient condition for d-closedness; hence (using the well-known
commutativity of “d” and Res) the last statement. Ul
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Remark. For any a € A"(X,log (Y)), Resy;; (Resy;(a)) = — Resy;; (Resy; (a)); a need not be closed.

It is enough (by continuity) to check this in a neighborhood of a point y € Y¥; N'Y; where z;z; = 0

defines Y: if o = ag + oy A 42 +aj/\%+ozij/\ dzi p 92
J

24 2 2z

(v, v, o, a5 locally smooth) then both

sides equal (—1)deg(a)];‘jaij.] So putting w; = Resy;(«) for such an « is one way to get {w;} with
compatible residues as above.

Step 2: Assume that all the integral cohomologies of the Y are torsion-free (otherwise the con-
struction here is valid ®Q). We shall construct a double-complex out of certain generalized chains
on the Y computing the integral cohomology of Y. The chains must admit (71,5)-pullbacks (i.e.,
intersections) for this to work, and at first glance piecewise C™ chains on Y7 with a Y/-transversality
condition (in the sense of differential topology) would seem to suffice. However, in subsequent steps
we will need these chains to include (for example) all algebraic cycles (on Y7) properly intersecting
(all substrata of) the Y/ — so we must admit chains with intersections “in the right codimension
but to arbitrary order” still producing chains of the given class. While this can certainly be done
for C*° chains, it appears to be more natural (especially for the proof of Theorem III.B.5) to use
the already extant theory of intersection integral currents.

For an open set U as in Step 1, the (locally) integral currents Z"(U) are those T' € N"(U)
such that T',dT" can be locally approximated (with respect to a natural metric on normal currents)
by integration over Lipschitz chains (cf. [Ki3, p. 193] for details). They include C*° Borel-Moore!
(2M — r)-chains and, for r even, algebraic cycles (i.e., integration over these; we shall frequently
suppress the distinction); and one has H*(X,T%) & H*(Z*(X)) & HBM (X,Z) = H*(X,Z).
The pairing of w € A2M=7(X) and I' € Z7(X) will be written in one of several equivalent forms:
INw) = fr w= [ y ' Aw; if they are not of complementary degree then I' A w is a normal current.
For integral currents we write 9 in lieu of d.

Referring to the definition of normal currents of intersection type with respect to a SNCD
Y C X [KL, Def. 8.5], we define the subsheaf Z%{Y'} C Z% N N%{Y} by requiring in addition that
for I' e ZW{Y }(U)

(a) [support condition] supp(I') NY; = 0 VI with 2|I| +r > 2M,
supp(OT') N Yy = 0 VI with 2|I| +r + 1> 2M, and
(LIL.A.16)
. . o . * r I
(b)  [intersection condition] j7I" belongs to Zy. {Y* }(U N YT)
(as opposed to merely N{}I{YI}(U NYr).

We will sometimes write Y7 - I" for 71"

LEMMA II1.A.17 (Poincaré Lemma). I%{Y} < T%.

Proof. Essentially the same as the proof of [Ki2, Lemma 7.12], with an induction on the depth of the
SNCD, and with A™{U™,{z; = 0}} (the braces enclose what one must be current-transversal to)
replacing A™{0}. The induction obtains from noticing that a compact-supported 0-closed integral
current of degree 2m is 0; while the support of one of lesser degree cannot (by condition (a)) intersect
the origin. Hence it is compactly supported on A™\ {0} and the intersection divisor is now of depth
r — 1. Applying the induction, the current is equivalent (in the intersection complex, modulo image
of 9) to 0, a point, or the sphere S?™~1 on A™\ {0}; on A™ this is B" (and B" is of intersection

type). O

!i.e. not necessarily compactly supported (they are functionals on compactly supported forms)
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The groups C (Y7) = CL (Y13 Z) :== I7{Y1}(Y7) will be referred to as the “intersection cochains”;
we also define C (X) := I"{Y }(X) and
Co(Y) 1= ker{@,C (Vi) B @i, C(YVij)}-

The latter are collections of (not necessarily J-closed) “chains” {I';} satisfying I'; - Y;; = T'; - Y};
Vi, j. From the Mayer-Vietoris spectral sequence and Lemma II1.A.17, it follows that

By (n) i= &)1 CF (Y1 Z(n)), do =0, dy =0y (IIL.A.18)
has H*(By.(n),0) = H*"™(Y; Z(n)) (where Z(n) := (2m/—1)"Z).
We need a technical result on cochains ' = {T% T T27=1} in the total complex (the main

points of which are (iv),(v),(vi) below). Let AN =: U o’ V U Vi=Ul {z =010V =UV
for k < k¥ < N, and Z¢

0@, NE E) == @ = Te(V1, I}, {'VI}) with intersection dlfferentlal
c{,..., K}
95 (on II.OC((L N, K, k)).
LEMMA IILA.19. (i) To(U,Z{'V}) — {ker(85) C IV (¢, N, k', k)}

(11) Hl( IOC(q7 Na k/a )) = {0}7 i 7é 0
(iii) H (By*(n)) = {0} for i # 0
(iv) CL (X Z(n)) - C (Y, Z(n)) = {ker(d5) C By(n)}

Czn((‘;z z?y)g];cocycle v (in By(n)) can be moved into {ker(9) N ker(9;) C Bg/’o(n)} = {ker(0) C

(vi) Any (—1)-cochain I' (in By, (n)) bounding on a 0-cocycle v in Bg;o(n) (O = v) can be
moved into {ker(d5) C B%_l(n)} = C’i"_l(Y; Z(n)).

Proof. The main issues are (i) and (ii). Once these are known, (iii) and (iv) follow from (resp.) (ii)
and (i) [by taking a cover of (X,Y) with each neighborhood homeomorphic to a situation of the
form (U, V)] as the sheaves of integral currents are fine. (v) and (vi) are immediate consequences of
(ii).

(i) We have T; € To(V;, Z.{'V*}) (i = 1,...,k) with 55T = j;T'; in each Vj;. Suppose that I'y
thru I';,—1 are identically zero; then (writing X for exterior product) Tpoi= 2 ([—6,¢)) BT, €
Lo (U, Z{'V}) has g5, T = Iy, and 3Ty, = 23,1 ([—€, €)) K giTy, = 2 ([—€, €] ) Ky, = 0 for i < m.
A simple induction completes the proof.

€

(ii) We induce on k (with N > k' > k). Define a map Z¢_(q, N, k', k) — Z¢ (¢, N, k', k — 1)
of complexes by forgetting all indices I containing {k}. Given ' € ker(d5), by induction we
have g{k}(l“m) = 051, Writing €1 for the lift of ¢[=1 obtained by taking §10 =0Vl >
k, (F[Z] — 835[2_1]) ;7 = 0 for [all T with] k& ¢ I. The problem therefore drops to the subcomplex
72 (¢, N — 1,k — 1,k — 1)[-1] if £ > 1 (the [-1] replacing ¢ by £ — 1, and A" replaced by Vj).
Eventually ¢ = 1, and we are reduced to the “base case” (i) already proved. O

Step 3: This and the next step are mostly summaries of material from [KL, §8.2-3] and [KLM,§5], to
which we defer more technical aspects of the story. (Points related to the integral currents introduced
here, will be carefully explained.) First, we will define a 42 quadrant bicomplex computing motivic
cohomology of Y. In general, an algebraic cycle on a variety X will be said to properly intersect a
SNCD Y if it meets all the Y7 (not just the Y;) properly.

Begin with a version of the affine line: O := P!\ {1}. We call (09 the “algebraic g-cube” with
coordinates (21, ..., 2q); its facets are the irreducible components of 0009 := {z € 09| z; = 0 or oo for
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some i}. Let X be a smooth complete algebraic variety /C, ¢?(X,q) the codim.-p cycles on X x (09
meeting X x 907 properly, and dP(X,q) the facet-pullback (“degenerate”) cycles amongst these;

then ZP(X,q) := f;g”g)). Out of these “higher Chow precycle” groups one constructs a complex

ZP(X, —e) with differential 0z (B =Bloch) obtained by alternating facet pullbacks, and cohomology
the higher Chow groups

H*(ZP (X, —e)) =: CHP (X, —x) = HiZJF*(X,Z(p)). (IT1.A.20)
For example, W € ZP(X, 1) has 9pW := W (X x {0}) — W (X x {o0}) € ZP(X,0) = ZP(X); clearly
im(0g) is just the rational equivalences, so CHP(X,0) := % = CHP(X). One can think of

CHP(X,1) = % as “empty rational equivalences modulo higher rational equivalences”.

On a singular variety the second isomorphism of (III.A.20) is no longer correct (CH is motivic
Borel-Moore homology). To compute H}, we need Levine’s “intersection higher Chow precycles”
ZP(X, q)y meeting the SNCD (X x 9009) U (Y x [O09) properly, so that the differential 93 can be
constructed. Moreover, to ensure that certain “KLM currents” on X attached to the precycles are
well-defined (which will be used for the AJ map), we require them to meet properly certain real
semi-analytic subsets of X x [J9. These conditions (cf. [KLM §5]) cut out Z§(X, —e) C ZP(X, —e),
and have been refined in [KL, §8.2] to define a subcomplex Zg (X, —e)y C ZR(X, —e) N ZP(X, —e)y

on which the cycles and KLM currents both admit pullbacks: e.g., ZR(X, q)y 2, ZB(Yi,q)y: (also
written -Y;). That all these cycle-complexes are quasi-isomorphic is checked in [KL, Lemma 8.14].
Writing for simplicity Z;;(Y[, q) := ZK(Y1,9)yr, we now have the

DEFINITION. The motivic cohomology of Y is defined by
HY ™ (Y, Z(n)) == H™(Zy(n), dp),

the total cohomology of the double complex
2y (n) := @\ pme1 25 (Y1, —k), do = g, di = O5. (IIL.A.21)
n n 0 n i
%u%wy:@q@ﬂgnyL@Kgﬁm%:{@@@mzym&.

Of course, (II1.A.21) is just as valid with X replaced by an open analytic subset X still containing
Y, and we can take Zy (X) to consist of complex analytic cycles of codimension n meeting Y (i.e.
all the Y7) properly. We then have the key composition

Z0(x) -5z v) B 53y, zm)), (IIL.A.22)

where [y is {ker(%) ﬂZ?/’O(n)} &) {ker(%) C Z?/(n)} — HO(Z3(n)). That .* = @)} sends
Z € Z(X) to Zy(Y) encodes the fact that (Z-Y;)-Y; = (Z-Yj) - Y;. The same reasoning applied
to objects from Step 2 leads to

ker(9) C v ker(9) C [ oon
{ CF(X;Z(n)) }_>{ C2M(Y;Z(n)) }—>H (Y, Z(n)). (IIL.A.23)

LeEMMA II1.A.24. Mapping algebraic cycles to the currents of integration over them (viz., Z —
(2my/—1)"dz) sends the first two terms of (I111.A.22) to the first two terms of (III.A.23), producing
a commutative square.

Proof. That this map “intertwines intersection” (i.e., dz.y; = 570z) is just [Ki2, Prop. 7.8] applied
inductively. That (for Z € ZJ (X)) dz is an SNCD-intersection current does need to be checked; one
must bound the integrals of C*°log (Y) forms over | Z|. This is done by a (branched) finite-degree
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projection from | Z| to a polycylinder of the same dimension, followed by a polar integral argument
(essentially ‘HZ Ja. dz%idi’" < 00); this is standard. O

The next step will provide a map extending this commutative square to the right-hand terms of
(IT1.A.22-23).

Recalling the natural weight filtration on total cohomology of (cohomological) bicomplexes
from Step 1, we clearly have WoH3% (Y, Z(n)) = H3(Y,Z(n)) (since Zy°(n) is 42 quadrant) and
W_y—1H3(Y,Z(n)) = {0} (w =depth).

Ezample. (w=1)Y =Y1UYs and Z; € Z;;E(Yl) (1 =1,2) with Z;-Y12 = Z3-Y19, so that Z € Z;;(Y).
If Z; =, 0 Vi, ie. IW; € ZL(Y;,1) with 0W; = Z;, then (in Z3(n)) ({Zi}), — 98 ({Wi})y =
(W3- Y12 — Wi - Yi2), . That is, [Z]a is represented by the difference of the restrictions of the

rational equivalences to Y12; and so [Z]p € W_1H33(Y, Z(n)) = 5 (6321{"8;3(1; Dy
J i=1 2]

Step 4: Our warm-up act here is to map from (III.A.21) to (III.A.18). There is the evident morphism
of complexes Zy"(n) — By’(n) induced (as in Lemma I11.A.24) by Z — (2m/—1)"dz. More
generally, let R~ =negative reals on P!, oriented (as a real analytic chain) so as to have OR™ =
{0} — {oo}. Viewing W € Zék(n) as a correspondence W C Y14 x (P1)~* we may use it to push
(2my/—1)" times the chain R™ x --- x R™ =: T_ down to Y to obtain a map Zék(n) — Bf}k(n)
(—k) times

commuting with the two differentials (cf. [KLM, eqns. (5.4-5)] for dp; “formally obvious” for di,
but see the Remark). This induces the fundamental class map H/2\Z+* (Y,Z(n)) A H (Y, Z(n))
promised (for x = 0) in Step 3; the image of [Z]a (cf. (III.A.22)) will by abuse of notation be
denoted [Z].

Remark. A real analytic (R®) r-chain is any I' € Z?M~"(X) representable as a locally finite sum of
[integrals over| oriented R semianalytic sets; I', I” meet properly if the real analytic dimensions
of the intersections of supports of T',OI', TV, 0I"” are not larger than expected. If I' and Y (i.e. all
Y7) meet properly, then the bounding argument of Lemma III.A.24 goes through using [Ha, Cor.
2.9], making ' € Z?M="{Y}(X); in fact, by [op. cit., Thm. 4.3] (and the coincidence of 75T" with
the corresponding Federer slice), 57" is again R®"*. More generally, Hardt has defined [op. cit., §5]
a proper intersection theory for R** chains which includes such pullbacks (to C-submanifolds) as
well as intersections of C-algebraic cycles. In our setting, the R®" intersection conditions of [KL,
Def. 8.2] on W ensure that W - (Y7 x T_;) meets (Y; x O7%) (J 2 I) properly, making it (and
hence its pushforward to Y7) of intersection type. Compatibility of our map with d; then follows
from associativity and commutativity of Hardt’s product.

In order to augment our fundamental class map [-] to a Deligne cycle-class map, we must intro-
duce our last bicomplex:

K3F(n) := B (n) @ FP DY (n) @ DY (n), do = D, dy = 05, (IIL.A.25)
where D is the “cone differential” sending a triple of currents (71, QI Rl) ¢ Kék (n) to (—orld,
—dQl¥ dRlY — Q¥ 4 718y ¢ Kf,’kﬂ(n); H*(K3(n), D) =: HZ" (Y, Z(n)) is the Deligne cohomology.

=

L,k
Following [KL, §8] we shall now define a map of bicomplexes Zék(n) o, Kék (n) by associating to
a higher Chow precycle in A (Y7, —k) its triple of KLM currents on Y7,

W o (—2my/—1)n ((%ﬁ)—kTw, O, RW) . (II1.A.26)

(More precisely, the @7—¢41 of (II1.A.26) gives 6%’“; note that Tyy has been constructed above.)
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Start with the currents on (P')=%: T, := (R™)*(=F) e 7F; Q_,, := ‘i—? ARRRWAY dzz_—‘kk € FENF,

_ 1y — o \dz -
and B, = R(z1, ., 2-1) = X5 (<) 2y )i~V og™ () B2 A A2k g, e
N~F=1 Here log™ z is the O-current on P! given by the principal branch of logz on IP’l\Ri—, and
satisfies dflog™ z] = % — (2my/—1)dg-; one has also ——d [£] = 050} — 0{oc}- These identities lead

2my/—1 z
to the more general formula? (cf. [KLM, §5.3]) on (P!)~*
d[R_1] = Q_p — (2nv/—1)"%67_, + {Res-terms supported on o0-k}. (IT1.A.27)

To obtain the KLM currents we again use W as a correspondence C Y7 x (P!)™F to transform
T ., Q—k, R_j. According to [KL, Prop. 8.17],

T (Syy - T {T g, Q_p, resp. R_p}) =: {Th, Qy, resp. Ry}
are defined, belong to {Ci”Jrk(Y]), F”Di”‘*‘k(Y[), resp. Di”‘*‘k_l(Y[)}, and cause (III.A.26) to in-

tertwine do and d;. For dy, this is a consequence of the relation d[Ry] = Qw — (2mv/—1)"%dp,,, —
27/ —1Rp,w implied by (III.A.27). The end result is the map of total cohomologies

ep: Hyt™ (Y, Z(n)) — HET(Y, Z(n)),

compatible with natural weight filtrations (arising from the double complexes).

Ezample. Given a codim.-(n — 1) subvariety W C Y7 with desingularization W “% Y7 and morphism
f: W — PL (). of the “graph” of f in W x P! yields a cycle W € Z™(Y; x P) (also written
(W, f)). If this lies in Z;;(YI, 1), then from 73 =R™, Q; = dz—z, Ry =log™ z one has Tyy = (¢w)«TY,
O = (Lw)*%, Ry = (tw)«log™ f. In the simple case where W = W, the proper intersection
conditions can be described in terms of codimensions of (open subsets of) subvarieties of W: for each
J 2 1,let = |J| —|I|; then codimp(f~*(R™) Ny (Yy)) = 2r +1; codime (f71{0, 00} Mgyt (V7)) =
r+1; f =1 on any components of L;VI(YJ) of C-codim > r; and finally, if f = « (constant) on W,
then o ¢ R—.

Step 5: To extract (for * = 0) the AJ map from cp, observe that the identification (abbreviating
K3 (n) by K*, etc.) K* = Cone {B®* @& F"D* — D*®} [—1] produces a long-exact sequence
— H YB*@® F'D*) - H YD*) — H(K®) — H*(B*® F"D*) — H°(D*) — .
In its short-exact truncation
HY(D*)

HO(B*) @ HO(FnD*) = HK)

5, ker {HO(B*) ® HO(F"D*) — H(D*)},
a,( are induced by R — (0,0, R) and (7,9, R) — (T,9). Of course, this s.e.s. is nothing but
0— J(Y) & HE(Y,Z(n)) > Hg"(Y) = 0

n H>n -1y ~ n— n
where J (Y) = F”Hanl(Y)_t'_Hg")*l(Y7Z(n)) = Ethl\/[HS(Z(O)7H2 1(sz(n))) and Hg (Y)

F'H?(Y) N H*(Y,Z(n)) = Homyps(Z(0), H*(Y, Z(n))).

Pullback along the desingularization Y ! 2 Y induces a morphism of MHS hence o* : Hg"(Y') —

@;Hg" (Y;). Since weights of H*"(Y, Z(n)) are < 0 and G}/ H?"(Y,Z(n)) & ker { &; H*"(Y;, Z(n)) et

®icjH*(Yj,Z(n))}, o* is injective. This (and similar arguments) justify the

2In general we abuse notation by writing dr for integral currents T when they are added to more general normal
currents.
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LEMMA-DEFINITION II1.A.28. (a) H3%(Y, Z(n))hom := ker(cl) = ker(Bocp) = ker(c* o Bocp), with
the W,-filtration restricted from H33(Y, Z(n)).

(b) The Abel-Jacobi mapping AJy : H33(Y,Z(n))hom — J™(Y) induced by cp is compati-
ble with weight filtrations, where W_;J™(Y) = Extys(Z(0), W_;_1H?*""1(Y,Z(n))) is the one
restricted from Hp. (Note that we have GrKVjJ”(Y) = Extll\/[HS(Z(O),Gr%,lH%_l(Y,Z(n))); in
particular, Gry J"(Y) € @;J"(Y7).)

(c) For Z ={Z;} € Z(Y) (cf. (IILA.21)ff), the equivalent conditions [Z] € H3 (Y, Z(n))hom
= [Z]=0€ Hg"(Y) <= [Z]=0¢€ Heg"(Y;) (Vi) define ZL (Y )nom. For such Z, AJy([Z]m) is
notated AJy(Z), and Gry AJ%(Z) = {AJY. (Z;)}.

(d) Taking Z7 (X )pom := ker {Z;;(X) — H2(C3(X; Z(n)))} (cf. Lemmas III.A.17 and II1.A.24),
(25X hom) © Z3(Y Dhom-

There are now two crucial observations. First, viewed as a map of complexes (in k) for each fixed
{>1, 5ék is the KLM map on Y inducing

A
cHr (Y[, o) X8 gty ) .= Bxtl (Z(O),H2"_£‘1(Y[Q,Z(n))> . (II1.A.29)

Therefore, Gr‘iVKAJ)”/ 1s induced from AJ?,’[% by taking (compatible) subquotients (or quotients, if
¢ =w) on both sides of (III.A.29). Furthermore:
ProposITION IILA.30. For Z = {Z;} € Z}(Y;) with all Z; =

W_lH%Z(Y, Z(n))hom.

0, [Zlm € W_1HX (Y, Z(n)) =

rat

Proof. What might seem surprising is that [Z]y # 0; this is one way (motivic) cohomology differs
from homology. Thinking of Z (alg. cycle on Y[O}) as a degree-0 dp-cocycle in Z3,(n) with support

in Z)O,’O(n), the =, -condition says IW(= {W;}) € Z)O/_l(n) Withi(?BW = Z. Hence, Z — OpW =
oW € Z;;_l(n) represents [Z] . O

Ezample. We put the observations to work. Let Z be as in Propostion III.LA.30 on Y = YUY, (w
1), so that W = Z; (for W; € Z3,(Y;, 1)); then 90V = Wi -Yia—Wa-Yig € Z"(Yi2, 1) (: Zy 7 (n)

N———

n,1
is Op-closed. Its image under the composition CH"(Y12,1) AT Jv(Yig) —

W_1J"(Y) — J(Y), is AJ(Z).

Jn’l(Ylg)
im(@;J71(Y;))

I

Remark. In the example, we used that the weight filtration is induced by the Mayer-Vietoris s.e.s.

H2n—2 (Y12)

0 [ S
- @HQ”_Q(YZ')

B @H2n71 Y:) —
— H?n 1(Y) — ker{ H2n_121/11)2) } — 0, (HI.A.31)
which is preserved by Extis(Z(0),—) (i.e., passes to Jacobians) because after ®Z(n) all weights
are negative.

~ (P Ha 1 (Y)

Step 6: We are now ready to put everything together. Recall that J™(Y") & im{HQn_l(YZ(n)); , and let

Z € H3(Y,Z(n))hom be represented by a collection {Z¥},50 = {Z;} 20 € @g}oZé_E(n) =
|

Il=t+1

Z%(n) in ker(0g). (This need not come from Z7%(Y).) The map &3° of double complexes (cf.
Y 5] # D
(I11.A.26)) gives
{(—27“/—1)"*@ ((2m/—1)fTZm,QZm,Rzm) }e € ker(D) € K% (n). (II1.A.32)

=
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Using this, the goal is to represent a lift AJ}(Z) € H?"}(Y,C) of AJ}(Z) as an explicit func-
tional on C™-log representatives w = {wldly50 = {wr} 50 (cf. (ITLA.13ff) of classes in

) =e+1
F 1 Hy, 1(Y).
The hypothesis that Z be cohomologically trivial means that F(II1.A.32) =
{(—zm/—l)H ((zm/—l)f:rzm , sz) }M € BY(n) @ F"DY(n) (IIL.A.33)

is a total coboundary in B®* @ F"D® — say, 0 ® d of
{(—2m/—1)n—f ((27“/—1)%[@1, EW) }M € By (n) ® F"Dy ().
Adding D ((II1.A.33),0) to (IIL.A.32), we are left with a of
{(—27Tv —1)n (Rzm +E0 — (2rv —1)€5r[21) }DO € Dy'(n),

which is therefore d-closed and defines AJy.(Z). Noting that [ 2l A Wl = 0 by type (29 ¢

Frp2=t=tyly ol g prn—tg2n—t=1cyld, log (Y'*)), dim Y@ = 2 — ¢ — 1), the pairing defined in
#

II1.A.13(ii) gives

<AE;{/(\/Z),w> (—2ry/=1)" S (/ Ry Awld — (2my/—1)" /mwm>. (IIL.A.34)

20

While the integrals in (III.A.34) are “improper”, they are well-defined by Lemma IIT.A.6(ii). We
leave it as an algebra exercise to show that the functional produced either by a dz-coboundary Z

or or by a different choice of (III.A.33), lies in the “periods” im { H*"~(Y, Z(n))}i

Ezample. Y = Y1 UYs, {Z; =,,, 0} and {W,} as in the example of Step 5. Ignoring twists, the
Hodge-filtered dual sequence to (ITI.A.31) is

& F_n+1H2n_1 (Y)

@iFnH2n71 (Y;)
-
Gy (Fn—lHQn—S(Y’l2))

0 «— ker{ Fn71H2n72(Y'12) (i}; @ZFnHQn(YYl) }

—0; (IIL.A.35)

we shall write AJ}(Z) as a functional on the left-hand term (co)im(Res) C F* 1H?"~2(Y}5) —
that is, on the wip in w = {{wi,wa},wi2}. Now ;W is Op-closed, so 7 := Ty, has class in
Hompps (Z(0), H*"~2(Y12,Z(n))) which (in view of our non-torsion assumption on the {H*(Y7)})
is zero. Write 7 = Ou, p a (2n — 2)-chain on Yjs. Since [Z]aq is represented by (0;W),, and
OsW = >, (Wy, fi) as in the example of Step 4 (with 950V replacing W and I = {1,2}), (III.A.34)
becomes

(_27T\1/_71)H<AJ” Z/ (log™ fa)uw,wiz — 27‘(‘\/7/(4)12 (I11.A.36)

Step 7: Now consider an algebraic cycle Z = {Z;} € Z4(Y)nom C ng’o(n); this has trivial co-
homology class [Z] € H?*"(Y,Z(n)) and satisfies Z; - Y;; = Z; - Y;;. Since [Z]a is represented by
(Z), (via the inclusion Z?;O(n) C Z%(n)), all Z for £ > 1 are 0 in Step 6. Moreover, CODO(Z) is
{(=27v/=1)" (32,,62,0)}, and (IT.A.32) is <50D0(Z)>0. By Lemma II1.A.24 (and the remark af-
ter), [Z] =0 = <{(2W\/j1)n52i}>0 is 0 [in By-(n)] of (2ry/—1)" times some I' = {T1%},5; by
Lemma IT1.A.19(vi) we can arrange that all T} = 0 for £ > 1. (That is, I'(= TI%) = {I;} with
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Z; =0I'; on each Y; and I'; - Y;; =I'; - Yj;.) Hence, (II1.A.34) specializes to

(_%\1@1 <AJ@(Z),W> — /F[O] W0 — Z/F wi, (IT1.A.37)

where the fFi w; are absolutely convergent by the Remark of Step 4.
In the event that Z is the pullback of a cycle from X, from II1.A.28(d) follows the

LEmMA II1.A.38. For Z € Z;}E(X)hom;

(a) 3T € Ci”_l(X) bounding on dz(€ C’;E”(X)), and T = {I;} :=={T-Y;} € C’;E"_I(Y) bounds
onZ =1*Z ¢ Z;(Y)hom in the sense just described; moreover,

(b) applying (I11.A.37), we have on F) <AJ" (t*Z), > > fFY Wi -

Ezample. Continuing from Step 6 (Y =Y, UY2, Z € ZJ(Y), both Z; =, 0), Propostion II1.A.30
= [Z] = 0; the point is now that [Z]r is represented both by (0;W), and (Z),. Hence (using
well-definedness of the pairing in III.A.13(ii)) the RHS’s of (II1.A.36) and (III.A.37), taken over a
basis for F~""1Hy, 1(Y), agree modulo periods.

It is instructive to work explicitly through this for n = 1, where (say) Y7 and Y3 are curves
meeting in 3 nodes {py}. In fact, we can choose {I';} and {W;} so that the two RHS’s are equal
for individual [w] € F~""1Hy, 1(Y). Note that for w = {{w1,ws}, w12} and @ = 1,2,3 we have
Res,, w1 = — Resy, w2 = wi2(pPa), so that dw;] = (=1)""1 > w12(Pa)dgp,y- Now Z; = (f;) for (fi) €
(C(Y) and we may choose I'; = Tf so that (using ]{cl Aw; = 0 by type) >, fr wi =32, [y Ori Awi =
Qw\ﬁ ny log™ fi] Aw;i = Qm/fl > f)@ log™ fi)d[wi] = 32, 22:(=1)""(log™ fi(pa))wi2(pa) =
>, log™ (}E(za%) w12(pa) mod Z(1), as desired.

8 _ (—1)1'71(5&5, a=1,2 Wl
' (—1)¢, a=3 7 2n/—1
the LHS of (III.A.35) (viewed as coim(Res)). Evaluating against these induces an isomorphism

W T (V) = (€/2(1))**, sending AT}(2) v (log (ARG ) - 1os (£E37203 ) )

8=1,2

Taking w; to have Res,, w , % give a basis for

Discussion. We will conclude this section by discussing the wrong way to define AJy for a normal
crossing variety Y.

First we recall that for Y smooth and connected of complex dimension 2n—1 and Z € Z™(Y )hom,
we have from the exact homology sequence of the pair (X, |Z|), with Z coefficients,

0 — Hap 1 (Y) = Han1(Y,Z)) S Z(n—1) = 0

where Z(n — 1) C Ker{Ha,—2(|Z|,Z(n — 1)) — Ha,_2(Y,Z(n — 1))} is generated by the class of Z.
We may think of the chain I' with OI' = Z as giving the element of

Extips (Z(n — 1), Hyp 1(Y)) =: J_1(Y) (IT1.A.39)

corresponding to the above short-exact sequence. Since Y is smooth and connected this group is
canonically isomorphic to Extyyg (Z(0), H*"~1(Y,Z(n))) =: J"(Y) and under this isomorphism

I' corresponds to AJy(Z) .

Our point here is that this does not work in the non-smooth case:

ForY C X an SNCD, using I" with OT' = Z as an element in (I11.A.39) is the wrong way
to define AJy (Z).
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This is illustrated by the simple example

a.
(¥; = P

where Z = a — b (and the I" is not in C#(Y)) Not only does one not expect to be able to define
AJy(Z) in this case (as [Z] # 0 in H?(Y)), for this Y one has Ext};q(Z(0), H1(Y)) = 0. Con-
sequently, also the homological definition does not give anything in the following equally simple

example where Z =a — b
Here we know that we should have
Aly(Z) = f(p1)/f(p2) € C*

for f a function with (f) =a —b.
A more general statement is this: For a (2n—1)-dimensional SNCD Y one has a natural morphism
of MHS H?"" YY) — Ho,—1(Y)(—2n + 1) inducing
JYY) — Jpo1(Y) .
It is easy to see that this map factors through @ J"(Y;), which shows that none of the “non-classical”
K3

information contained in AJy (Z) is left on the RHS.

ITI.B Limits of Abel-Jacobi mappings in 1-parameter families
We assume given the standard situation

x5S (IIL.B.1)
of a semistable degeneration (SSD): that is,

e S is a disk with parameter s vanishing at so € S, and S* = S\{s¢} is the punctured disk;
e X is a (smooth) complex analytic manifold of dimension 2n, with X* := 7=1(S*);

e 7 is proper, connected, projective, and holomorphic, with smooth restriction to X* — S* (so
that by GAGA fibres X,, s € S*, are smooth projective algebraic varieties of dimension 2n—1);
and

e the fibre X, is a SNCD (with components X; all having multiplicity one). Write X, = UX; <
X.

We are then in the situation of §IIILA with X = X, Y = X,,, Y; = X;. Denote by Z7(X) the
group of codimension-n algebraic cycles “in general position”, i.e. that intersect all the fibres X
and strata X properly; clearly Z7(X) C ZJ(X). Note that any Z € ZJ,(X) restricts to a general
position cycle over some smaller disk.

For Z € Z(X), setting Z* := ZN X" and Z; := Z - X, (s € §*), we consider the conditions
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(i) the fundamental class [Z] = 0 in H?"(X;Z);
(ii) the fundamental class [2*] = 0 in H?"(X*;Z); (II1.B.2)

(iii) the fundamental class [Z] = 0 in H*"(X;Z).
We note that
(i) = (ii) = (iii)
and all of the implications are strict, as shown by simple examples, such as the degeneration (type
I in Kodaira’s list)

Then Zg = ps — g5 satisfies (iii) but not (ii), and Zs = 2(ps — ¢s) satisfies (ii) but not (i). Here, we
take Z = Uz Zs.

We also note that in case (iii), the fundamental class in homology
[Zso]hom S H2n72(X507Z)

is zero. The fundamental class in cohomology [Zs] € H*"(X,,7Z), as defined in the preceeding
section, is non-zero. This again illustrates the necessity for using cycles, chains and currents of
intersection type so as to obtain cohomology classes.

Because of our SSD assumption, the monodromy 7T : H*"~1(X,,Z) — H*"Y(X,,7Z), s # so, is
unipotent, and we shall denote by (¥, I, Hz ., V) the canonically extended VHS associated to the
(2n — 1) cohomology along the fibres of the family (IILB.1). We note that Hz . = j.(R2" 1 Zy)
where j : S* < S is the inclusion. As in section II.A we set ée = F\H./Hz, and recall the subsheaf
Je C Je defined by the sections of J, — S as in section II.A. Here, as before we are omitting reference
to the transversality condition satisfied by normal functions. For a cycle Z € Z*(X) satisfying (iii)
above the corresponding normal function vy is defined over S* by

vy(s) = AJx,(Zs) . (I11.B.3)
More precisely, there is a fibre space of complex Lie groups J — S* with fibres
Js _ FnH2n_1(XS)\HQn_l(XS)/H2n_1(XS, Z)

and where the restriction J of J. to S* is J = Og«(J), the sheaf of holomorphic sections of J — S*.
That the RHS of (III1.B.3) gives such a section is well-known (cf. [Kil, intro.].

In case (i) above Steve Zucker [Z1], [Z2] has proved that vy extends to a section of J,, and this
has been extended to case (ii) by El Zein and Zucker [EZ]. Below we shall prove the

ProposITION III.B.4. In case (iii) in (III.B.2) vy, gives an admissible normal function in the sense
of section II.A.

It then follows from Theorem IL.B.9 that J. — S graphs vy, which in particular will imply the
results of Zucker and El Zein-Zucker with the refinement that in cases (i) and (ii) v¢ gives a section

of Jo C Je.
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Remark. The discrepancy between (ii) and (iii) is just that between normal functions (on S) and
ANF’s, hence is detected by the torsion group G. This is visible geometrically: in the notation of
the proof of Thm. (III.C.3) below,

ker { H*"(X,Z) — H*(X;,Z)} _ ker(vz) _ ker(vz)

im{H?"(X,Z) — H*™(X*,Z)}  im(az) ker(uz) =G

In cases (i) and (ii) the “value” vg(sg) € Jeq, is defined and in this section we want to relate
it to generalized “periods” on Xg,. In fact, it is preferable here to work without Propostion III.B.4
and the results of part II, because the existence of a well-defined value vy(sg) € JAe,sO follows from
[EZ], and the corollary to our main result (II1.B.6) below yields a second proof that it lies in Je g,
(in the geometric case). To explain this point, we consider the short-exact sheaf sequence on S

:}(Z,e — S'r/g\g{e - ge

where j,(Hz) = Hz,, and let v5 € I'(S*,J) be associated to Z in case (ii). By the main theorem
of [EZ], v3 lifts to a section vy € I'(S, ﬁe); shrinking S if necessary we may lift further to vy €
(S, F\H,). This is a (holomqrphic) section of a vector bundle and may therefore be evaluated at
Sp; writing pr : .‘}'"280 \He sg = Je,s, We can define

lim v3(s) := pr(¥z(so)) -

S—80
It is straightforward to check that this is well-defined, the point being that “pr” exactly kills the
invariant cycles.

Now we come to the interpretation as periods on Xg,. The map Z7(X) — ZJ(Xj,) given by
intersecting with the {X;}, sends Z to an intersection cycle Z,, = {Z;} on X, (Zs,), (cf. (IILA.5)
and (ITI.A.22)ff) then yields a motivic cocycle with class [Zs)]am. In case (i) in (II1.B.2), from
Lemma-Definition III.A.28

[2]=0 = [Zs) =0 = [Zs]m € Hi{(Xs, Z(n) hom,
and Alx, (Zs,) € J"(Xs,) is defined.
Recall the Clemens-Schmid (C-S) complex (cf. [Mol], [KK, §5])

— BN (Xy) B HEN(X) T HERTH(XG) 5 Hon 1 (Xoy) (=20 + 1) —

lim lim
which is defined (but not exact) integrally, with the Clemens retraction map (cf. [C11]) X = X,
inducing p := r* and ¢ := r, o (Poincare duality). Taken ®Q, C-S becomes an ezact sequence of
MHS, and one may replace T' — I by N; with this change it is even self-dual. Now since p is a
MHS morphism, there is an induced map AJ(p) : J(Xs,) — Jes,, factoring through J. s, since
im(p) C ker(N). The main result of this section is the

THEOREM III.B.5. With the above notations, in case (i) in (II1.B.2)
vz(so) = AJ(p) (Adx,,(Zs,)) -

We shall write this as

lim AJx, (Z) = AJ(p) (AJx,, (Zs,)) - (II1.B.6)

S— S0

COROLLARY. We have
vz(s0) € Je,so = F"KerNc\KerNc/Hz,e:s -

Of course, this corollary follows from Theorem I1.A.9 and Proposition IT1.B.4. However, (II1.B.5—
II1.B.6) together with §III.A will give considerably more, binding limits of A.J maps together with
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regulators on higher algebraic K-theory on the substrata of X,. To this end, if we put a weight filtra-
tion on J, 4, using the monodromy weight filtration, viz. W_;J. 5, := Extams (Z(0), W_j_1ker(T — 1)),
then (since p is a morphism of MHS) J(p) is compatible with W,.

We shall need a lemma for Theorem III.B.5’s proof (and for subsequent use); in the following
the same notations w(s), lims_,5, w(s), and w(sp) are used for classes and their representatives.

LEMMA-DEFINITION IIL.B.7. (i) A (holomorphic) section w(s) € T'(S, F2') may be represented by a

(dyel-)closed C* relative log (X,,) (2n — 1)-form on X.
(ii) Its restriction to the fiber Fl' = FrH:" (X4, C) over sy of the corresponding vector
bundle shall be denoted lim,_,s, w(s), and corresponds to restricting the representative. (Note that

(S, F2) — Fls,-)

(iii) Pullback of the representative to the components of X, defines {w(s);} with compatible
residues as in the Observation (end of Step 1); taking residues as in (III.A.15) completes this to
{w(so)r} =t w(sg) € F7" 1 Hy, 1(Xs,)-

(iv) Pullback is factored by restriction, with o(lims_,s, w(s)) = w(sp).

Proof. (i) and (ii) follow (resp.) from F7' = RQn*lﬂ*F"A;(/S(log (X)) [23, Corollary (p. 130)] and
Hgn_l(F”AQ/S(log (Xs0)) ® Ox,) = FrHE" (X4, C) [op. cit., (24)(i) and preceding discussion].
To see (iii), lift w(s) to a (relatively closed) C*° log (X, ) form on X, notice that w(sp); = Resx, (wA
77*%), and use the Remark at the end of III.A Step 1. (iv) is immediate from the description on the
level of representatives. O

Proof of Theorem III.B.5. We recall the identifications
{ oo = (FPHZV(X,))Y JH2 (X, Z(n))

lim
~Y —n \Y n—
J(Xso) = (F +1H2n—1(X80)) JH? I(XS()’Z("))
They are related by the commutative diagram

Fe,so ® (Fe,so \ H€750) (C

P

FﬁnJrlHQn—l(Xso) ® (FnH2n71(XSO) \ H2n71(XSO)) AR (C,

where (-, ) is the pairing between homology and cohomology.

e~ —

Below we shall choose lifts AJx, (Zs,) € (F_"Jrl];bn_l(XSO))v (of AJx, (Zs,)) and vz €
(S, (FM)VY) (as above, of vz); the latter specializes to a lift vz(sg) € (F7l*1H2"_1()(5))v of

lim
lims_.s, AJx,(Zs). Taking an arbitrary w as in [the proof of] IIL.B.7 (which yields a section of
F?') and pairing with Dz, yields a holomorphic function 7z, over S. If we can show (V such w)

—~—

[ATx, (Z0)] (w(s0) = Pz (50) (IILB.§)

then we are done: using the diagram + III.B.7(iv) on the LHS and the notation III.B.7(ii) for the
RHS, (III.B.8) becomes

e~ —

{p (AJXSO (ZSO))} (lim w(s)) = [Pz(s0)] (lim w(s)).

S— S0 S— S0

P

That is, p (AJ XSO(ZSO)) and Uz(sg) are the same functional, and going modulo periods gives
(IIL.B.6).

Obviously, for (III.B.8) to hold, our chosen lifts must be “compatible” in some sense. We have
assumed that Z € Z7'(X)pom; fix once and for all a I' € C’i"_l(é\.’) as in Lemma III.A.38(a). For
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open U C S let A(U) ¢ FrA%"—! (77 1(U),log (X5, N7 1(U))) consist of relatively closed forms
producing (by fiberwise restriction) holomorphic sections of F'. Then w — 7(I' A w) induces a
sheaf map A — NQ; that this is Og-linear and factors through [A —]F? — Og[C N is easy and
done in [Kil, prop. (3.2.1)]. In this way I' gives a holomorphic section of (F*)V. Moreover, using
[Ki3, Thm. 2.3.4] it is of intersection type with respect to (in addition to X,,) X for a.e. s € S*.
By [Kil, Prop. 3.2.2(2)], for a.e. s € §* 7*(I' Aw)(s) = Jr, ti,w (where I's := I - X, satisfies
dl's = Zs). A holomorphic section of (F7')" a.e. lifting (IIL.B.3) lifts (II1.B.3) everywhere, so we

hy e
may take Uz := (2mv/—1)"m (' A (4)), Dz = 2y —1)"m (I Aw).
The second lift is much easier to construct; using the same L, and taking L; =T - X;, we
are in the situation of (IL.A.38)(b) so that w(sg) — (2mv/—-1)">_, fr )i (cf. III.B.7(iii)) gives

*ds (

AlJ Xsp (Zs,). Now we simply compute: writing 7" for TAwAT which is a normal current of

Y;-residue-type Vi and Yj-transversal V|.J| > 1) and v for the characteristic function of §* (see
Step 1), for “arbitrary” w

72 0 (s50) = (w*(F A w)) (s0) = Ress, <7r*(f Aw) - a;s>
1
2my/—1

1 . 1 A

{Z]Z*Resx } Z/ ResX< [WM*dSS])

which by Lemma III.A.6(ii)

_Z/ F/\ResX<w/\7T> Z/ w(50)i

Remark. The essence of the proof is little more than “limg_,, st w(s) = stO =3 fF w(so)i”,

1
(2my/—=1)"
= Ress, (mT') =

(1 — @bo)d[ﬂ'*T}

with added analytic and interpretative complications. Chief amongst these is that Ie C’i" 1(2\.’ ),
Iy, € 6’72%"_1( Xs,) (cf. Step 2 and Lemma II1.A.38) so that everything converges.

Ezample. (i) For n = 1, this means [supp|T's, does not pass through the “nodes” X! ¢ X, .

(ii) For n = 2 with X = X; U Xy , consider the case where Z = Z' — Z" (|1Z2'| n|Z2"| = 0)
intersects X1, Xo, X1o transversely (in the sense of differential topology), hence to first order. Then
the intersection integral current I' (' = Z) can be chosen to be [integration over] a C* chain
which meets the X transversely. In the local, schematic illustration

Zs, = {2 — 71, Z — Z§} while T's, = {I'1,T'2} consists of the two smooth shaded regions. The
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latter meet the surface X2 (transversely) in real codimension 2 (on |I';|), so that I'y - X9 = T's - X9
is a l-chain with boundary the O-cycle (2" — Z”) - Xq5. If X192 C X7 is locally given by z = 0,
then the 3-form w(sg) (cf. II1.B.7) restricted to X; is locally w(sp)1 = a A % + 8 (o, 8 C™). We
can arrange for local real C* coordinates on (say) I'; of the form (u,v,w), u + iv = z, so that
I} -X12 = {w € [a,b]} N {u = v = 0}. Hence, in agreement with the general results of III.A (cf.

Step 7 fF (S0)1 is bounded by an integral of the form [ Wﬁ# (f C*°) and is absolutely

convergent. It is then essentially by continuity of integration that lims_s, [ w(s) =, fFi w(s0);

We now turn our attention to case (ii) in (II1.B.2). Here the normal function v% has no singularity
and extends to a section vz of J, over S. However, excluding case (i) the geometric interpretation of
vz(so) cannot be RHS(IIL.B.6) because [ SO] # 0 in HQ”(X ). The following illustrates the problem

with trying to salvage “< 2(S0), llgsi/sof)n > > fr 0)i” independently of (II11.B.6).

Example. An elliptic fibration of type I in Kodaira’s notation map be pictured as

2
—
{ /4s i
1

1 2
01 ) . For the cycle

Zs = 2(ps — qs) we have Z; = OI's, with T's = I, + T multivalued. (Of course, Z = UsesZs as
usual; but there is no global I'.) The Dehn twists produced by monodromy in I}, T are opposite
in orientation, however, which makes fr single-valued as a section of (F!)V over S*. So for w

where the cycles 01 =, 02 vanish as s — so. The monodromy is T' =

as in IILB.7 (w(s) € HY(QX ); w(so) € HO(st ) with residues 1 at the nodes) fr' ) and
fF,, w(s) diverge logarithmically as s — sp but their sum does not. Hence, fr (s) is nothmg but
<I/z( ) 5 \(S}> with lims s, [ w(s) = <I/z(80), %> ; the limit may also be regarded as a

principal value of the sum of divergent integrals stO X, w(so) + sto X w(sp), but this P.V. cannot
be read off from geometric data on X,. Again, the problem (and the reason for the divergences) is
that I's, is not in C’#(XSO), and cannot be, since [Zs,] # 0.

To determine the class in H?(X,,) = H?(X) of a (non-general-position) cycle in Z1(X), it
suffices to compute intersection numbers (via H?(X,Z) x H*(X,7Z) — H}(X,7) = Z) with Xy, Xo.
For Zy := 3Z 42X, — 2X5 these are zero (using X; - X; = —2), so [Zo] = 0. Moving Zo into general
position via a rational equivalence on X’ (shrinking X if necessary) therefore produces ZeZl (X Jhom
(so that Zz .= Z-X; are degree-zero O cycles). Hence we are back in case (II1.B.2)(i), and can choose

[ (8T = Z) so that lim, ., Ji w(s) =2 Jp, w(s0). The key point (to be proved in general below,
with a slight change in the ch01ce of Ty) is that because Z* =.. 3Z% on X", ' may be chosen in
such a way that [p w(s) =3 [, w(s) on the nose: 5 = 3z on S*. Up to torsion, we have therefore
found a “geometric interpretation on X,,” of limg_,, st w(s). (We should note that this does not
work for case (iii), viz. Zs = ps — ¢s, since in this case fl“s w(s) itself is log-divergent.)

The example just concluded suggests that the discrepancy between (i) and (ii) (like that between
(ii) and (iii)) is torsion from the standpoint of normal functions. The next result implies that this
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is true at least for n = 1,2; to state it, we shall say (for Z, 2’ € Z"(X)) that Z’ is a modification
of Z iff supp(Z2' — Z) C Xs,.

ProposITION IIL.B.9. Let Z € Z(X), and assume the HC if n > 2. Referring to (III.B.2), in case
(iii) there exists a cohomologically trivial modification Zy of a multiple mZ (m € 7). Moving this
in a rational equivalence to Z € Z"(X)hom, we have myz = vs. In case (ii), for any lift 7z we may
arrange a lift vz so that mvz = v;.

Remark. In case (ii) the proof will construct 73 as (A (), leading to the geometric interpretation

miz(so) = 2mv=1)" 3, [¢,()-

Proof. We first note that in case (iii), vz is meant as a section of the Néron model via Propos-
tion II1.B.4, though the equality mvz = v; is as sections of J.. This and mvz = v, of course,
need only be verified on S*.

In case (iii), consider the portion of C-S (Z-coeffs., exact®Q)

—>H2n(X50)(_2n) £ HQn(XSO) L ﬁgl(XS) -
R

(X))
since p([Z]) =0, [Z] € im(ug). Now p is a morphism of MHS, so by strictness
[Z] € im{W—ZnHQn(Xsoa @)} = lm{@ZH2n(X27Q) - HQ?’L(XS()?Q)}‘

Again by strictness, this time relative to the Hodge filtrations, [Z] € im{@®;Hg" " (X;)o & H**(X,,,Q)}.
Now assume the HC in codim (n — 1) (OK for n < 2; requires working rationally); we then have
over Q
©: 2"V (X;) — = @ Hg" (X)) > HP(X) —= H?'(X,,).

w

!

w
This shows that we can find m € Z and V; € Z"(X;) such that Z := mZ — > V; has [Zo] = 0 on X.

Using ZJ, (X, —e) - Z"(X,—e) and shrinking S if necessary, 3 W € Z"(X,1) with pullback
to all X,, s € §*, and 9gW = Z — Z (for Z € Z3 (X )hom). Consequently Ty € Izn_lA(X) is of
intersection type w.r.t. all smooth fibres, and 9Tyy = Z — Zj [viewed as chains]. On X*, Zy = mZ2;
hence for s € S (writing Wy := W - X)) 0Ws = Zs — mZs, so that (via (IILB.3)) vi = mvZ.

In case (ii), £ = I for I' € Z?"~1(X*), which provides a lift 7% := m.(I' A (-)) (ignoring
(2my/—1)"™’s) as in the proof of Theorem III.B.5, but only over S*. We obtain two a priori different
lifts of v3: by writing Z = ?F (' € C;”fl(AX)), vz = m(I' A (-)) (over S); and by observing
(Twlx+ + ml) = Z|x« — Zolax + mZ = Z 'L = m (Tw +mI) A () (over S*). These
can only differ by an invariant cycle, and we can modify ' to make this difference zero. But for
s € 5, writing P S W, ™ X, m(Tw Aw)(s) = [, @(8) = [ pe - () = Jp- 1oy w(s) = 0
since the integrand is a closed (1,0)-current on P! hence (by a standard O-regularity result) in
QY(PY) = {0}. So vy =' U, = mig, done. O

X*y

It remains to prove Propostion I11.B.4, the logarithmic growth part of which is done in [SZ,
Prop. 5.28]. Let Z € Z(X) be as in (II1.B.2)(iii); shrinking S if necessary we may assume that for
any acyclic U C S*, ZN7~1(U) is homeomorphic to Zs x U (s € U). The map Hop_1(Xs, | Zs|; Z) —
(FPH* (X)) (s € S*) sending 'y fFS identifies the action of monodromy on a lift 7% (s) of the
normal function and that of T € End (H*"1(X\|Zs|,Z)) (which lifts T € End (H*" (X, 7Z)))
on [[s]. Writing j : H?*"" (X5, Z) — H*"1(X,\|Zs|,Z) we must show the
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Claim. (T — Iiz(s) € im (jo (Tg — I)z).
Proof. Working integrally and ignoring MHS, the composition
H?Y(X,) 5 HP™(0X, X,) > H™(0X) & H*(X*) 55 HY L (X)

identifies with o in the C-S complex above (Theorem III.B.5). Here “Res” is the connecting homo-
morphism of the localization sequence for X', X,,. Define ¢ by the dotted arrow in

— BN X\ |Z4]) —= H20X\ [02], X, \ |Z,]) ——= H*"(0X \|02]) —

Sy :

H (X \ | Zs)) H2 (X \ [27])
_— ﬁui
NS

2n+1 .
Hxsj\|zso\(x \IZ]);

here the top row is exact, and so g o (T —I) = 0. By construction, the following diagram commutes:

Hip (Xs) —~ Hip (Xs)
o o

_ T—1I . 5 oIn+1
H2n 1(Xs \ ’Zs|) 4>H2n 1(Xs \ ‘Zs‘) 40)HXZ:\|ZSO\(X \ ’ZD

j joT

H2 (X)) — L 21X, o 72 (X)

0

|

2n+1
Hz " (X)

0

where the columns and the bottom row are exact ®Q (at the middle term). We caution that the
middle row is (in case (iii)) not exact ®Q (even for n = 1; cf. [As]). In any case, clearly jo is injective,
hence (T'— I)T's € j(keroz) = j(im(Ty — I)z). O

Remark. A referee has pointed out that Propostion III1.B.4 also follows from the Theorem of [SZ] that
the direct image of the constant sheaf by a nonproper map is an admissible variation of MHS, since
this implies that the VMHS associated to a cycle is admissible (using the stability of admissibility
under subquotients). Since the monodromy property for lifts of normal functions is crucial for us
and the proof in [op. cit., §5] is rather general and technical, we chose to include the direct proof
above.

II1.C Identification of the extension group G in the Néron model in the geometric case

For use in the computation of examples we shall give, in the geometric case, a description of G that
results by intertwining two Clemens-Schmid sequences.

Recall that we are working with a semistable degeneration X — S over a disk (dim X = 2n), so
the singular fiber X, = UX; is an SNCD. Throughout this subsection, we assume that the H*( X, Z)
(s € S*) are torsion-free, as is the case when the X, are smooth projective hypersurfaces. It is
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convenient to augment X to a “complete total space” X, i.e. a smooth projective variety containing
X as an (analytic) open subset, and write

X,, X

NG

X

for the inclusion.
We will have to work with abelian groups of finite rank which contain torsion. Let W7 be one
such, Wzor its torsion subgroup, and Wy := Wz ®z Q. For a subgroup Uz C Wy, we set
(UQ)Z =UgNWg= Ker(Wy — WQ/UQ) .

If 7 : Wz — V7 is a morphism, one has

(Im pg)z = Ker (Vz — Vo/¢(Wo)) ,
(Ker pg)z = Ker(Wz — Vp) .

Moreover,
if Vi, is torsion-free then (Ker pg)z = Ker ¢y, . (III.C.1)

Our first result relates the group of components of the Néron model to the failure of the com-
position, with Z-coefficients,

Ha(Xsy) — H2u(X) = H*(X) —— H*"(Xy,) (II.C.2)

Iz 7=

to be “integrally strict.”

THEOREM II1.C.3. Assume that Ha,—1(Xs,,Z) is torsion-free. Then we have the identification

(Im 3 0 49z

Im 55 o 9L

>~

Proof. We intertwine the integrally long-exact cohomology sequences (bold arrows) of the pairs
(X,0X) and (0X, Xs), where we assume that X, C 90X,

Y (X, 0X) s B2 (X) — X B2 (X,) T
aN 8/
H2"(9X)
v/ EN

HEL ) =2 e, T o, x,) — Ym0 0%) L5 B ()

Here “T — I” is meant under the identification of H*(0X, X;) with H*~!(Xj). Since Xg, S Xis a
homotopy equivalence, we have integrally

H*(X) 2 H*(Xy,), H*(X,0%) = Hyp_o(X) 2 Hypno(Xs,) ;

v and v become respecively r* and r, under these identifications. So if we tensor with @Q, the rows
become Clemens-Schmid sequences; they are therefore rationally exact. Using this and duality of r*
and r,, we have

(Ker(T — I)gy) " = (Imvp)* = (Im(v) )" = Kerg (IT1.C.4)
where all the groups are considered to lie inside H?"~!(Xg, Q). Since H*" (X, 0X) = Hop—1(Xs,)
is torsion-free, (II1.C.4) and (III.C.1) combine to give

(Ker(T — 1)), = (Ker )z = Ker )}, .
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Again from (III.C.1) and Q-exactness of the rows,
Kervz = (Kervg)z = (Im pq)z, -

Now writing
B®6: H*™(IX) — H™(X,) ® H* (X, 0X)

we have

Ker ¢/, ~ o Keryy
—e_ 5 K 07) «— .
m(Ty — 1) = or(fz ®0z) 2 Tm iz

Putting everything together,
i
B (Ker(T - I)(’@)Z _ Ker ¢, ~ Ker vy, _ (Im pg)z
Im(T - 1)), Im(T —1I)), Imupyg Im py

Finally, using the identifications we can rewrite uyz as the composition

Hon(Xsy) — Hon(X) 2 H?"(X,0X) — H*™(X) — H*"(X,,)
which is equivalent to (III.C.2). O

We want to use Theorem III.C.3 to reduce the computation of GG to an intersection computation.
For this we write

i X =]][Xi > X,
7

T ot @ Hop(X, Z) — @ H*™(X;,Z) = @ Hyp—o(X3, Z) , (IT1.C.5)
1 1 1

and X1 = ]_[| =141 X1 as usual. As motivation for why this should be the map to consider, suppose
we were just after the rank of 5* o 7, and could ignore the integral structure. Writing it as

H2n(Xso7Q(_n)) J—*> H2H(Xa Q(_n)) = Hzn(Xa Q(n)) ]—> Hgn(Xsoa@(n))
and applying strictness of Wy and Wy, we see that the composition
@ HQTL(Xia @(_n)) - W0H2n<Xso7 Q(_n>) ]ﬁ; Gr(I]/VH2n(Xsoa Q(n)) — @ H2n<Xi7 Q<n>)
(2 (2
has the same rank. But a weight argument like this is inadequate for the next result.

THEOREM II1.C.6. Assume the (co)homologies of the X[l are all torsion-free, that the action of T
on H?"(X,) (equiv. H*"~2(Xy)) is the identity, and that n < 2. Then

(Imj(*@ Oj(g)z
Im 37 oj% '

Y

Proof. The double-complexes of C* chains (resp. intersection integral currents) in the left- (resp.
right)-half plane

By k(n) == Copyor—i (XH};Z>
BY*(n) = C;;—zl—k—2 (X[l]; Z) = C’i"+k(X[l]; Z)
compute homology (resp. cohomology) of Xg,:
Hopy+(Xs, 2) = Hi(B_o(n)); H*"™ (X, Z) = H*(B*(n)) .

(Differentials ap = 0 and dj = Gy (resp. 03 in both B, s and B** go up and to the right.) Using
Be(n) one easily checks that the torsion assumption above implies the one in Theorem III.C.3.
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Consider the maps

@ Hon( X, Z) 22 Hon(Xsy,Z)
H*™( X4, Z) 2 @ H*™(X;,2) ;

we clearly have gz o (y; o 9% o pz. If we can show
(a) pz is surjective,
(b) gz is injective, and
(c¢) Imgz = (Imqq)z,
then elementary linear algebra demonstrates the equality of the quotients in the statements of
Theorems III.C.3 and II1.C.6, establishing the latter result.
For (a), we must show that any 0O-cycle in B_,(n) can be moved (by 0-coboundary) into the
(0,0)-place (= & Ca,(Xi,Z)). Using the fact that T—1 = 0 on H*"~2(X,), Clemens-Schmid becomes
2
0— H]?;_Q(Xsa Q(n - 1)) — HQH(Xsov @(_n)) - HQn(XSmQ(n)) 7
with the first term pure of weight 0. It follows that Ha, (Xs,, Q(—n)) is pure of weight 0, which means
(a) can be done rationally; working inductively in the double complex the anti-torsion assumptions
ensure that it can be done integrally.
The nontorsion assumptions also show that H?" (X, ,Z) is torsion-free, so (b) would follow from
injectivity of gg. The latter is a consequence of the monodromy assumptions and Clemens-Schmid,
which together show H?"(Xj,,Q(n)) is pure of weight 0.

For (c), we need to demonstrate that the right-hand-inclusion in

(Im gg)z = {(Ker 8%)z C ® Hap—o(X;,Z)} 2 Imgy,

is an equality, by finding a 0-cocycle in B®(n) mapping to a given class in the left-hand side. This
is where the condition n < 2, where we will do n = 2, must be used. Now B*®(2) is

C’f(l([o]) 0
To
cF (x| 2, o (x) 0
1 10
cf(xy  — |cfxt) 0
Of&m) — i (x#)

1.
A class [T] € Hy(X9 Z) may be represented by an integral d-cycle I' € C¥ (X0 7). If [I] €
(Ker a%z then we can write 0¢(I') = oI'; for I'; € C’#(Xm;@). But then clearly we can choose

Iy e C# (X [, Z) since an integral 0-cycle which is rationally a boundary must be one integrally.
Obviously 95(I'1) = 0, so (I';I'1) gives an integral cycle in the boxed terms in the double-complex,
one which maps to I'. O

Remark. Here we just point out that the assumptions of Theorem III.C.6 are not unrealistic.

(i) If H>"(X,, Q) (equiv. H?"~2) is spanned by algebraic classes (e.g., smooth projective hypersur-
faces), then the monodromy 7 is finite. Since we are assuming unipotent monodromy, clearly
then T'= 1.
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(ii) The process of semistable reduction involves blow-ups; this is not necessarily a problem from
the standpoint of the nontorsion assumptions on the H*(X ). If a variety (like P™ or a smooth
hypersurface) with torsion-free (co)homology is blown up at a smooth center having no torsion
in its own (co)homology, the result will have torsion-free cohomology.

(iii) The double complex argument fails when n > 2.

CONCLUSION. In the geometric case this reduces the computation of G to an intersection calculation.
More specifically, the map (II1.C.5) is obtained by putting cycles in the image of © Hy,(X;,Z) in
(2

general position in X (or, if you want, in (X, 0X)), and then intersecting them with the X; C X,,.

Ezample. For a pencil of cubics degnerating to a triangle

(O =4

the mapping @ Hy(X;) — EB Hy(X;) has matrix
K3

-2 1 1
1 -2 1
1 1 =2
Here we have used that XZ-2 = —2, which for example follows from symmetry and

0= (X1 +Xo+X3)? =X?+X2+X2+6.

Adding the third column to two times the middle column and adding the first two columns to the
third reduces the matrix to

-2 3 0
1 -3 0
1 00

Since
7]7{(—2,1),(3,-3)) = Z/3Z,
it follows that
G=Z/3Z.

An example with n = 2 will be worked out below.

IV. Examples

We shall consider the much studied example (cf., for example, [Sch] and [COGP])
s (2} + 25+ x3 4+ x5 + 23) + 2122237475 = 0, (IV.1)

which we shall refer to as the Fermat/pentahedron (F/P) pencil. We are interested in (IV.1) in a
neighborhood S of s = 0; as usual we set sg = {0}. As written, the degeneration is not semistable;
X5, will denote the fiber over s after semistable reduction, whereas P denotes {zz2x3z425 = 0}.
We shall prove the

THEOREM IV.2. (i) The group G of components of the Néron model is
G = (Z/52)3
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(ii) Recalling our notation | | for the map J. s, — G, if L, and L are lines in X, such that the
specializations Ly and L} are in different faces of P, then

[lim Ax (L Lg>] £0.
s—50

Moreover, all of G is generated by the image of such limits.

If L) and LY both lie in the same face IP’? of P, then

Grlf (Jim Ay, (2] - 22)) = (Galf (A3(9) (M, G~ 50) (v.3)

where pj = L, N Cy, pj = LY N Cyj for i < j, and Cy; are Fermat quintic curves in the faces, to
be described below. We were not able to determine if the RHS is of finite order m in J(Cj;). If so,
then for some non-zero integer m we would have

lim AJXS (m(LIS — LISI)) S Wfl(Je,so)
5—80

and this would be interpreted as an Abel-Jacobi image of a class in CH?(—, 1) of a surface X I to
be defined below. Since we do not know this, in order to illustrate in this example how higher Chow
groups do arise it is of interest to find a cycle Wy, in Wi Hj (X, Z(2)), k < —2, that deforms to a
family of cycles Wy € Z%(X5).

THEOREM IV.4. There exists a cycle Wy, € Z;&(Xso)hom with the properties:
(i) Wy, deforms to Wy € Z?(Xg)pom for s € S;

(ii) hm/ ) € C/Z(2) is non-zero, for w(s) € F3, as in (II1.B.10).

€,S8

(i) [Waolnt € Wos(Hy(Xso, Z(2)).
The value in (i) may be viewed as a projected image of AJx, ([Ws,ln). From this we may infer

the nontriviality of [Ws,|w as well as AJx, (W) for general s # so, since J(Xs,) % Je,so-

Remark. We recall that in this section S is a disc — we are not claiming that W, deforms to the
whole pencil.

The class of Wy, lives naturally in CH?*(C,3) and the limit in (ii) will be interpreted as a
regulator. The forms w(s) are generators of H(Q2%) for s # so, and w(so) € HO(wXSO) will be
normalized in the proof of (ii).

As previously noted, the point of this example is to illustrate how regulators on the higher
CH?(X7,|I| — 1) may appear as limits of the usual Abel-Jacobi maps on CH?(X,)pom-

IV.A Semi-stable reduction

Let
Xy C Sx Pt
S
be the variety (IV.1). We want to apply semi-stable reduction (SSR) to obtain
X — X
S
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so that our general theory can be applied to X = S. The issue here is that X is singular where
the base locus of the pencil (IV.1) meets the singularities ng of P, and these singularities must be
resolved. After working through this process we shall arrive at the

THEOREM IV.A.1. Let Wi (Jes,) denote the filtration induced by the monodromy weight filtration
on the intermediate Jacobian J, s, = F, Ker Nc\ Ker N¢/(Hz)s,- Denote by C the Fermat quintic

e,s0
curve z° + y°> = 1. Then the graded pieces of Wy, (J.s,) are given by
10
Gro = & J(C)(~1)
Gl"_l =0

Gr_p = &(C/Z(1))
GI‘_3 = (C/Z(2) .

We shall use the following notations:
o P=UP};
(2

e S = US; where the union of the Fermat surfaces S; = F' N IP’? constitutes the base locus of
1
(IV.1);
2 _ 3 AP P2 — 3 A3 A3 )
o C; = IP’?OS,» are Fermat quintic curves, the union of whose images in P constitutes the singular
part of the base locus in P;

o X,, = UX; where X; — IP’? is obtained by a sequence of blow-ups.
(2

Then for the X; we have:
(i) X1 =P
(i) X2 = blow-up of P3 along C1a with Bia & P (O¢(1) ® O¢(5)) the resulting P'-bundle over Cja;
(iii) X3 = blowup of P3 along Cj3 to get Big, followed by the blow up along the proper transform
of (3 to get Bss. The secogd blow up yields a blow up of Bisz at the 5 points where (o3

intersects it; denote this by Bis;
(iv) X4 = blow up of IP’?I along C14 to get Biy, then blow up Csy to get By, which yields a Bg) as
with Bys above. Then blowing up along Cs4 gives Bay, Bﬁ) and ng);

(v) Finally, blow up P$ as follows to obtain Xs:
C15 ~ Bis
Cos ~» Bg), Bas
Cys~ Biy BSS, Bas
Cis~ B2 BY BY) By .
Note that this process is asymmetric, since each Cj; only gets blown up in one of the faces of P
containing it. These P! bundles then get further blown up at points of intersection as in (iii) above.

The motivation for this seemingly arbitrary procedure is as follows: if we take the proper trans-
form of X; under blow-up of P* along Si, S, S3,S4, S5 (in that order), then the {Xs} o5, remain
unchanged while P is replaced by X, as just described. One checks in local coordinates that the
resulting X is smooth and X, = 7 !(s¢) is a reduced SNCD in X.

The picture of the Ej-term of the spectral sequence associated to Bglgfo(2) (see §IIILA), where
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the columns are the cohomology groups, is

HXi HXij H Xijk H Xijkl

i i<j i<j<k i<j<k<l
5
0
15 — 10
120 0
15 — 60 — 10
0 0 0
5 — 10 — 10 — )

This gives for the Ey term, where the circled part is H3(Xy,):

J
To prove the theorem we need to show that the map J(Xj,) J) Je sy 1s an isomorphism, or

equivalently that p in the Clemens-Schmid sequence
Hs5(Xs) — H3(X50) = Hl?i’m(XS)

is injective. This follows from the above picture of Ey, which gives H5(Xs,) = 0.

IV.B Proof of Theorem IV.2

We shall use Theorem III1.C.6, together with the calculations in section IV.A above, to show that
for the F /P pencil

G = (Z/57.)3 .
So far as we know, this is the first explicit computation of a Néron model in a non-classical — i.e.
N2 #£ 0 — situation.
We shall follow the notations from section IV.A, together with the following: First recall that
X is obtained by sequentially blowing up P* along Si, S, S3, Sy, Ss; hence the previously noted
asymmetry of X,,. We will use the notation (i)—(v) from the description of X, in §IV.A, as well as
the following:

e We denote by P; C X a generic 2-plane, and by 157;, i > 2, the blow up of a generic P; = P? C IP’?
along the points which arise from the blowing up process described in IV.A;

e L; is the proper transform in X; of general line in P?; and finally
e F}; is a general P! fibre of Bij — Cjj.
We want to compute the map, with Z-coefficients

@ Hy(X;) 5 @ Hy(X;)
7 J
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obtained by putting a cycle on X; in general position in X and then intersecting with the Xj.
Obviously the tricky maps are the

We shall use the following integral bases for these homology groups:

Hy(X1) = (P) Hy(X1) = (L)

Hy(X2) = < ~2,312> Hy(X2) = (L2, F12)

Hy(X3) = < ~:’>,Bl:«;,B23> Hy(X3) = (Ls, Fi3, F3)

Hy(X4) = < ~473514,324,B34> Hy(X4) = (L4, F1a, Foua, F34)
Hy(X5) = <P573157325,B35,B45> Hy(X5) = (Ls, F15, Fas, Fi5, Fis)

X1 Xo X3 X4 X5
N

Pl Pz 312 P% BlS B23 P4 Bl4 BZ4 334 P5 BlS B25 BB5 B45
X { L[4 1T 5 10 5T o 1T 5T 0ol o 1T 5T 0T 0T 0
Lo 1]—41-5] 11 ol 5| 11 ol 51 of 11 ol 51 01 0
PN [ N [ S G N A 22
2V F, 5] 5710 o 5" 5] o' 5' 5T o ol 51 5T 0T o
Ly | 1] 17V o|=4aT—s "= 1" ol ol 5] 17 ot o' 57 0
— -4 —-F A=A -t == =l—-4 = ===+ =+ —
Xsq Fu| =5 0 5] 5,10 5] 0, 5, 0,-5] 0, 5, 0,-5,6 0
F,, 0| -5 /-5 5 5110 O0p 01 575 0p 0 51-51 0
Li | 1| 1T, 0 T, 0y 0|=4,=5 =5 ,=5| 1, 0, 0 0, 5
. F,l=50 01 5 01 51 0| 51101 51 5| 0l 51 01 01-5
NV r, | ol-5T—5 ol ol 5] 5" 51101 5[ ol ol 57T 0T-5
- -4+t -FFA4-4-Fr=-I——-4-F—-1-4—-—+ -+ -
E,| 0] o0, 0|]-5,-5,-5| 5, 5, 5, 10| 0, 0, 0, 5 -5
L 1/ 1 o] 17 0 0] 1, 0O 0 O0|-4 -5 —5 -5 —5
i et Rt At el e T A el A SN IO R B
F.[=5] 0y 5 0, 5, 0] 0y 5, 0y 0f 5,10 5| 5, 5
X;¢ E.| O[=51=5| 01 ol 5[ 0l 0l 51 0| 51 51101 51 5
TE o] 0T ol s 5T S 0 o o 5 51 5T 5T s
- = -4-Fd-A-tT-l-—-l—-4 -t —-I—-d4 -+ -+ -
F,| 0l o, 0/ 0, 0, 0/-5,-5,-5,-5| 5, 5, 5, 5,10

An integral column reduction, analogous to one in the simple example in Section III.C of cubics
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degenerating to a triangle, gives

Py + Bio + Bag | Bia + Bas | Bas | Bsy
X, 1 5 0ol 0L,
1 0 50 0| L,
X 0 5 5| 0] Fp
—4 —5 —5| 5L,
X, 5 10 50 =5 | Fis
5 5 10 | =5 | Fus
1 0 0| =5 | L,
0 5 0| 5|Fy
X 0 0 50 5| Fy
-5 -5 5|10 | Fy,
a_ 0 0] 0 L;
Q__ 5 0 Fis
X; a__ 0 5 Fys
-5 —5 5] 5| Fy
Q_ 0 0] —D| Fis

The circled rows also make it clear that the column vectors give an integral basis for Im(uz), and
the vectors

(P + Bi2 + Ba3)
p(B12+Ba3)
5

() (IV.B.2)

p(Bsa)

5
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are a basis for Im(ug) NZ'° = Ker{vz : H4(X5,) — H*(Xs)}. Thus G = (Z/5Z)3 with generators

p(Bia + Bog) | pu(Bas) | p(Bsa)
5 5 5
Ly @ 0 0
I T O
1 —1 0
L O O
2 1 —1
1 1 -1
L0 o 1O
1 0 1
0 1 1
-1 —1 2
L0 1 0 [ 0|
1 0 0
0 1 0
-1 —1 1
0 0 -1

This completes the proof of (i) in Theorem IV.2.

F14
F24
F34

O]

We now turn to the proof of (ii) in that theorem. A family of lines on X is a cycle L' € Zi(f)C)

with linear restrictions L' - X, s # sq. Its limit is

L, =L Xy € Z2(Xy,) -

The components L; of L obviously will then satisfy matching conditions along the Xj;. So retaining
our above notation L; for the cohomology class of the proper transform of a generic line on P, we
cannot expect, for example, L1 — L; (j 2 2) to give the class in @ Hy(X;) of a “limit of differences of

(]
lines”. Such a difference would not satisfy matching, would not give a cohomology class on X, and

would not deform. Rather, Ly — L; (j > 2) must be tweaked by Fj;’s to cancel face intersections.

With this understood, and referring to (IV.B.2), there are unique cohomology classes in Ker p =

Ker vy, representing such limits and coming from cycles homologous to zero on X for s # sq

5

5

1
gu(Bw + B3+ B3a) = L1 — La+ Fio+ Fi3 + 2F14 + Fou + Faa + Fi5 — Fus

1
_M(Pl) — gu(3Bl2 + 2893 + BQ4) = L1 — Ly + Fios + Fi3+ 2F 5 + Fos + F35 + Fy5 .

1
—p(Bi2) = L1 — Lo+ 2F13 + F13 — Foz + Fiy — Fou + Fi5 — Fys

1
—u(Big + Bas) = Ly — Ly + Fia + 2F13 + Fyg + Fiq — F34 + Fi5 — F35

These are all non-zero under the projection Kerp — G, and map onto generators for G under

different choices of lines.

O

Remark. An interesting issue is when a line L C P$ is the limit of actual lines Ly C Xj,, not just
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at the cohomology level. The condition, due to Sheldon Katz [Kat2] is that L meet all the quintic
curves Cy;, i = 2. The reason for the necessary condition is that, for s # sg, Ls will meet each
component S; of the base locus, and therefore in the limit will meet S; N ]P)f’ =Cj;.

IV.C Proof of Theorem IV.4

Step one: Recall our notation
Xso =X1UXoUX3UX4UXj5

where X5 is the facet of the pentahedron that has all four Fermat curves C;; C P3NP3 1<:i<54
blown up. We want to construct a cycle

Zs, = (0,0,0,0, Z5) (IV.C.1)
in the kernel of
B ZL(X:) — & Z%(Xy5) (IV.C.2)
% 1<j

and which deforms to X for s near s, to give a cycle Z € Z2(X) with 2 - X, = Z,.

We denote by X5 = Pg the projection, and by S5 C X5 the proper transform of the Fermat
quintic surface S5 C P3.

DEFINITION. A cycle Zs € Z%(X5)nom is “good” if it does not meet the intersections X, = X;NX;5
for 1 £ j <4, and if its intersections with each B]5 are contained in B]5 N Ss.

LEmMA IV.C.3. Z5 is good if, and only if, the irreducible components of o(Z5):
(i) do not meet IP’325 \Cjs
(ii) are tangent to S5 where they meet Cj,, and

(iii) are tangent to S5 to 2°¢ order where they meet the P P,

LEMMA IV.C.4. If Z5 is good, then the cycle Zs, given by (IV.C.1) deforms to Z, € Z*(X,) for s
near sg. Moreover, it is in the kernel of the map (IV.C.2).

The proof of Lemma IV.C.3 is by explicit computation in local coordinates; Lemma IV.C.4 is
checked by methods similar to those in [Katl].

The double complex that computes Hy (X5, Z(2)) is

O
©Zy(X) — @ Zy(Xy)
1 1<J

l T

1<J

T 1
— 2, D) —
1 1 (IV.C.5)

— S¥ Z ( z]khg)
1<j<k<l

The idea in step one is to construct a cycle in @Z;g(Xijkla 3) that satisfies a related but different
notion of “goodness”, and then to move this cycle by a dg-coboundary in (IV.C.5) to Ker(9dy) C
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EP Zi (X;) where it will be a (0,0, 0,0, Z5) with the resulting cycle Z5 being good as in the definition
above. By construction

[Zsolw € Wos Hag( X, Z(2)) -
DEFINITION. f(u), g(u) € C(P')* is a good pair if

(i) f(0)=1=g(o0)
i) fligr =1 =9l
(iii) the poles of f are of order 2, except at u = 1 where order 3 is permitted.

The last condition will only be relevant to the deformability of the Z5 to be constructed; (i) and
(ii) are essential for moving it in (IV.C.5).

Ezample.

w1V
== = Sy

Setting [J = (P'\{1}), the graph of the pair f, g in P! x (J x [J gives an element

Wiel = {f<u)7g(u)} < CHQ((IPl, {07 OO}),Q)

and {(u, f(u),g(u)) : u € P} N3 gives an element Wy, € CH?*(C, 3). For the above example it is
in the image of

CH%(Q(v/=3),3) — CH%(C, 3) .

The situation may be sumarized by the following commutative diagram, which will be further
explained and justified below:

Good pairs ——— Good cycles ——— Hy( X (Z(2))hom A J (X))

w Zjlg o,
(f.9) / a <"(2T&)3>

Im

— R (IV.C.6)

The maps
Good pairs — Good cycles

will be constructed below, by successively moving Wy, step by step to Zf, in (IV.C.5). For the
other maps:

o Njg=Svalslo) (2)

where the sum is over (o, 8) € [(f)| x |(9)|;
o Dy(z) =Im(Liz(z)) + arg(l — z) log |z|

is the Bloch-Wigner function, extended in the above diagram by linearity to Z[C*];
e w(s) € HO(Q% ) for s # so tends in the limit to the standard form

dr Ndy ANdz N dw
TYZW
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when z,y, z, w are affine coordinates and the notation means that we take the residue on the
pentahedron P and pull back to X,,; and

e writing Z, = 9I's we will have for <o, (2:\(/8%)1)3>

lim b /F w(s) = g /F w(so) € C/Z(2) (IV.C.7)
S SO

Qﬂﬁ - (%h)s discrepancy is the (2my/—1)2 in (III.A.34). That this gives
the map claimed and that the upper right-hand square of (IV.C.6) commutes will be checked in
Proposition IV.C.9 below. To be more explicit, if

s =TI (1= 2) "t =TT (1-2)"

J J k

the reason for the

where >, m; = 37, n = 0 then
Nyg = Zmnk Pe € Z[C"].
9 . J I
-7’

In the diagram (IV.C.6), the map AJ¢(3) : CH?(C,3) — C/Z(2) is the regulator given by

1
orv 1 /WR(az,y,z).

Setting AJc(3)(Wy,4) =: Ry g4, one has (essentially by work of Bloch [Bl1]) Im R¢ ; = D2(Ny ), and
this is encoded in (IV.C.6). The point is that if Im Ry, # 0 then the cycle

Wy #0 in KP(C).
For the example above Ny, = 18(—+/—3) — 18(v/—3) and since Dy(z) = —D2(z),
Dy(Njy) = —36Da(v/—3) £ 0.

W —

Step two: The next step is to move W = Wy ¢ to the upper left position in (IV.C.5) to obtain our
desired cycle Z,) = Zy 4 € @ Z;E(Xi). The end result is given by (IV.C.8) below.
(2

The first step will use the following piece of the diagram (IV.C.5)
Z5(P;,2)
Ton
Z3(Py,3) = Z3({0} U{c0},3)

where we have set

Pl = Xs45
{0} = Xoga5, {00} = X345 ,
Consider
1—wu 2,11
A= [.277 1+x57f(u)7g(u)] €Z (an?))
Then
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where the second follows from 1 ¢ 0. Note that (u, f(u), g(u)) is Wy 4. As for the vertical differential
0p(A), letting ¢ be a primitive 10'" root of unity, we obtain the cycle

4

B = [3: f(=a), g(~2")] = > [ f(w), g(w)]

Pl
=0 ue

in PL x [02. Here, the second terms are graphs of 1-cycles lying over the designated points z = ¢2+1
of PL.
The next move is in the piece

Z4(P2 1)

Jo

Z3(82,,9) — Z4(PL2) @ Z3(E},2) © Z4(P,, )

of (IV.C.5) where ﬁpiy = Xy5, and IP); Jy is the P! “at oo”. Here we consider the cycle

L— f(=2”)(1 +2%)
1+ a5 4 y°

C:=|z,y; ol
U

79($5)} - 24: 7T221+1 {Cm—H; f(u), g(u)}
=0

in Zf% (@%7y’ 2). The horizontal map is the sum of the usual restrictions with signs, and sends C' to

B in Z;E(IF’;,Q) and 0 in the other summands (using g(oco) = 1 = f(0) and 1 ¢ O). On the other
hand, 0p sends C' to

D:=[{(1+2°)f(=2°) +y° = 0} 9(=2°)] = [{L + 2° +¢° = 0}; g(—2”)]

in ]E’iy x . The components of D are supported over the bracketed curves, by which we mean,

“take the proper transform in E”gy of this curve in }P’f,’y.”
The final move takes place in the diagram
Z3(3,,.)

x7y7z

T

Z4(PB3, 1) — ZA(P2,, 1) @ Z2(P2 1) @ Z3.(P2 1) @ Z2(P2,, 1)

‘Z7y7'z’ m7y7 x?'z? y7z,

where P2 = Xj5. In Zi (P2, .,1) we consider the cycle

T,Y,2 T,Y,2?

= [{w): (L 2%) 7 (") + 4" =0}, (1 -
—7* [{(z,y) : 1+ 2° +y° = 0}; g(—a")]

where Bys — Cy5 is the projection and the cycle 7*[--] lives in Iﬁ’%yz x O. The horizontal map

1—g(—2%)(1 + 2% + 5) }
142 +y° +2°

(restrictions to faces) sends F to D in Zi(l@ﬂ 1) and to 0 in the remaining summands. For example,

x?y,

for the restriction of the first term of E to P2,y = 0 = (1 4+ 2°)f(-2%) = 0 = —2° = 1 or

x,2)
f(=2%) =0= —2° =1 or g(—2°) = 1 (since f, g is a good pair). Either of these circumstances will
make the big function in parentheses equal to 1 (¢ OJ).

Finally, our desired cycle is
(Z5)19 1= 0(D) = {(0.3.2) : (1 +2%) f(=a®) +y° = 0, (142" + yP)g(a®) + 2° = 0}
~{(z,y,2) : L+ 2°)f(—2®) +9y° = 0,1+ 2° +y° + 2° = 0} . (IV.C.8)
Note that the 2°¢ term lies in S5 = {1 + 2% + y® + 25 = 0}; the first does not.
CoNcLUSION. The cycle Zs, given by (IV.C.1) and (IV.C.8) satisfies (i) in Theorem IV .4.
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Step 3: It remains to prove (ii) in Theorem IV.4. This will follow from (IV.C.7) together with the

ProprosiTiON IV.C.9. We have

Proof. We first give w(sp) explicitly; we need a collection of compatible log forms on substrata of
X, in the discussion around (III.A.31). These are obtained by pulling back

Q= dlog(wa/x1) A+ -+ Adlog(zs/x1) € Q3 (X7, log (P))
along the semi-stable reduction X — X; to
Q€ 03(X*, log (Xs,))

and taking iterated residues along the X;. If we write z,y, z for affine coordinates on P2, then for
example ws, w5, w345, wag4s are resp. the pullbacks of

do dy  de do dy do

T Y 2 x oy =z
under X5 — PE. We note that w(sg) represents a class in F~1H3(Xs,,C).

Now (III.A.34) tells us that
[w(so0)]
(A1, 077, 25 — (Ade(3)07,). o

and the right-hand term is visibly Ry .. Since [a(Wyg)lm = [Zrglm = [Zso)w and (1I11.A.34) is
well-defined,

[w(s0)] > < [w(s0)] >
AJ Zsy), =(AJ] W ,
< Xso( 0) (271' /_1)3 XSO (O[( f»g)) (271' /7_1)3
modulo (27v/—1)? x {periods of _wiso) }. The difficulty is in showing that these periods are just

(2my/=1)3
the integers.

Let X be the entire semi-stable reduced pencil (containing X as an open set). In forthcoming work
of the 3" author with C. Doran [DK], a class £ € CH*(X*, 4) is constructed with “cohomology class”
% € Hy(X, X,,). The homology class of Res= € CH3(Xj,, 3), which is clearly %, must
belong to Homyns(Z(0), H3(Xs,,Z)). This says that (—,w(so)) induces a “splitting” morphism of
MHS

H*(Xs, 2(2)) — Z(2)
and a corresponding map of Jacobians
J*(Xs) = C/Z(2) .
This completes the proof. O

It is worth commenting that this map of MHS is something very special, and does not exist for
the singular fiber over the maximal unipotent monodromy point of an arbitrary pencil of quintics.
Another point we should make is that the content of this proof is basically contained in the upper
right-hand square of (IV.C.6). To prove this commutes it suffices to verify that

- w(sg) 5
C/Z(2) <_>J(Xso)< T e2)

is the identity, which boils down to the splitting above plus a scaling check. For the latter, one need
only observe that w(sg)/(2mv/—1)3 evaluates to unity against the vanishing cycle &5, := {|z| = |y| =
|z| = €} (on X5). O
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IV.D Limit Abel-Jacobi computation for the Collino construction of the Ceresa cycle

Let C be a smooth algebraic curve of genus g = 3 with Jacobian J(C'). Upon choice of a base point
there is the standard embedding i : C' < J(C). By definition, the Ceresa cycle is

W =i(C) - j(i(C)) € Z*(J(0)),

where j : J(C) — J(C) is the involution u +— —u. It is homologous to zero and together with its
variants has provided a very fertile example of many — perhaps even most — of the non-classical
phenomena that occur for Abel-Jacobi mappings in higher codimension [Ba], [Ce], [Co]. In this
section we will consider a degeneration

Cs — Cs, (seS={ls| <1})
of the type

p(s0)

where p(s) € Cs is a base point tending to a node p(sg) € Cs,. We will construct a family X — S
related to {J(Cs)}ses together with cycles Zs € Z%(Xj) related to the Ceresa cycle. We shall then
analyze the limit lims s (AJx,(Zs),w(s)) € C/Q(2) where w(s) € H%wy,) will be an explicit
generator for all s. The result will be

lim (AJx,(Zs),w(s)) = —(64v/—1)C — (16mv/—1) log 2 (IV.D.1)
Ss—S0
where C is Catalan’s constant. Since the RHS is non-zero this shows in particular that

AJx,(Zs) #0

for s close to sg, provided we can show (—,w(sg)) induces a splitting of the MHS H3(Xj,) as in the
last example. The point is again to illustrate how Abel-Jacobi maps may be explicitly evaluated in
the limit.

Step one: Normalizations: We choose a standard basis wi(s),wa(s),ws(s) for HO(Q}JS), s # S0,
so as to normalize the period matrix fai w;(s) = ;5. The monodromy is given by

Ta; = fi + o
To; = oy .

Denoting by 74,, mg, the period vectors relative to the above basis for H O(Qbs) and setting Js =
J(Cs)

Js = Cg/Z <{7Ta¢}7 {ﬂ-ﬁz}> :
For the limit curve we will take the description

0=00
Csoz]Pl/ 1=-1
VT = T

where the expression in brackets means to identify the designated points where P! has coordinate z.
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Then

W1(50) ﬁdlogz

wa(s0) Q,T\lgd log (:&)

w3 (s0) 2ﬁ\1/jldlog (2_\/@) .

Step two: Construction of the family X — S and cycles Z, € Z?(X,): The family of
Jacobians J(Cs) on which the Ceresa cycle W lives degenerates to a compactification of (C*)3.
Using (u1,uz,u3) as coordinates on C3, in the limit the lattice is generated by

(1,0,0), (0,1,0), (0,0,1) (a-periods)

and
11 1 1
“/1oo”. = = Z o/ 1e0”. =
< oo bl 27 2> b <27 OO b 2) b
11 .
(2, 2 “\/loo”> (B-periods);

that is, the compactification of the generalized Jacobian (C*)3 of Cy, is not (P'/{0 = co})3, but
rather one identifies (0, 22, z3) with (0o, —22, —23), etc. To remedy this we shall use a lattice A whose
limiting B-periods are
(v —100,0,0), (0,v/—100,0), (0,0,v—100) .
To this end, we define a lattice A in C3 by
1

1 1
A=Z <{7ra¢}a7rﬁ1 - 5(”042 + ﬂ—as)ﬂﬂﬂz - 5(7T011 + 77043)77753 - 5(7041 + 7r012)>

and set X, = C3/A, where the dependence of A = A, on s, s # sg, will be understood. Denoting
by w1, us,u3 coordinates in C3, we have an isogeny
T — X,
W w
(u17u27u3) — (2U1,2U2,2U3)
and involution
X X
0] w
(u1,u2,u3) — (—u1, —uz,u3) .
We define the cycle
Zs = poi(Cs) — j(noi(Xs)) € Z3(Xs) .
This cycle is obtained by first sending

z (logz log <z— 1) log (Z_ _1>>
N ol N
Y Z—|—1 9y Z—i—»\/j Y

then exponentiating, next squaring the entries corresponding to applying p, and finally taking
the curve given by this operation together with subtracting the curve obtained by applying the
involution (z1, 22, 23) — (271,25 1, 23 ). The explicit form of the cycle is given in the lemma below.

We set
w(s) = duy A dug A dug € H(Q%.) ,
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and note that
AS = o1 X 2 X (3
= {(’U,l,’U,Q,’U,g) S R3 mod A}

is the unique invariant 3-cycle in H3(Xs,Z). We have

lim w(s)=1€Q.

5750 J A
We next have a general

SPLITTING PRINCIPLE. For a general family X —— S, let A1, ..., Ay be a basis over Q for the
invariant cycles

I'(S, R2"~'Q) = Ker Ng ,
and let w(s) € IL, satisfy

lim w(s) € Q

S§—S80 Al s
58

for all i. Referring to (IIL.B.7), set
w(so) = o(lim w(s)) € F" " Hy,_1(Xs,)

s— 80

where we recall the Clemens-Schmid sequence (Q-coefficients)

_ _ N —
H*" 1(X80> b I(XS) — H{" I(XS) - H2n—1(X50) .

lim lim
Then
{ w(so0) € Homyus(Q(0), Han-1(Xs,, Q)) (IV.D.2)
limg_, 5, w(s) € Homyms(Q(0), Coker N @ Q(n — 1))
and these two induce dual splittings (morphisms of MHS)
H™ (X)) —» Q)
\ ya (IV.D.3)

Ker N.
Moreover, tensoring (IV.D.2) with Q(n) and taking Exti s (Q(0), e) we have

J(Xs) —  C/Q(n)
T(0)N S
J(Ker N)

where 6, ¢ are induced by
27V —=1)" (e, w(s0))

and

(2my/—1)" <o, lim w(s)> = lim (27v/—1)" (e, w(s))

s— 80 5—50

respectively.

Remark. A more complete discussion of “splitting principles” with proofs and further applications
will appear in a future work of the 3'4 author.
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We next recall that

J(XS()) = (F7n+1H2n—1(Xso))v /HQnil(XS()vZ)
JEKerN) = J.q = F. /Ker Ny .

€,50

Prior to semistable reduction the fibre over sgp in the family X — S is the compactified semi-
abelian variety

(P /{oo =0})> =Y.
Denoting by (21, 22, 23) the coordinates on Y, away from the codimension two strata |, £ j(zi = zj
=0) =: Sing?(Y") the map
Xgg =Y

is an isomorphism. Also set Sing(Y') := U(z; = 0). We now have the
7

LEMMA. The specialization Zs, of the family of cycles Zs is given parametrically by
“1\? (- Vo1’
Ly, = 22, (Z > ,<Z ) czeP!
z+1 z++/—1
L <2+1>2 <z+\ﬁ—1>2 .
— z 7 | ———— cz€eP .
z—1 2 —+/—1

In particular, since Zs, - Sing(Y') = 0 we have Z, € Z;(Y); moreover, the support |Zs,| does not
meet Sing®(Y).

We shall label the two terms in Zs, as Z', Z” so that Zs, = Z' — Z". As long as we stay away
from Sing?(Y’) we need not be concerned with the specifics of the semistable reduction.

We note that the projection of Z,, on each of the factors in Y cancels out; this shows that
[Zso)t € Hae(Y, Q(2))nom- It follows [KLM, §5.8] that we may choose a chain Ty, € Cf([?’l x P! xP!)
such that

GFSO = Zs,
3
Ty, <Ui:1{zi =0 or oo}) =0

and

/rso w(so) = <27r\1ﬁ>3/z R3(z3, 21, 22) (IV.D.4)

S0

where

R(z3, 21, 22) = log z3 dlog z3 A dlog 23
+(27T\/ —1) log Z1 dlog Z9 5T23 - (47‘(’2) log 2’2(5ng NI, -
Here, we have used the notation Ty = f~Y(R~ -e) for the current assosicated to a map Y 1, P!
obtained by pulling back a small peturbation of R™, the reason for the peturbation being to avoid
—+/—1. The integral of the first term in R is zero by type and the sum of the contributions from
the third term cancel in the limit as € — 0. There is some tedium involved here in keeping track of
branches of log, so we omit the details. It then follows that (27y/—1)? times the RHS of (IV.D.4) is

/ log z1 dlog zo A 5T23
z

S0

70



NERON MODELS AND LIMITS OF ABEL-JACOBI MAPPINGS

which is equal to

where

-1 z+1
2 log 22 dlog | = —2/ log(272) d1
/T og z° dlog <z—|—1> . og(z7%) dlog o

(=4) (z)?

= —32(L(V-1) = L(=V~-1))
= 64v/—1C — 16mv/—11og 2

1
L(z) = Lis(x) + 3 log zlog(1 — )

is the Rogers dilogarithm and

is Catalan’s constant. It follows that

(2ry/=T)? / w(s0) € C/Q2)

Ty,

is purely imaginary and non-zero, hence nontrivial in C/Q(2). O
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