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ABSTRACT. The global enumerative invariants of a variation of
polarized Hodge structures over a smooth quasi-projective curve
reflect the global twisting of the family and numerical measures of
the complexity of the limiting mixed Hodge structures that arise
when the family degenerates. We study several of these global
enumerative invariants and give applications to questions such as:
Give conditions under which a non-isotrivial family of Calabi-Yau
threefolds must have singular fibres? Determine the correction
terms arising from the limiting mixed Hodge structures that are
required to turn the classical Arakelov inequalities into exact equal-
ities.
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I. INTRODUCTION

Among the principal invariants measuring the complexity of a varia-
tion of Hodge structure (VHS) of weight n are the Chern classes of the
Hodge bundles. Of particular interest is how the singularities or de-
generacies of the VHS affect these Chern classes. These are the main
themes of the present work.

We will be almost exclusively concerned with variations of Hodge
structure parametrized by a smooth curve S and where the local mon-
odromies around the points s; of degeneracies are unipotent. In this
case there are canonical extensions J? to S of the Hodge filtration bun-
dles, which are defined initially on S* = S\{s1,...,sy}. The Chern

classes then are the quantities

5, = deg (FUP/FL7)

A, =t Gg+-+06,>0,
where the inequality follows from the curvature properties of the ex-
tended Hodge bundles. In particular, setting £ = sg + - - - + sy these
properties imply that

Ay=6g+ - +8,=0 < VI?CI"?"xR0(IgFE)

where V is the Gauss-Manin connection.

In the case of weight n = 1 and Hodge number h'® = 1, the VHS is
given by a family of elliptic curves. Assuming that the fibres are nodal
curves without multiple components, we have

0o = deg js

where jg is the composition of the extended period mapping S —
SLy(Z)\H*, where H* = H U P}(Q), with the j-function. Thus, we
may think of the A,’s as extensions to a general VHS of the degree of
the classical j-function. It is known (cf. [Ko]) that in the classical case

(1.1) 1260 = Y m;
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where the singular fibre over s; is of type I,,, in Kodaira’s notation;
this is a prototype of one type of result we would like to extend to more
general situations.

In this paper we shall distinguish between

(i) an abstract variation of Hodge structure (Hz, 32, V, S); and
(ii) the case when the VHS arises from a geometric family
(L.2) f: X—=S
of varieties X, = f~1(s).
We shall refer to (i) as the geometric case, and we are particularly
interested in understanding which results hold in the general case (i)
or can only be established in the geometric case (ii).

For example, in the n = 1 and h'? = 1 case, a trivial consequence
of the existence of the j-function is that a VHS without degeneracies
is isotrivial.' In the case n = 3 and h*° = 1, of the type of VHS
that arises from a family of Calabi-Yau threefolds, one may ask if the
same result holds. This is not the case as there are complete curves in
the moduli space M3 of smooth genus 3 curves (cf. [Di]), and decom-
posing the Hodge structure on the third cohomology of the Jacobians
into its primitive and unprimitive parts and taking the corresponding
primitive part of intermediate Jacobians gives such a family without
degeneracies. We are, however, able to show that:

If there is a family (1.2) of Calabi- Yau threefolds without
singular fibres, then

(1.3) >t > b 412
Interestingly, it is the quantity?
(1.4) (24 + X(Xn))éo + 12(50 + 51)

that in some sense plays the role of degjs. In section V we shall give
a result expressing this quantity in terms of topological data arising
from the singularities of the singular fibres, which may be viewed as an
extension of (I.1).

As a particularly interesting special case, a family (I.2) of Calabi-
Yau threefolds is said to be of mirror quintic type if h*'(X,) = 1.

LA variation of Hodge structure is said to be isotrivial if it becomes trivial on
a finite branched covering of S. Equivalently, the global monodromy group should
be finite, or the F? should all be stable under V. A family (1.2) is isotrivial if it
becomes a product over a Zariski open set of a branched covering of S. In the case
where the X, are Calabi-Yau this is equivalent to saying that the Kodaira-Spencer
maps T3S — H'(Ox,) should be zero.

2Here, 7 is a generic point of S and X, is a generic fibre of (I.2).
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In this case the moduli space I'\ D for polarized Hodge structures with
h39 = h?! = 1 has dimension 4, but any non-trivial VHS can depend on
only 1 parameter, consistent with the well-known fact that the number
of moduli of X, is equal to 1. This situation is in many ways reminiscent
of the n =1 and h'Y = 1 case, and from (I.3) we infer

Any non-isotrivial family of C'Y threefolds of mirror quin-
tic type must have singular fibres.

In this regard we pose the

Question: Does a non-isotrivial VHS of weight 3 with h3° = h*! =1
necessarily have degeneracies?

After the introductory material in section II, we shall discuss 1-
parameter Calabi-Yau n-fold fibrations in the cases n = 1,2, 3. Section
I1I is a brief summary of the classical elliptic surface case, presented in
a way to illustrate possible extensions.

In section IV we discuss the n = 2 case. Here, there are non-isotrivial
families without singular fibres.® In this case an interesting quantity is

(L.5) Ax = x(X) = x(S)x(Xy)

measuring the deviation from multiplicativity of topological Euler char-
acteristics in the fibration (1.2). (In general, (1.5) is computed by the
sum of Euler characteristics of the singular fibres.) In that section, and
later in section V in the n = 3 case, we shall give formulas expressing
Ax in terms of topological and combinatorial data on the singular fi-
bres, under a relative minimality assumption. These results generalize

the Kodaira formula

where Ax = x(X) since x(X,) = 0.

In section VI we shall build on some of the work ([Pel], [Pe2],
[JZ], [Vi] and [VZ1]-[VZ5]) on Arakelov inequalities, which give up-
per bounds on degrees of Hodge bundles. These results are purely
Hodge theoretic, and in fact make no use of the rational structure on
the local system. For the classical n = 1 case the inequality is

(16) b < (%) (B0~ h0)(2g — 24 N)

3In general there seems to be an odd-even pattern for families (I.2), perhaps
reflecting the odd-even behaviour of the classical Picard-Lefschetz transformations.
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where g = ¢g(.5) is the genus of the parameter curve, N is the number
of singular fibres, and

o rank of the Og,-module
M e (930 22 900 0 04,

where 6, is the mapping induced by V. In that section, for the cases
of weights n = 1,2, 3 we are able to refine the Arakelov inequalities to
equalities. For example, in the n = 1 case when we have (cf. section
VI for explanation of notation)

(L7) 60 = (%) [(hl’o —hy") (29 —2) + Zrankﬁi

-3 [<—6a> + > va(det 0) + ) v, (det A)

sES* )

where rank N; is computed from the action of the logarithm of mon-
odromy in the limiting mixed Hodge structure (LMHS) at a point s; of
degeneracy of the VHS, §) < 0 is the degree of J—CS:S, and the quantities
in the sums are non-negative and zero for all but a finite number of
points.. We have
0 < rank N; < hH0 — pg?°

and

(L.8)

{ rank N; = 0 <= s;is not a singularity

rank N; = h'0 — h)® <= the LMHS is of Hodge-Tate type.

In (1.7), fo,s is the mapping H/Hy? — (Hgy)t ® Qf, induced by
6o s using (}(3;2% C FO0 = 301,

There are similar, perhaps even more interesting, results in the n =
2,3 cases. For n = 3 it turns out that the correct quantities to bound
are not oy and 0; but rather

AO == (50
Ay =00+ 01
which are non-negative and vanish if, and only if, the VHS is isotrivial.
For n = 2 we find the classical Arakelov inequality

(1.9) 5o < (h*° — h°)(2g — 2)
with equality holding if, and only if|

(i) the induced Kodaira-Spencer maps g, in S* = S\{s1,..., sy}
are all fibrewise injective;
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(i) the sub-bundle H2° @ H}! @ Hy, is a flat sub-sundle of K.,
and therefore gives a sub-VHS; and

(iii) denoting by H' = @& H"? the Hodge structure on the r
ptg=r

graded piece Gr,(LMHS;) for the limiting mixed Hodge struc-
ture at s;, we have

20 = p20

for all ¢
The third condition is satisfied if LMHS; is of Hodge-Tate type, but
not conversely.

The Arakelov inequality is given by correcting (1.9) by subtracting
from the RHS a sum of three non-negative terms corresponding to (i),
(i), (iii).

For n = 3 we find inequalities
(I.10)

(a) 0o < (h*° = ho” + 5(h*! = hg")) (29 — 2+ N)
(b) do + 01 < (B30 — ¥ + h2 — A1) (29 — 24+ N)

with equality holding if, and only if, conditions similar to (i), (ii), (iii)
above are satisfied. For the most interesting condition (iii) we have

(a) «— Rm’= hg:gi for each singular point
73,0 _ 13,0 P21 21 | 732
(b) = { Pt =M, and By =Ryl i

for each singular point.
Again, these conditions are satisfied if LMHS; is of Hodge-Tate type,
but not conversely.*

We note that for n = 1 we have two expressions for 6 = dy, one
arising from the Grothendieck-Riemann-Roch theorem and one arising
from the Arakelov equality. Comparing these gives a formula for the
sum of the correction terms in the Arakelov equality. We work this
out for elliptic surfaces, where the only correction terms are where the
Kodaira-Spencer maps fail to be fibrewise injective; in particular this
includes when the fibre is smooth with automorphisms.

We also work this out when n = 3 and X,, is Calabi-Yau of mirror
quintic type. In [GGK2| the possible unipotent degernerations have
been classified and the contributions to dg and to dyp+9; of each type are
analyzed. This leads to a generic global Torelli result for the physicists
mirror quintic family, a result obtained earlier by S. Usui.

‘Note added in proof: We have just seen the interesting paper [MVZ] in which
there are results related to, but seemingly different from, those given above. See
also [VZ1]-[VZ5].
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In section VII we explore a different type of enumerative question.
Namely, when we have a VHS (Hgz, FP,V,S) of weight n and with-
out degeneracies and where S has arbitrary dimension, a theorem of
Deligne (cf. [Z]) gives that

H" (S, Hz) has a Hodge structure of weight n +r .

An interesting question is: What data is needed to determine the Hodge
numbers HP9(S,Hc)? What we find is that in the case of a general
VHS, aside from simple cases there is not much that we are able to say.
However, in the geometric case (1.2) of a family of threefolds (which
need not be Calabi-Yau’s) over a curve, one finds that

(i) from Deligne’s theorem alone one may determine H*°(S, Hc),
(ii) to determine H*'(S, Hc) and H*?(S, Hc) one needs additional
information coming from the VHS arising from the other R;’c@
(¢ #3).
We find this to be instructive in that it helps to further illuminate what
additional information is contained in variations of Hodge structures
that arise from geometry.

II. NOTATIONS AND TERMINOLOGY
I1.A. Hodge theoretic preliminaries

We will be considering a polarized variation of Hodge structure (VHS)
over a smooth, quasi-projective algebraic curve S*. The VHS will be
denoted (Hz, FP, V, S*) where

e Hjy is a local system on S*;

e J7? is a filtration of H = Hy ® Og- that induces on each fibre
H, a polarized Hodge structure of weight n;’

o V:H — H®QL. is the Gauss-Manin connection with kernel
Hc and satisfying

V(F?P) c I 1o OL. .

There is a canonical completion of S* to a smooth projective curve
S then
S*=S\E
where F' = {s1,...,sxn} is the set of punctures. Around each s; there is
a local monodromy transformation 7;; unless stated otherwise we shall
assume that

5We shall not distinguish between a locally free sheaf & of Og.-modules and
the corresponding analytic vector bundle E with fibres F, s € S*. Although we
will work in the analytic category, all of the analytic objects will have an algebraic
structure.
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e T} is unipotent.

There is then the canonical Deligne extension of the VHS to
(Hze,F?,V,S) over S.° Then H, is a vector bundle over S filtered by
sub-bundles J? and where the transversality condition on the Gauss-
Manin connection becomes

(IT.A.1) V:F -3 1 o0l(logE) .
We set
Hpn—p — FP /gfp+1
Jznr = /I

Of importance throughout this paper will be the maps induced by V,
called the Kodaira-Spencer maps’

(ILA.2) gra 2, gpr-Latl @ OL(log E)

that capture the first order infinitesimal information in the VHS over
S*. At the punctures s;, the map 6,,, on the fibre is given by the
residue of V.

Over S* the polarized Hodge structures on the fibres induce Hodge
metrics in each vector bundle H?4. There is then an associated metric
connection whose corresponding curvature is

(I1.A.3) Ogepa = 0y NOy+ 0,1 N0, 1,

where “” denotes the Hermitian adjoint. In terms of local unitary

frames
e, for HP1

e, for Fp—hatl
e, for Jrrha-t

with the Kodaira-Spencer maps given by

O4(€a) = ZAZGM
1w

O,-1(e,) = ZAgea
the curvature matrix for HP"7P is given by

(Osmn)og = D ALNAL =S ASNA
I3 p

6Throughout this work the subscript “e” will stand for extension.
"Here we shall understand that q=n-—p.
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The Chern form is

V-1

(IIA4) C1 (@(}(p,q) = o Tr (C"‘)j—(p,q)
V=1 —\ V-1 o,
= 5 aZuAgAAa - aZpAp/\Ap .

This “alternation” of signs has always been an important aspect of the
curvature properties of the Hodge bundles.
Near a puncture, it is a result of Schmid [Sc] that:

(i) the forms ¢;(Ogp.4) are integrable and define closed, (1, 1) cur-
rents on the completion S}

(ii) the de Rham cohomology class represented by c¢;(Ogpw.a) gives
the Chern class ¢; (H29) of the canonically extended Hodge bun-
dle.

For our purposes, taking the case p = n,q = 0 we have
J—1 e
— E { p
C1 (@j{n,O) = 271' - Aa AN Aa

so that setting®

0= / C1 (@j{n,O)
s
we have

d 2 0 with equality
(IT.A.5) { if, and only if, 6y = 0 } '

Next, letting 0y < {A4} and 0; < {Af} as above, we obtain, reflecting
the alternation of signs, a cancellation that gives

v/ —1 _
C1 (@g{n,o) + C1 (@g{n—l,l) = 7 (Z AZ A AZ) .
wsp

Setting
A= / ¢1 (Oggn)
s
we obtain
0 + A = 0 with equality
(I.A.6) { if, and only if, 6, =0 .

This pattern continues, but in this work we shall only need the first
two cases.

8For almost all of this paper we shall only be concerned with H™? and FH»~ 1,
and we shall set 6 = g and X\ = d; in terms of the general notations given above.
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Finally we recall that given a puncture and a local coordinate s such
that s = sy corresponds to the puncture, there is defined on the fibre
H. ;, a polarized limiting mixed Hodge structure (LMHS). The Hodge
filtration F? is defined by the F?, ; the weight filtration W, is defined
using the logarithm N of the unipotent monodromy transformation 7.

The following are properties of the LMHS:

(i) N W, — Wi
(ILA.7) (ii) Nk Gr) = Gr), is an isomorphism
(iii) N(FP) C FP 1.

The Q-structure and weight filtration change under a scaling
s — AS

by exp(AN), from which it follows that the HS on the graded pieces
and adjacent extensions of Hodge structures are well-defined. The po-

larizations are defined using the polarizing form, evaluated at sg, of the
given VHS.

I1.B. Algebro-geometric preliminaries

We will consider families of projective algebraic varieties given by
the fibres X, = f~1(s) of a connected, surjective morphism

(ILB.1) f-X—8

between smooth, projective varieties and where the base space S is a
curve.
Define the relative dualizing sheaf for this general setting by

Wx/s = wx & f*(TS)

where wy is the canonical bundle. Indeed, one has (R$€)" = Ry (€ ®
wx/g) if € is locally free and n is the relative dimension.

Outside the discriminant locus E' = {s1, ..., sy} the fibres are smooth.
Unless mentioned otherwise we will assume that the singular fibres are
normal crossing divisors (NCD’s)

% %
Xs, = E me, X,
7,0

where the X! are smooth and meet transversely. We will also assume
that there are no multiple fibres; i.e., ged, {m’} = 1. Usually we will
assume that the X, are reduced normal crossing divisors; i.e., the non-
zero m!, are equal to 1. Locally we may assume that f is given by

Mn+1

M1
§=Z21 "
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where the p; reflect the m?. In the reduced normal crossing case the
non-zero p; are equal to 1. In this situation the local monodromy is
unipotent, not just quasi-unipotent.

One exception to the above is in section V where we shall consider the
situation where the singular fibre has ordinary double points (ODP’s).
Then the map f is given locally by

.2 2
s=2+ -tz

Unless stated otherwise we shall assume that the smooth fibres are
Calabi-Yau (CY) varieties of dimension n, where in this paper we shall
study the cases n = 1,2,3. Denoting by X, the generic fibre, we thus
have

(X)) =1, hY(X,)=--=hr""(X,)=0.
We shall make the important assumption of relative minimality; i.e.
(I1.B.2) f (filwx)) 2wy .
This has the implication
(IL.B.3) a(X)?=0,

that will be frequently used. We refer to section V.G for further dis-
cussion of this.

We now assume that we are in the reduced normal crossing case and
set

D=f"E)=JX,.
$;EA
An important result of Steenbrink [St] is that the canonically extended
Hodge bundles are given by

(I1.B.4) HPO = RIO%

(log D) .
Here, the relative log differentials are as usual defined by
QX/S(logD Qg(/f*(ﬂig(logE))/\Qggl(logD) .
These sheaves are locally free (loc. cit.) and
0% s(log D) = /\pQ}qS(log D)
wx/s = Wy 5(log D)

where wx/g is the relative dualizing sheaf.
We shall systematically use the following sequences, where (b) and
(c) define the sheaves ¥, and G:

(a) 0— fH(Qf) — Qy — Qs — 0
(IL.B.5) (b) 0= Q¢ — Q% (log D) — F, — 0
(c) 0— fIHP") = wxs = G—0
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and where in the third sequence

9:0@{

the relative minimality
assumption (I1.B.2) is satisfied.

Since

wx = fH(Q8) @ wxys
by definition, and in the RNCD case

H = (967) = (Rj(0x)) " = Ry(wxys)

we have

Fulwx) = Q@ 300
Then using that we are in the situation of a CY fibration, the injective
sheaf map

fH(fulwx)) — wx

is surjective if, and only if, the first map of (IL.B.5)(c) is surjective,
thus verifying the above assertion.
From the above we infer that, assuming minimality,

ci(X) = f*(er(S) — er(36)) -
The RHS may be rewritten to give
(11.B.6) (X)) = (2—29—6)f([n])

where [n] € H*(S) is a generator. This of course implies (II.B.3).
We shall use the notations

G = ¢ (Qﬁ( /S>

i = i (2 5log D))
Then from (II.B.5) and the vanishing of ¢;(F) as discussed below, we
have
(IL.B.7) &= =0f"n,

which gives also that
&=e=0.
We set
F=5
and note that in general
supp S'r‘p g Dsing .
This implies that the Chern classes

¢i(F,) =0 for i =0,1.
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A pair of formulas that will be used extensively arises by putting the
sequences (II1.B.5) in a diagram and giving a resolution of the sheaf .
For this it is notationally convenient to denote a singular fibre simply
by Y = UY,. Then we have an exact diagram

(0 - pE) - 9 - O -0

| l |

0 — f(Qs(ogE)) — Qx(logD) — Q g(logD) — 0

l | |

Oy’ d GBOYQ ad 9

\

and a resolution (here for n = 1,2, 3)

(ILB8) 055 @ 0y, > & Oy, > & Oy,, —0.

A
a<p a<B<y “ a<B<Y<N o

Here, the first map p is constructed from the composition of the
restriction mapping

Q/s(log D) — 2 Q. (log Yag)

together with the residue mapping
® O (logYas) — @ Oy,
a<6 Ya( g IB) a<,8 YaB

with attention to signs. The next mapping is given by

’ (ci}ﬁ Faﬁ) - Z Faﬁ}yaﬁw

a<f<y
where Fos € Oy,,. The third mapping 7 is similarly defined. The
above maps depend upon a choice of ordering of the index set for the
components of D.
We shall now discuss how one proves the exactness of (II.B.8). In
order to not have the notation obscure the ideas, we shall restrict to
the situation where

Yo =V UY2UYs,
and we assume there is one triple point and set
p=Yi3=Y1NY2NY3.
Locally we may choose coordinates x,y,2z on X and s on S so that f
is given by
Yz =8,
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and
Vi={r=0}, Yo={y=0}, Ys={2=0}."
Then ¢ € Qﬁ(/s(log D) is given as
dx dy dz
Y= f(xa Y, Z>_ + g(l', Y, Z>_ + h(l’, Y, Z)_
x Y z
where
(IL.B.9) —+24+=Z=0.
To define the part
O/s(log D) == O} (Vi) & Q4 (Vo)
of the restriction map, we use (I1.B.9) to write

B dx dy
o= (=M lo=mT

and then

Ra(i) = (1(2,9,0) = ha1.0)) T @ ,,0) = hlz,,0) L

We then use Poincaré residues to map

R3(§0) — I'Syy, (R3(§0)) @ resys, (R3<§0))
and then the composition ps(p) is given by

p3() = (f(0,y,0) = h(0,y,0)) & (9(x,0,0) — h(x,0,0)) .
Thus
p3() € Oy, @ Oy,
Similarly,

Ral) = (£(2,0,2) ~ (2,0, 2) " ® (h(a,0,2) ~ g(,0,2)) %

and
Ra(p) = p2(p) = resy,, (Ra()) ® resyy, (Ra(p))
where
p2(p) = (f(0,0,2) = g(0,0, 2)) & (h(,0,0) — g(z,0,0)) € Oy, & Oy, -
Note that
p3(#)y,, = —P2(0)ly,, -

9With apologies to the reader, we will use the ordering 3 < 2 < 1 as it makes
the end result appear more symmetric.
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It is clear that o(p(¢)) = 0 and that

9:—> © OY LOPHO
a<pf

is exact. Thus we have to show:

p(e) =0= 9 ey .

We have
( f(2,9,0) = h(z,y,0) = 2A3(z,y)
9(z,y,0) — h(z,y,0) = yBs(z,y)
) = 0 & f(z,0,2) — g(x,0,2) = 2Cy(x, 2)
h0,y,2) = f(0,y,2) = —zAi(y, 2)
9(0,y,2) = f(0,y,2) = —y(Ci(y, 2)
[ (2,0,2) — g(x,0,2) = —2Ba(x, 2) .
Thus

h(l’,y,Z) = f(.%’,y,Z)—$A3<$,y)+ZD(£IZ',y,Z)
h(l‘,y,Z) = g(l‘,y,Z)—yBg(l‘,y)+ZE(IL',y,Z),

and modulo Q3 /s

{ (i) szfdgx‘i‘gdy—y‘f‘(f—%‘l?))
(i)  o=r%+9Y+(9—yBs)

Sy &

The case where there are quadruple points is a direct extension of
this argument. O

For € a coherent sheaf with Chern classes ¢;, for frequent latter
reference we record the formulas

( Cho

(€)

(€)
(IL.B.10) ! chy(€) =25

(€)

(€)

24
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where in the first, rank €, is the rank of € at a generic point. For the
Todd genus we have

Tdy(&) = /2
Tdy(€) = St
(ILB.11) 2(€) b
Tdy(€) = e
Td4(8) _ —c‘f+3c§+47c§(;:2+c103—C4

Formal properties such as
Td(E+ &) =TdeE-Td¢&
{ ch(€ + &) = ch(&) + ch(&)
will be used without further mention. We shall set

— | Todd polynomial for € with
Td(€) = { ¢; replaced by (—1)’c;. }

In case & is locally free with dual €

(IL.B.12) Td(&) = Td(&) .
We also have
(ILB.13) Td(E + &) = Td(€) - Td(&') .
For & a coherent sheaf on X, the GRR is
(I1.B.14) ch(fi(€))-TdS = fu(ch(€) - Td X) .

We may then rewrite (I1.B.14) as
ch(A(&)TAQY) = f.(ch(€)- (f* (TA(RY)) - Td(2hs))
= £ (ch(e) - TA(Qkys) ) - TA(RY)

where the second step uses the push-pull formula. Cancelling the

'i‘vcl(Q}q) from both sides leads to the version of GRR that we shall
use in section III

(T1.B.15) ch(fi(€)) = f. (ch(€) - TA(s)) -
In case all the fibres of (II.B.1) are smooth we denote by
E=TX/S
the tangent bundle along the fibres of. Then, in this case
Ox/s = ¢
and (I1.B.14) is
(I1.B.16) ch(fi(€)) = fu(ch(&) - TdE) .
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Referring to the sequences (I1.B.6), we shall set

G = (~1)'ei ()

(I1.B.17) R ‘ )
6 = (~1)ic (O 5llog D)) -
Then N
N Td(Qﬁ(/S) = Td(éy, é9,C3, .. .)
Td(Qi(/S(IOg D)) = Td(él, 62, CAg, R ) .

In case the fibres of (II.B.1) are all smooth
(ILB.18) Tdé = Td(é1, 80, G5...) = Td(é1, é9, 5, ) -
Finally we remark that

(IL.B.19) A family of Calabi-Yau varieties is isotrivial if, and only if,
the equivalent conditions

90 =0

0=0

This follows from (II.A.5), and the well known fact that for s € S*
the differential of the VHS is given by the usual Kodaira-Spencer map

T,S — Hom (H™"(X,), H" "'(X,)) = H'(©x,) ,

are satisfied.

where the isomorphism on the right depends on a a choice of trivial-
ization
Wx, = O X -

III. ELLIPTIC SURFACES

In part to set a context for what follows, and in part because it is
such a beautiful story, we want to recall briefly some elements of the
theory of minimal elliptic fibrations, due to Kodaira [Ko] and nicely
recounted in [BHPV, §V.7-13]. In this section we shall not assume
NCD’s (as we will treat all of Kodaira’s fiber types). We begin with
two examples.

Example: The Fermat pencil
s(zy + ) + 23) — wor179 = 0

gives an elliptic surface

f: X —P
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where, using s as a coordinate on P!, the descriminant locus is
2
A — Olgi CZGQW\/TU?)'
Y 37 37 3 Y
Each singular fibre is of type I3 in Kodaira’s classification; the picture

1S
p

X, =

k3

(IT1.1) |

dual graph A
1 1

Equivalently, letting as usual
['(N) = ker (SLy(Z) — SLy(Z/NZ))
the semi-direct product I'(3) x Z? acts on H x C by

a b at+b z+my+ mer
c d (masma) | (7,2) = cr+d’ cz+d '
This gives a family of elliptic curves parametrized by H/I'(3), and

adding curves of type (III.1) over the four cusps gives an alternate
description of the Fermat pencil.

Example: Fixing 7 € H and setting E. = C/Z{1,7}, we quotient
P! x E. by the involution
(_1)(872) = (_87 _Z) :

This gives an isotrivial family with Kodaira type [} singular fibres over
s = 0, 00, which are described by

(all P1’s)

(I11.2) * ¢

AN
./ ° (dual graph)
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To an elliptic curve E, with Weierstrass equation

y? =42’ — gox — g3
where go and g3 are the well known expressions in terms of 7, one
associates the j-function

. 1728¢3
i) = 53 -
9 — 2793
Then j(7) is invariant under SLy(Z), and setting H* = H U Q one has
J: (SLQ(Z)\I}C*) = pt

where j71(00) corresponds to the cusp in the fundamental domain for
SLo(Z). Their existence of j immediately implies that

(II1.3) Any non-isotrivial family of elliptic curves parametrized by a
complete curve must have a singular fibre.

Indeed, if the family is f : X — S, then the composition jg in
S — (SLy(Z)\H*) -1 P!

gives a non-constant meromorphic function on .S over whose poles must
lie singular curves. 0

We set
< ‘
0 = ;5deg js
and solely for this section,

6 := deg (fu(wxss)) -

In the case when the fibres of f : X — S are reduced normal crossings
— i.e. of type I, in Kodaira’s classification — § = deg(H!?), and we
shall see that

(I11.4) 5=49,

Thus, although while one does not (yet?) have an extension of the
j-function to other situations,'® in the reduced normal crossing case we
do have an extension of its degree. This simple observation will play a
critical role in this work.

For later reference we shall reproduce Kodaira’s table. Recall that
the minimality of X implies that X contains no —1 curves in its fibres

and that each irreducible component X! of a properly singular fibre

100ne exception is the case of K3’s of Picard rank 19 (and to some extent, rank
18); see [Dor] (resp. [CD].)
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Fiber type | monodromy 0o 0o | dual graph
10
I ( 0 1 > 0 0
11
I (0 1) 1 (1] <O
Im ( (]j T’]-'j > m m O(m sides)
i -1 0
I; ( 0 1 ) 6 0] >
I ( _(1) __771& ) m+6|m :>’—"—‘<:
. 0 —1
Ir 0 -l 9 |0 ey
10
v -l 8 |0
1 0 I
11
11 ( 10 ) 2 0 .
0 1
111 ( 10 ) 3 0| o=
0 1
v (_1 _1) 4 10| A
TABLE 1
has self-intersection (X)2 = —2. The notations &, and &, refer to the

contribution of the singular fibre to ¢ and & respectively, while x is
the order of monodromy. We have not labeled multiplicities of compo-
nents in the dual graphs, though all individual-point intersections of

components have multiplicity 1 (except type III).
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We shall now apply the Grothendieck-Riemann-Roch formula in the
form (I.B.14) for the sheaf Ox. The formula is

h(f (0x)) = F.(Td(r,)
For the LHS we have
fil0x) = 1—- R}OX
= 1 (Rjwxss)’
= 1+ fuwxys,
by the property of the dualizing sheaf. Thus

/Ch1 (fi(0x)) =10
S

For the RHS,
{ c1(X) = (2 =29 — 0)f*[n]
¢ =0f*[n]
from (I1.B.6) and (II.B.7), which still hold in the present setting (with
9 as just defined). Using (IL.B.5)(a) it follows that

2 =0
62 :CQ<X) X

/Sf* (fd2(51,52)> _ /X CZS() _ x(é)
= 120 = x(X) = >_x(X).

and so

where X; are the singular fibres.

It is elementary to check that their Euler characteristics are as listed
in the 4'® column of the table: except for X; of type Iy (smooth) or IV,
(ITL.5)

X(Xi) =D X(XE) = > x(Xis) = 2(# vertices) — (# edges) .

a<f

~
in the dual graph

No singular fibre contributes zero (in contrast to type I K3 degenera-
tions in IV below). In particular, we note that

5#0 ﬁ 0 #0 = presence of singular fibres ,
200

which gives another proof of (I11.3).

Next, we turn to the semistable case, which will form the basis of
our higher-dimensional generalizations. From Kodaira’s table we see
that (II1.4) holds, since all singular fibres are of type I,,. Thus, in
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the case where the singular fibres are reduced normal crossing divisors,
the degree of the Hodge bundle may be used in place of the j-function,
which suggests the importance (in general semistable families) of the
former as a measure of the non-isotriviality of families of CY’s.

If the singular fibre X, is of type I,,,, then the dual graph has m;
edges and m; vertices, so that by (II1.5)

X, contributes m; to x(X) .

This leads to Kodaira’s relation

(IIL.6) 126 =Y m;

which can be interpreted in two ways:

(i) The contribution to deg H! ' of the singular fibres is expressed
i terms of the intersection numbers of the components of the
singular fibres;

(i) The contribution to deg HLO of the singular fibres is expressed
in terms of the monodromies.

A moment’s reflection show that (i) and (ii) remain true for a family
of curves of any genus g = 1, assuming of course semi-stable reduction
and minimality.

We shall see below that (i) remains true for the quantity (24 +
X(X;))0 +12(8 + A) for n = 3.

Finally, we observe that the relations arising from the GRR place
global constraints on the combinations of singular fibres that may oc-
cur, since the sum of the contributions of the singular fibres must be
divisible by 12. Thus

I, I, I3, I} does not occur
1,15, 15,1 does occur.

The first example at the beginning of this section is of type I3, I3, I3, I5.

IV. SEMI-STABLE FAMILIES OF K3 SURFACES

We first observe that the analogue of II1.3 does not hold.

Example: Let |X;| be a general pencil of quartic surfaces in P3. The
singular X;, each have one ordinary double points p;. The Picard-
Lefschetz transformation T; around ¢; is finite of order 2 — i.e., T? = I.
Denoting by I' C I'; the global monodromy group the period mapping
extends across the ¢; to give a non-constant map

r:P' - T\D
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where D is the relevant period domain. Thus:

The moduli space T'z\D for polarized Hodge structures
with h*° =1, ht' =19 contains complete curves.

Following Atiyah [At], one may construct a family of smooth K3’s
X — S where S — P! is the 2-sheeted covering branched at the t;.
The construction is local over a disc A around ¢;. Let

Y CAxP?

be the smooth surface given by the corresponding family of K3’s parametrized
by A. Let A" — A be the standard 2-sheeted covering and

Y/:A/XAY

the fibre product. Then Y’ has an ordinary double point corresponding
to {0} x p; and the blowup Y = BL, Y is a smooth threefold. The fibre

Yy over the origin of Y > Alis a smooth surface with two —1 curves
lying over p;. Contracting one of those curves gives a new smooth
threefold which fibres smoothly over A’ with K3 surfaces as fibres.

Equivalently we may blow Y down along one of the rulings of the
quadric Q = P! x P! given by the proper transform of p;. When this
is done we obtain the same family.

Turning to use of Riemann-Roch theorems, especially GRR, there
seems to be an even-odd phenomenon whereby they fail to yield direct
information on the degrees of Hodge bundles for families of CY’s of
even dimension, but do so when the fibres are of odd dimension. For
example, for a family f: X — S where all fibres are smooth K3’s, the
GRR using Ox and Qﬁ(/s only confirms that y(X,) = 24 and h' (X)) =
20. When there are singular fibres one does not find that they give a
contribution to & = deg H>". This is not unexpected since, as noted
above, there are non-isotrivial families without singular fibres.!! What
Riemann-Roch theorems do give is expressions for the contribution of
singular fibre,'? denoted for simplicity of notation by Y = UY,,, to the
discrepancy

Ax = x(X) = x(S)x(Xy)

from multiplicativity of the Euler characteristic. In general this is given

by > x(Ya) — Za<ﬂ X (Yag) + Z(Kﬁ@ X (Yasy) — 24, but under our as-
sumption of relative minimality GRR yields a nontrivial simplification.

Hfrom the different perspective of “Arakelov equalities” in section VI, we will
find expressions in terms of their LMHS of the contributions of singular fibres to
the various deg HP9’s.

12We continue to assume Y is a reduced NCD.
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We set

f = number of components Y, of ¥ =Y
e = number of components Y,5 = Y, NYjs of YI!
v = number of components Y,5, =Y, NYzNY, of Yl

We also write {C,}5_, for the {Y,3}. Thus,

v, &, f are the number of respective faces, edges, vertices
in the dual graph.

Denoting by g, = ¢g(C) the genus of the smooth, irreducible curve C},
we shall show that

(IV.1) AXZ&—U—ZQ)\ 13
)

Following the proof we will illustrate the formula in the two cases of
semi-stable degenerate fibres that Kulikov found in his work [Ku] on
minimal semi-stable degenerations of K3’s (cf. also [Pi] and [P-P]).

Proof of (IV.1): We have

) = [ ax).
X
Using the notations in (II.B.5) and the additivity of the Chern character
ch(Qx) = f*(ch(Q)) + ch(2x/5(log Y)) — ch(F) .

The LHS expands, using our assumption of minimality and (I1.B.3), to

3+ ) -l + (5 @) + Jak)

Expanding the RHS using (II.B.8) and comparing terms gives, after
simplification, the equations

a1(2x) = (=x() + 0)[X;]
(%) = 2(Qyys(logY)) = D [Yag]

a<p

e3(Q) = —x(S)x(X,)[p] — chs(F) .
From this we conclude that

(IV.2) Ay = / chs(F) .

13 The corresponding formula for an elliptic surface with a fibre of type I, is
simply (cf. (IIL.5)).
Axy=m.
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Next we use the resolution (II.B.8), which in this case reduces to

0—>3’~—>@OY&6—> ® Oy. —0
a<f(

a<p<y 7
to obtain
ch(F) =D ch(0y,,) — Y ch(0y,,).
a<p a<ff<y
The RHS is
1
> [Yas) + 5 > es(Ov,) = D Yo -
a<f a<( a<f<y
N—— ~ /
cha (F) ch3(J)
Using the GRR applied to the inclusion maps in the situation
UcWwWcX

of a smooth curve U in a smooth surface W in X, together with the
adjunction formula, we may evaluate chs(JF) to find

/ chs(F) ZE—Zg,\—U.
X A
This gives
B = = [ (@) - xS,
X
- =Y
A

as claimed. ]

Example: There are two types of Kulikov semi-stable degenerate fi-

bres
(1) -7 !
H
Here Ei,..., E. are smooth elliptic curves (gx = 1), Y3,...,Y., are
rational surfaces and Y5, ..., Y. are ruled elliptic surfaces, from which

it follows that v =0, e = > 3_, g, and

Type I degenerations make no contribution to Ax.
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(IT) Then Y = |J,, Yo where all the Y, are rational surfaces and all
Y, are rational curves (gx = 0). The “schematic” polytope of the

configuration, e.g.'*
—
or | --1-3

is dual to a triangulation of S?. Thus f — e +v = x(S?) = 2 and so

Type II degenerations contribute f — 2 to Ay.

For a minimal family f : X — S of K3 surfaces, possibly hav-
ing singular fibres, the degree 6 of H*" = f,(wx/s) enters algebro-
geometrically through the ordinary (Hirzebruch) Riemann-Roch for-
mula for an ample line bundle L — X. Setting w = ¢;(L), using
(I1.B.5) the Hilbert polynomial for L has as coefficients

By _ (w3 1.3 x(8)—=38\ 7.2 lower order
X(X’L)_(6>k+( 2 )k+(termsink)'

Thus, for large k

The next to highest order term in h°(X, L*) decreases in
proportion to 0.

This is a purely algebro-geometric statement for which we do not know
of an argument that does not use Hodge theory.

V. CALABI-YAU THREEFOLD FIBRATIONS

V.A. Statement of the main result
We first establish/recall some notations. Let

f03X0—>S

be a relatively minimal (cf. subsection G to this section) family of CY’s
where X, and S are smooth.' We will allow two types of singular fibres.

(i) semi-stable fibres X, = J, X%;

(ii) fibresY; with ordinary double points (ODP’s) {p%} and no other
16

singularities.

M There are literally thousands of possibilities.

15We will use the modification described below to replace X,y by our usual no-
tation X.

16We shall use the notation Y; instead of X; = X, to distinguish the ODP
singular fibres from the NCD ones. We note that for the desingularization we shall
use, we will have

DR = hO(X,)

J
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In case (ii) we denote by A, the number of ODP’s on Y;. We also set
Do=) X.

We recall from section I1.B our notations
§ = deg H>? = —deg R3f,0x,
A =degH2' = —deg R?*£.QY, /5 (log Do)
Axo = x(Xo) — x(X;)x(9),
and in this section shall use the additional notations
Xé = Za<5 X(X{iﬂ)v
Jog, = genus(X; 5 ) for a < 8 <y
(topological data; here the subscript “2” refers to codimension 2 strata);
Ig = Za<g deg[(X(iﬁ)ﬂ - deg[(ZKg XQB)Q]
(intersection data);
¢; = number of edges thxﬂv (< B <7);
v; = number of vertices X/ g 5 (a < 8 <y <9).

(V.A.1) Theorem: With the above notations we have

(a) Axo = ZA +Z{X2 %[H—G(Z gfxm)—fiei—{—%i}

a<f<y

(b) 24+ x(X,))+1200+0)5 =2) A;+ > {xs— 3L} .

Remark: (i) If there are only ODP’s, (a) and (b) reduce to
Axo =Y A,
J

24+ Xx(Xy) + 1200 +6)d =2 A,
J
(ii) In (V.A.1)(a) the bracketed quantity can be replaced by

ZX(XZ;) ZX(Xéﬁ)—*’ Z X(Xis,)

a <A a<fB<y

- Z X(Xéﬂ'yé) — X(Xy) -

a<fB<y<s

number of semistable
singular fibres
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This is a weaker result (which does not use the minimality) but may
in some cases be easier to actually compute with.

Corollary: If f : Xo — S has no singular fibres and is not isotrivial,
we have

(V.A.2) p*t > Rt 412 O

Proof: If there are no singular fibres, (b) above gives
I(X(Xy) +24)
12 .

Non-isotriviality gives 6 > 0, and moreover from (II.A.5) and (II.A.6)
both § and A 4 § have the same sign. Thus

x(X,) +24<0.

Atd=—

Since
X(X,) = 2(hM — h*1)
we obtain (V.A.2). O

A family of CY threefolds is said to be of mirror quintic type if
h*! =1 (cf. [GGK2]). Denote the RHS of (V.A.1)(b) by

(Xo) = measure of the singularities
o\ro) = in the singular fibres

From (b) we have for a family of mirror quintic type
o(Xo) =2(h" +11)§ + 12(A +0) .

Thus for such families we have that the measure of the singularities of
the singular fibres increases both with 6 and A+ 4. This may be viewed
as an analogue of Kodaira’s result I11.6 for elliptic surfaces.

V.B. Resolving ordinary double points

To do this we blow up pfé in the usual way to obtain
f:X—=9,
which is non relatively minimal if ¥A; > 0. The fibre Y] is replaced by

A
?jzzjm(Zmﬁ)

e=1
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where Z; is the proper transform of Y; and each W7 is a P3. Also, Axo
is replaced by

Ax = x(X) = x(X;)x(5) = Axo + 3 (Z Aj) :
j
Each
Q5= Z; N WS

is a quadric surface in P3. We let
Z =Y Z
J
W= > W
7€

and
D = > X +Z+W.

There is then an exact diagram

(V.B.1)
0
l
Ow (W)
l
0 — ) - 2 - s — 0
l l l
0 — f7(Q(logDs)) — Qx(log D) — Qy5(logD) — 0
l l l
0 — Op — @0y ®(0z80w) — F — 0
l l l
0 0 0

where we here denote by Dg C S the set of points over which the fibres
are singular and where (cf. (I1.B.8))

(VB2) 0-F — (@ @ Oxi ) S (@OQE_) — @& Ox
i a<p T of ge ha<f TP
— & 0Oyxi — &)

La<f<y o ia<f<y<d b
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is exact. Denoting by o : X — X the blowup so that f = fy -0, we
find that
RjOx = RjOx, =3°
R?Qﬁ(/s(log D) = R?OQQO/S(log Dy) = K2 17

Defining
wx/s = wx @ [1(QY)
one finds
felwxys) = (R}Ox)" = 367,
while

FZO = 05(0)
H>1 =2 Og(N) .
In case there are actually double points so that f : X — S is not
relatively minimal one has

wx/s = fTHHY) @ Ox(3W) = Ox (5 - X, + 3W) .
Thus
alwx) = (29—24+0)X,+3W
alX) = (2—-2¢9-0)X,—3W.

V.C. Intersection data on X
For simplicity of notation, we drop the subscripts and just write W

for 7, We'S Let

e H C W be a general hyperplane

e [ the intersection of two general hyperplanes

e Q=7-W=2H

e F=7-Q=4L.
Recalling that X, = Z + 2W we obtain the following, listed here for
reference in subsections D, E below.

() WE=1 - (-5)2) = (-})Q=—H

(i) Wo=(=3)Z-((=5) Z- W) = (3) 2-Q=3E =L

@) W= (-2 (52 (-5 2°w) = ()2 B=-ay
where A -p is 0-cycle of degree equal to the number A of double
points

(v) H-W=-W?=_L
(v) H-W?=-W'=A-p
(vi) H*=—H -W?=-A"p

I7A residue-theoretic argument for this may be found in [G1].
I81f the reader wishes, just think of having only one double point.
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(vii) L-W=W3-W=-A-p

(viii) ¢1(X)? = ¢1(Q%)* = (=3W)?> = —9H
(ix) c1(X)? —cl(Ql )3 = —2TW?3 = —27L
(x) 1 (X))t = () = 81W* = —81A - p.

Claim 1: We have

(X)W = 2L
c3(X)- W = =2A-p.

Proof: Using adjunction, the computation of ¢; (wx ) above, and (V.C)(i),
we have

NITV/X ®UJW = wx‘w
Ow (3W - W)

A
D OP3<—3) ;

2

Il

A
tensoring with wjj, = @ Ops(4),

A
N;V/X =@ Opa(1) .
Next, the total Chern class

A
©c(P) = 1+ H)*=1+4H+6L+4A-p
A :

— @®ch(P’) = 34+4H+2L+ (2)A-p.

Dualizing the standard exact sequence

0—TW —TX|,, — Nwx =0
gives

Ops (1) = NW/X - ZW(Ql ) — Ql
Writing ¢ : W — X, this yields

i.(ch(i*Q)) = i*(ChO[pﬁ( )) + i (chP?)
ch(QY)- W = i, (1+H+ )L+ () A-p)
+i. (3—4H +2L— () A-p) .
The LHS of this equation expands to
44 (29 —2+0)X, +3W]+ [(2) W? — co(X)]

T+ lEywe - %((29 — 2 8) X, + 3W)ea(X) — (1) es(X)
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+ chy () .
Thus we obtain
AW —3H + ((3) L —co(X) - W)
+ () A+ () H-ea(X) = (3) es(X) - W)
=4W —-3H+ (3)L—(5)A-p O

Claim 2: We have
deg (c2(X) - Xig) = X(Xhy) + degy [(X05)?] — degys |(wxs,)’]
Zdeg (CQ(X) -Xéﬁ) = x4+ Zdeg [(Xéﬁ)ﬂ — 413 .

a<f a<f

Proof: For the inclusion ¢ : X! ; — X we have
deg(ea(X) - X7p) = deg(ca("'TX))
= deg (c2(1*QY)) = deg(cha () .

Next, by adjunction and the description of ¢;(wx) above

2 * ~
AINE, Wyi =2 wx| e
X}w/X(X) Xos Xig

2 * ~Y *
= A NXég/X = wX;ﬁ — <NX;B/X> = —C (ngcﬁ> .
Together with the exact sequence
O—>NXZ /X—>L*Q§(—>Q§<iﬁ—>0,
this yields
ch(t*Q%) = ch(Qﬁ(iﬁ) + Ch(N)*(iﬁ/X)

A+ (29 —2+0)X, —a(Q%)+...)

= (2+(Wxgﬂ)+(wX2;B) — x(Xio))
+(2 - (wxs,) + W;ﬁ) — (Vi x))

_L*02<Q§() = (Wxgﬁf - X(Xfy@) - (Xiﬂf .

Since wx = wy/g is trivial in a neighborhood of X;, and X is semistable,

we see that
wyxi, = Oxi (= Y Xig,)
y#,B
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which leads to

Z(Kxéﬁ)Q - ngﬁ(z X") = Xi,(X]+ X}

a<pf a<f y#a,B a<pf
= 2) (X’ + > (X)X}
a<f a#f
. )
DX X
a B#a

Sy (i

SO

a<B a<ﬂ a<fB
+2) (Xp)? =41 . O
a<f

V.D. Push forward data on X

Claim 3: For the inclusion 1 : W C X we have

ch(i,Ow(W)) =W — (3) H + (3 )L—% D

Proof: From
0—0x — Ox(W) = i,0p (W) —0
we have

ch(i,Ow (W) = ch(Ox(W)) — ch(Ox)
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w2 o oW W
= — -1
LHW =4+ o

The result follows from the intersection formulas in V.C above.

Claim 4: For the inclusion j : Q) C X we have

Ch(]*OQ) = 2H—L+ (%)Ap

Proof: The Grothendieck-Riemann-Roch formula gives
ch(j.0g)TAX = j, (ch(0)TdQ) .

In this calculation, we will omit any terms involving the NCD fibres
Xs,, as they do not contain any double points. With this understood

LHS = (Q + ch3(j.0q) + chs(j.00))
X(L+{(1—g—35) X, =W} +{-3H + FHe(X)} +--)

« 7

where are higher order terms

= Q + (chg(0q) + 3L) + (chy(Oq) — (3) W - chs(0q) + () A - p)

where we have used

The RHS is

3(TdQ) = ji (14 (L1 + L2) + A-p)
Q+2L+A-p

where Li, Ly are lines from two different rulings on Q).
Combining, we have for the degree 6 terms

2L = chy(Og) +3L
— chy(i,0g) = —L.

Using this and W - L = —A - p, we have for the degree 8 terms

A~p = (%)Ap— %A-p+ch4(i*(‘_)@)
— (3)A-p = chy(i0q) . O
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Claim 5:
(a) ch (L*Oxgﬁ> =X.5—(3) <KX<§5> — (L) (X(im)z
1 2
+- degxiﬂ <KX£5> p
(b) ch (L*Oxém> Xém (1 _ ggﬁv) o
(©) ch <L*Oxiﬁw6> = Xips =D

Proof: The first term of each formula is obvious. For (a), ((b) is
similar)

ch (L!Oxgﬂ> Td(X) = ¢. (Td(X(iﬁ)) v

T
wOxi

(X(iﬁ + chs (L*Oxé» + chy <L*OX1' ))

(1 (59— 1) X+

) e2(X) +---)

1
12
(m )

1
= Ly 1_§KX;¢[3+

yielding in H5(X):

1
Cth—EWXiB
in H8(X):
byt - (ea(X) - X1,) - Lg ( )2 Ly
D 2T ) T o) ) PTX
e (R
b = Ld V- Lxi

O

19Here, and in a few lines below, the term above the horizontal bracket is equal
to the one in the parenthesis.

8)p
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Now by (V.B.2),

ch(F) = Y e (20x, )+ D ch (.00

i,a<f 7,€
— Z Ch <OX(ZXB'V> + Z Ch (OX;BMS) .
1,a<fB<y 1,a<B<y<d

To evaluate this we use Claims 4, 5 together with the implication

> degyi ((ww )2) = 4I;

a<f

from Claim 2 to have for the terms of resp. degrees 4, 6, 8 in the RHS:

chy(F) = ZX36+22H6

,a<f
W) = (3) 2 L) = 3 KXo =200
i,a<f i,a<B<y j
chu(F) = (7) Zdeg«X&@ > Zlé Pt D G P
ia<f ,a<f<y

In particular we have

(%) /X(chQ(ff))2+6/Xch4(3")
() (D) ) 2 (2) S e ()

a<f ,a<f

HAY 46 ghp, — 6 i +6) v t4A
= (E)Z]§+2A+6Z< Z gém—QﬂLUz’) ;

i a<fB<y

where above we have combined the 15* and 3¢ terms to obtain (%1) S L
A consequence of the above calculations is

chy(F) - W =2H - W = —2L

(V.D.1) cho(F) - H = —chy(F)- W -W =2L - W = —2A - p
chy(F) - W=—-L-W=A-p.
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Using Claim 2 we have

deg (chy(F) ZX2—4ZIZ+Zdeg<X;ﬁ >+4A.

1,a<f3

Below we will see that
¢y (Qx/s(log D)) = ¢3(X) — chy(F) +2H |

which with a little work gives

(V.D.2)  deg(chy(F) - c2(Q,g(log D))) ZX2 3ZP+4A

V.E. Proof of Theorem V.A.1
We recall our notations
C; = C; (X)

& = ci (U s(log D))
Ax = x(X) = x(Xy)x(5)
— /X ca () +2(R*" — BV (2 = 29) .

From the diagram (V.B.1) we obtain
(V.E.1)
ch (Q%) = f*ch (Qy) + ch (Qﬁ(/s(log D)) + ch(iOw (W) — ch(F) .

In H?(X) this gives

—a=029-2)X,+e+W,
while from the end of section (V.B)

—e1 = (29— 2+ 0)X, + 3W ;

hence
¢ =0X,+2W .
From the intersection relations in section V.C above we obtain
(2 = —-9H
¢y = —27L
| i =—81A-p
(&= _4H
éi” = —8L
¢ =—16A-p.
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In H*(X) the equation (V.E.1) gives
B = ()& e (3) 1 - el
= ¢y = 9 —chyo(F)+2H .
Using (V.D.1), Claim 1, and Section V.C(vi), this implies
Héo =2A-p.
In H5(X) we have from (V.E.1)
—@atGae-(G)e
= (5) & - G)ac+(5) e+ (5) L —cha(9)
which using the intersection relations (in V.C, Claim 1, (V.D.1)) gives
¢3 = —c3+4L+ (2 —29)X, - ca + 2ch3(F)
— W.é3 = 0.
Finally, in H®(X) we have (using ¢4 = 0 since Q4(log D) is locally
free of rank 3)
(1) el —cdea+ (3) S +aes —a
= () —clea+ (3) G+ aes — (3) A p—6chy(TF) .
A somewhat lengthy computation using essentially all the intersection
relations gives

Ax = /X 6chy(F) + (1) (cha(F)2) + 6 - cho(F) — 24 p,

which using the computation after Claim 5

i a<f<y

+3 X5 —3> I +AA-2A

SECDILEDMITED) (b S HEEER) PP

7 a<f<y

Since Axo = Ax — 3A, this eastablishes (a) in the theorem.
Turning to part (b), we apply GRR to f: X — S and the element

A =:36[0x] — 12 [ 5(log D)] € Ko(X) .

This gives
ch(fi(A))TdS = f.(ch(A) - TdX) .
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The LHS is (recall that 7 is a generic point of 5)

(360[n] + 6x(Xy) + 12A[n]) (1 + (3) x(S)n]) -
The RHS is

9. . . 2 4
+ (1) o (L) E— (D)t p 1+ 2+ 202 g (x) ¢ )
2 12 24
In H?(S) this gives
(3x (X)X (S) + 12X + 366) [p]

~4 A2 A ~2 A A N A
- (%) G +261C — 5 — 26163 — C:{’Cl + 3c1c16o

— 30163 — (%) é%C% + C%éz — (%) Cgé% + Cgég — (%) 616162
the RHS of which simplifies to
2A - p+ Epchy(F) + 3x(S)X(X) — (X, 8]
Taking degrees of both sides and using (V.D.2) yields

12\ + 360 + y(X,)6 =20+ > x5 —3> 1. O

V.F. Ezample: The Fermat quintic pencil®

We refer to [GGK1], section IV.A for the discussion of SSR applied
to the Fermat/pentahedron pencil

(25 + 2f + 25 + 2§ + 2}) — s(woz1227324) = 0.

In that reference we obtain the family

f : XO — Pl
where
P P4 blown up successively
0 along 5 Fermat quintic surfaces F'
Thus

X(Xo) = x(P*)+5x(F)
5+5-(55) =280,

20For an explanation of why this is relatively minimal, see V.G below.
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using the total Chern class

_(1+H)!
= sm

Now x(X,) = —200 and so
Axo = x(Xo) — x(P")x(X,) = 680 .

For the fibre X, = J_, Xa (50 = 00) of maximal unipotent mon-
odromy we compute

2
I, = Z deg (Xo%ﬁ) — deg (Z Xa5> =10

a<f a<p

{ =10, v=5
X2 =Y x(Xag) =30 + 50 = 80

a<f
\ gaﬂV - 0 °

Here, 30 = 10 (PP?) and 50 is the total number of points blown up.
All the other fibres have only ODP’s. To calculate how many we use
(a) in theorem (V.A.1) to have
680 = A+80+(1)10+6-0—6-10+6-5
= A+55
— A = 625.

=1—-H-F+11H?* - F and H*> . F=5.

;

In fact, there are 5 such singular fibres, each with 125 ODP’s.
It will be shown (cf. section V.G) that 6 = 1; thus (b) gives

12X +36 — 200 = 2-625+80 — 3 - 10
———

where the term 50 over the bracket is the contribuation of the maxi-
mally unipotent monodromy fibre. Solving we obtain

A=122.

V.G. On relative minimality

Given an irreducible variety X having as dualizing sheaf wy a line
bundle Kx and with Kodaira dimension x(X) 2 0, we recall by defini-
tion X is minimal if Kx is nef. The minimal model program (cf. [K-M],
[Dr] and the references cited therein) says that a given X should be
birationally equivalent to a minimal X, which for dim X = 3 will in
general be singular. This suggests the
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Definition: A family f : X — S, where S is a smooth curve and the
relative dualizing sheaf wx /s ts assumed to be a line bundle and with
k(X)) 2 0, is relative minimal (RM) if wy,s is relatively nef.*!

The latter condition is*
wx/s - C Z 0
for any curve C' C f~1(s) lying in a fibre.

Example: If f : X — S is an elliptic surface where X is smooth,
then relative minimality is equivalent to there being no (—1) curves
in a fibre. According to Kodaira [Ko|, such exists and is unique. We
note that X itself may not be minimal. For example, if X is a rational
elliptic surface, the single-valued sections of f : X — S are PY’s which
are (—1)-curves. Blowing these down would make f ill-defined as a
regular map.?

Referring to the exact sequence (c) in (II.B.5) we have: Assuming
that X is smooth, f semi-stable, and X, Calabi-Yau,

(V.G.1) f:X—=SisRM <= §=0.
Proof: If as usual the singular fibres are X, = UXZY, then

wx/s = 0X, + ZmZaX;

2 0. Then, from the definition of G
G=0 <— allmiy:(J.

Thus § =0 = RM.

For the converse, assume for simplicity of notation that we have one
singular fibre | J X,, (we drop the ¢ index) where some m,, # 0. By our
assumption of semi-stability, for o # ay

Xo+ Xog = Xo N Xay =: D, .

where the m

%
«

2n this paper we are primarily concerned with the case where X, is Calabi-Yau,
so that x(X,) = 0.
2ZEquivalently, wy - C' > 0, since

Y _1
wx Fwx/s @ fws .

23For example, let X be the blowup of the base locus of a general pencil of cubic
curves in P2,
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Around the singular fibres we have

() =22 (e

a#ag

)XQ+X%.

We may assume that oy 2 a for all @ and not all @ = . From X, - X,

we have
- (2 )

aFag

which gives
()R = ()
aFag

— Kx-Xoy = Y (ma—ma,)Da € CH(X,,).

aFag

This is minus an effective divisor on X,,, and so there exists a curve
C C X,, with Kx - C < 0. O

Examples: This will be a sketch of the constructions of families of
relatively minimal semi-stable CY n-fold fibrations where g = 0, § = 1.

Let X be a smooth, toric Fano (n + 1)-fold, and consider a regular
anticanonical pencil: more precisely, starting with a reflexive (n 4 1)-
polytope A and assuming the toric variety Pn obtained from a tri-
angulation of the dual A° is smooth, we take a A-regular Laurent
polynomial ¢ € Clz{?,. .. n+1] the famlly is then

X, ={tp =1} CPa, teP.

The base locus consists of smooth hypersurfaces in each component
of Da := PA\(C*)"*, and one blows Pa up along successive proper
transforms of these codimension 2 subvarieties to obtain X — P!

with fibres X;. Since (Kp,) = —Da, by a simple blow-up argument®*

we have (K y) = —{proper transform of Da} = —X,,. So f is relatively

minimal, the Y m’ X! term disappears, and Kx = (295 — 2+ )X, =

(-24+0)X, = d=1.

This set of examples includes:

n = 1: many of the rational elliptic modular surfaces, plus some “non-
modular” ones.

n = 2: Fermat quartic K3 family and others with (and without)
rank(Pic(X,)) = 19;

2474 is enough to notice that dx A %y becomes du A dy upon substituting z = yu.
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n = 3: Fermat quintic family (the construction above is the one in
section IV.A of [GGK1]).

VI. ARAKELOV EQUALITIES

In this section we shall refine the Arakelov inequalities (cf. [Pel],
[Pe2], [JZ], [Vi]) to give, in the case of VHS’s of weights n = 1,2, 3,
an exact expression for the degrees of the Hodge bundles H™° and in
the case n = 3 also for H*'. For n odd the GRR gives an alternate
expression for these degrees, and it is of interest to compare them,
which will also be done below.

VI.A. The weight one case

We shall break the analysis into a sequence of steps, with the end result

given by (VI.A.10) below.

Step one: Some general considerations.
(i) Suppose we are given a sequence of vector bundles and constant
rank bundle maps

(VLA.1) 0-F—F-5F5B—-0.
Setting

0 =degdF

dg = deg Fy

G =degB
we have

20 =60 — 3.
(ii) Suppose now that the mapping

F T
is symmetric. Then we have

BTy,

the sequence (VI.A.1) is self-dual, and we have

(iii) Suppose now that we have a line bundle £ and (VI.A.1) is re-
placed by

(VLA.2) 0—-F -F L LeF-B-0.
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Then setting
{ r =rank &

A =degl
we have
20 =rA+09dy— (.
(iv) If the map
F-LRF
is symmetric, then setting ry = rank ¥, we have
(VI.A.3) 20 = (r — 1o)X\ + 20y .

(v) Finally, we want to give the correction term to (VI.A.3) when
at finitely many points of S, ¢ drops rank from its rank at a generic
point. We claim that we have

(VL.A.4) 20 = (r — o)A+ 20 — Y _ (vi(det®)) |
seS

where we are assuming that 1 is symmetric. Here, v, : F, /Fos —
L, ® (F,/F0,) is the induced mapping on stalks, and v,(det ) is the
order of vanishing of .. Note that the sum on the RHS is over finitely
many points of S.

To explain why such a formula should be true, we consider the sim-
pler case of (VI.A.1) where ¥, = 0. Thus, L = Og in (VI.A.2) and
1, = 1,. We then have

0—>3'~i>f;"—>3—>0

where B is a skyscraper with stalk isomorphic as a vector space to Cke
at finitely many points s, of S. Then

Cl(?) = Cl<9~>+01(3)
= (F) +degB - [n]

= o(F)+ <Zka> ] .

Next, the GRR gives
ch(fi(B))Td(pt) = f«(chB-TdS)
I I
> ko fo(er(B))

Il
degB ,



GLOBAL PROPERTIES OF HODGE STRUCTURES 45

where we have used that ch B = ¢;(B) since rank B, = 0 at a generic
point. Thus we have on the one hand

25:degB:Zka,

while on the other hand we have

ko = dimTF, /1, (Fs,)
= dim(cokery,) .

More generally, in (VI.A.2),
0>FQL—B—->8—0

where § is a skyscraper sheaf with

ci(8) = (Z k) (] -

Now
Cl<9’~0) — Cl(?) + C1<£41 (%9 L) — Cl<B) =0 ;
1 (F) = 2¢1(F) +rey (L) — cl(f}'”o ®@L)—ci1(8) =
and thus

2¢1(Fo) — 2¢1(8) + (r — ro)er (L) + Z ko =0

and (VI.A.4) follows by noting that dim(coker,, ) = v, (det ).
We conclude this step with the important

Observation: The formula (VI.A.4) remains true if ¢ is a rational
(= meromorphic) map and where vs(det ) is the usual valuation.

The proof follows by replacing £ by L ® Og([D]) where D is the
divisor of (det ) and applying (IV.A.4) to this case.

Step two: Application to VHS of weight one.
We want to apply the above considerations to the case where

F =3O
L =0QL(logE)
v =0.
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Here, F is a set of points s; € S where the VHS has degenerations and
0 is the mapping induced by the Gauss-Manin connection. The sheaf
sequence (VI.A.2) is then

(VLAS) 0 — 30 — 30 5 500 QL(log E) — B — 0.

Here we have used the identification 310 2 (10 and the regularity of

the Gauss-Manin connection for the canonical extension to infer that 6

maps H! to H @ QL(log E). Setting S* = S\ E, there are two types

of degenerate points. To describe these we observe that for all s € S
0.(320) € (H51,)” © 4 (log E)

with equality holding for almost all s. The first type are the s, € S*
such that equality does not hold, in which case the quotient

legvsa ® (}Cé:ga)L /08@ (9{;;0)
is a finite dimensional vector space. We denote by
dim(coker 0, ) = v, (det 0,)

the dimension of this vector space.

The other are the points s; € E where the VHS degenerates. To give
a first “coordinate” discussion of their contribution it is convenient to
use the classical language of period matrices.”> Denoting by s a local
coordinate on S*, we may give the VHS by a normalized period matrix

Qs) = (I Z(s))

where I is the h'? x h'0 identity and Z(s) is a holomorphic matrix of
the same size and with

Z(s)=1Z(s)
ImZ(s) > 0 .

The row vectors in (s) give a basis for H}?, and by subtracting linear
combinations of vectors in H!® we may identify H>' with vectors

(0,...,0,%,...,%) ~ P
—— ——
h1,0 B1.,0
When this is done, in terms of the local coordinate s the Kodaira-
Spencer mapping is given by
0, = Z'(s)
25Subsequently we shall formulate the conclusion in terms of the LMHS, which

will be the method used in the higher weight cases where period matrix calculations
are less transparent.
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viewed as a symmetric mapping
hl,O hl,O
0 — 0y .

We then have that
dim (ker 6,) > h{?*

and the s, are the points where strict inequality holds.
Around a singular point sy we have

Z(s) = (27{—%) B+ H(s)

where H (s) is a holomorphic matrix, and where B is an integral matrix
satisfying

B ='B

B=0.

The log of the monodromy matrix is given by

(0 7).

We claim that, using the identification
ds
(VI.A.6) Qg ,, (log s0) = O, l—}
’ s
given by the choice of coordinate s, there is a commutative diagram

6 -
1,0 50 1,0
Ho"®0gs, —— Ho" ®0gs,

(VLA.T) ] i
1, B 1,
Og,s(()) - Og,sz :

This is just a reformulation of the facts that 6 is induced by the Gauss-
Manin connection V and that

Res,, (V) =N .
We observe that
0s, =0 on 9{5;2;50
so that
H&ﬁso CkerB.

To give the formula for the contribution of sy to d, we consider the
induced map

HO /350 L (3010 )3L0) @ O
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as a symmetric, meromorphic map between equal rank vector bundles.

Writing
B0
o-( )
where B’ = B! > 0, we may non-canonically write
HP=Fdg

where, upon choice of a local coordinate s and frames for & and G, we

have
_ B ...
=+ *
0 A(s)

where A(s) is a holomorphic matrix and the terms labelled “ - -

Wy ”

*” are also holomorphic. We may assume that

HOCG

” and

and may further decompose

9:9/@91/

Als) = (A/és) E‘))

where det A’'(s) # 0. Then rank B’ = rank B and

1,0
where §” = 3, and

Ve, (det @) = —rank B’ + v, (det A') .

From this we conclude that:

(VILA.8) The contribution to 0 of the singular point sy is given by
rank B — v, (det A") .

Thus, § goes up with the “size” of monodromy and goes down with
the failure of the Kodaira-Spencer to be injective on the “finite part”
of K10,

The way to think about the —vg, (A’) term is this: Imagine a VHS
that is a direct sum where one term has a singularity at sy, but the other
does not. The degree of H!? is additive, and the failure of the regular
Kodaira-Spencer map on the second factor will contribute to decreasing
the over all degree, just as it would if we were at a non-singular point
for the whole VHS.
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To put this in the form we shall use below for the cases n = 2,3 we
picture the Hodge diamond for the LMHS as

s
7

g

s

Here, H!' =: Gy (LMHS) is a pure Hodge structure of weight 1.2° Now
the fibre H&’SO of ;" at sy is a subspace of ker N N F!, . Thus

€,50"

Hl

0,50

C Wy (LMHS)

which implies that H(},S , brojects isomorphically to a subspace, denoted
by Hy*, in H™0. Tt follows that for the induced map

N :Fy — Hy/F;
we have rank N = rank B and
rank (N) = bl
dim(ker N) = A0 — ht? = — dim(coker N) = v, (4') .
We note that the contribution of sq to § is maximized when 20 = h}°,
which is equivalent to the LMHS being of Hodge-Tate type.
To put this in more intrinsic form, we use the limiting mixed Hodge

structure (LMHS) as given in [Sc| and trivialization (VI.A.6) to have
the equivalent form

(VIAg) 372780/3%76750 L (g:é,so/vgt(l],e,S()) '

Then from (IV.A.8) and the above we conclude that the contribution
to deg B of the singular point sq is (h"° —hy®) x (rank N — v, (det A")).
Putting everything together we obtain the result

(VI.A.10) § = %(hl’o — hy) (29 — 2) + 6 — % [Z us(é)]

seS

where v,(6) has the interpretation explained above where 6 is consid-
ered as a meromorphic map from H2/H, to (He"/He®) ® QL.

26Ty general, for a LMHS we recall our notation H” = & H?4 for the rth
ptg=r

graded piece.
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An alternate way of writing (VI.A.10), which perhaps makes more
clear the contribution of the singular points to 4, is

(VLA11) o6 = % [(hl’o —hy®)(29 — 2) + Z dim(ImNi)]

_ [(—50) + % (Z vs(6) + Z usi(A;)>

seS*

where A} is A’ as above around s;. In this formula all the terms (except
2g — 2 in case g = () are non-negative.
We next claim that

do £ 0 with equality if, and
only if, U{ijg 18 a flat sub-bundle of H, | °

This is because first of all

@}CI,O - O

1
¢ 9{0:2

by (I.A.2) and (II.A.3). Next, we recall that the curvature of :}(3;2 is
of the form

@g{é,o =AN'A

where A is a matrix of (1,0) forms giving the 2" fundamental form of
H,y? in KO, and that the Chern form is given by

¢ (@5{319 = (g) Tr(AATA) <0

X

with equality if, and only if, A = 0. Finally,

dp = deg 1}6[1):2 = /01 (@3{1@) <0
s

0,e

with equality if, and only if, 01(@}%,0) = 0. O

(VI.A.12) Corollary (Refined Arakelov inequality): We have
5 < (W —he®) (29 —2+N) .
Moreover, we have equality if, and only if, the conditions
(i) 9((1):2 is a flat sub-bundle of H,;
(ii) the induced Kodaira-Spencer maps 0, are injective for all s €
S*: and

(iii) the induced monodromy logarithms N; are all of mazimal rank.
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This has the following geometric interpretation: Condition (i) is equiv-
alent to the VHS having a fixed part 9{(1):2 ® ﬁég Condition (ii) is
self-explanatory. As noted above, condition (iii) means that for the
variable part of the VHS the LMHS at each singular point is of Hodge-
Tate type.

Example: In order to illustrate both the general result and because it
is a nice story in its own right, we shall work out (VI.A.10) in the elliptic
curve case. Thus assume we have a relatively minimal, non-isotrivial
elliptic surface

f: X—S

with unipotent monodromies whose logarithms are conjugate to

_ (0 m; ‘ +
NZ—<O O), mZEZ s

at points sq,...,sy € S where X, is singular of type I,,,,. We then
have ﬂ{é’o = 0 and, recalling our notation £ = sy + --- + sy, there is
an exact sequence

(VI.A.13) 0— HY L F0 % OLlogE) > B — 0,

where 6 is induced by the Gauss-Manin connection and B is a skyscraper
sheaf.

Lemma: B is supported at the points s; € S.

Proof: Because the first two terms in (VI.A.13) are line bundles, it will
suffice to show that the map on fibres at each s; is injective. Choosing
a local coordinate s centered at s; so as to have an isomorphism

d
Q}S‘(log E)Si = OS,Si 2 (_S)
s
the induced map on fibres in the map

1 N 1
Fe,si He,si/Fe,si

induced by N; in the LMHS. For s near to s;, choosing a canonical
basis 6,7 for Hy (X, Z) with

Té = 6
Ty = v+m,
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we have a normalized generator w(s) for 3} whose period vector is
log s

—+h

2m/—1 (S)]

where h(s) is holomorphic. In the dual basis 6*,v*, viewed as a multi-
valued frame for H, away from s;, we have

|:1, my;

Then

m; ds
\Y = - — h'(s)ds | v .
)= (o (5) ##00:) o
Since N; = Res;, V we find that
Ni(w(si)) = [0,m]

where

Thus H,, /F., = C with

We now have two formulas for the degree § of H!?, namely

o (m) ()

;

(VLA.14)

We also know that
vEYm

with equality if, and only if, all m; = 1. It is of interest to compare
these. For this we set

M, = SLy(Z)\H*
where H is the upper-half-plane and H* = H U P*(Q). Then we have
maps

S T, L Pt
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where 7 is the Torelli or period map and j is the usual j-function. As
in section III we set

Js=JorT.

Js (00) = Zmisi

We note that

and, as earlier,

degjg =Y m; =125 .

Let R be the ramification divisor of j.2” Then we may write
R =Ry + Ry + R1 + Rother

where
R. = ramification divisor of jg over z € P* .

Thus

while Ry and R; give the ramification of jg at points s € S* where X
has complex multiplication. Setting

r =deg R
{ r, =deg R,
the Riemann-Hurwitz formula for jg
29—2 = (=2)(degjs) +r

= -2 (Z mz> + ) (mi = 1) + 70 + 71 + Tother
= —Zmi—N+To+T1+Tother :
Substituting in (VI.A.14)(b) and using (VI.A.14)(b) we obtain

1
(VLA.15) §=—

= 14 To + 71+ Yother — Z 1/5(9)

seS*

Recalling that 6, is the differential of the period map, and assuming
for simplicity that the period map is not ramified on j5'(0) and jg'(1)

we see that we have
Tother = Z 1/5(0)
SES*

2TFor z — z* we are using the terminology: the ramification degree is k while

the contribution to the ramification divisoris k — 1.
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so that (VI.A.15) reduces to
To —f- r = 14(5 .

If we are in a “modular” case, and there are N; order 4 and Ny order
6 complex multiplication curves in a family, then the Riemann-Hurwitz
becomes

29 —2=—> m;— No +2No+ Ny

since e.g. we know that r¢ is a sum of (3 — 1)’s. One can go even fur-
ther: since > m; = deg(jg'(o0)) = deg(js), we have 12§ = deg(js) =
deg(j5'(0)) = 3Ny = Ny = 4§ and similarly N; = 6. So in the
modular case, one may first use the {m;} to compute 0, then we have
simply
29 — 2 = —126 — Ny, + 2(46) + (65) = 26 — Ny
or
1
5= (20~ +N)

so that the equality holds in the Arakelov inequality.

It is interesting to look at a few modular examples. Consider X (5)
and X (3): these have singular fibres I5/1,/1,/I5 and I3/13/13/1;5 re-
spectively. In both cases § = 1 and Ny, = 4, so g = 0. More generally,
X(n) has Ny, = "72 [L.(1 - ]%) (product is over primes p dividing n
with 1 < p < n) singular fibres, each of type I,,. This yields

3
A
24 p?

pln
n?(n — 6) 1
2 —2=2-Ny = 2T (1-=
pln
n*(n — 6) 1
=1 1—-—
! BT ll_[( p2)
p|n

If n is prime, i.e. for X(p), this gives gs = 1 + ’% (Iﬁ) =1+

p2
5:(p—6)(p*—1). So we recover from this (and the more general formula
for composite n) the well-known fact that S = Y(3),Y(4),Y(5) are
the only genus 0 Y(n)’s. One can also do the genus of Yi(p),p > 3,
the problem with 3 or composite n being that the fibres are not all
semistable. This is the quotient induced by adding the matrix

(17)
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to I'(p) := ker{SLs(Z) — SLy(Z/p)}, which is of order p. This is
ramified (to order p) at exactly p%l of the I,’s, and over no other

points. So Riemann-Hurwitz says

P=Op DP9 pagmg —2) + p%l(p -b

12
p—1
5 {p=06)(p+1)=6(p—1)} = 2pgviip) — 2p
(p—Dp—11)
Ivip) = L+ 24 '
Again, this is good only for primes bigger than (not including) 3. What
is true is that gy, () is zero for n = 3,...,10 and 12.

Example: Pencils of plane curves. An explicit example where the
quantities appearing in the Arakelov equality can be explicitly com-
puted is given by a general pencil | X|,cpr of plane curves of degree d.
Blowing up the base locus we obtain a minimal?® fibration

f: X —P!

where X = (P2 blown up at d? points) is a smooth surface. There are
N singular fibres X, which are irreducible plane curves with a single
node. We will show that

(@) deg H10 = p10 = (D=2
(ﬂ) N = 3(d _ 1)2
(VI.A.16) (iii) for the Kodaira-Spencer maps

Os 0 HY — HM @ QF
on stalks away from the singular fibres
\ det 6, has d* — 1 zeroes.

It is reasonable to expect that the zeroes are simple; i.e.
dim(cokerf,) =1 at d* — 1
distinct points of S* = S\{s1,..., sy}

but we shall not attempt to show this.
We consider a projective plane P? = P(V') where V' = C3. Denoting
as above by P! the parameter space of the pencil we claim that

HO =2 V3 @ Op(1) .

28Recall from section V.G that minimality means that there are no —1 curves in
the fibres.
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To see this, we let F,G € V(@ span the pencil and
2 .
Q=> (=1)a'da® A+ Adz' Ao A da?
i=0

where 2°, 2!, 22 € V are coordinates. Then for H € V(4=3) the Poincaré

residue
HQ
j_cl,O
Resy, <F+ sG) € Heg

establishes the isomorphism
(VLA.17) V) @ Opi (1), 2 HLO

This gives (i) in (VI.A.16).
Next, if [sg,s1] are homogeneous coordinates in P!, the singular
points of the fibres are given by the solutions to

o; =: SoFy,(x) + $1G,,(x) =0 i=0,1,2
in P! x P2 Now the
o, € H° (oplxpz(oplu) ® Opz(d — 1)))
so that
deg{og =01 =0,=0} =3(d—1)%.
This establishes (ii).
Using (VI.A.17) and setting £ = s; + --- + sy we have for the

Kodaira-Spencer maps 6 induced by the Gauss-Manin connection a
commutative diagram

HLO L g Q3 (log E)

(VLLA.18) Ul Ul
VED @ 0m(1) 2 VI g0m(N —2)
which defines the section
0 € Hom (V3 V=9) @ Op (N —3) .
In fact, it is easy to see that
6 € Sym® (V) @ Op (N — 3)
and we suspect that

detf £ 0 .

29 Any solution to these equations sastisfies soF(x) 4+ s;G(x) = 0 by the Euler
relation.
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If so, then

d—1

(VI.LA.19) deg(det ) = ( 5

)(N —-3)+1.
Now, and this is the key point, at each of the N = 3(d — 1)? nodal
curves, the induced map on the fibres of the vector bundles in (VI.A.18)

has rank one. Hence, det # vanishes to order (dgl) —1 at these N points.
Thus

(# finite zeroes of det §) = (d; 1)(N—S)%—l - (<d; 1) - 1) N

= d>-1.

VI.B. General formulations in the absence of singularities

We shall formulate the general setting for computing the degrees of
the Hodge bundles in a VHS of weight n without degeneracies and
where the Kodaira-Spencer maps have constant rank. Then in the
next two sections we shall give the correction terms in the cases n = 2
and 3, following the method of step (iv) in the preceding section, at
points in S* where the Kodaira-Spencer map drops rank, and using the
analysis of the LMHS to express the contributions of degeneracies to
these degrees.
We begin by recalling/establishing some notations:

_ 0 o
° 1 i AN ¥y S QIS
° Hy P = ker b, rank = H{ PP = hy PP

—p—1,p+1 —p—1,p+1 —p—1,p+1
. I P = coker 6, rank = H, " Pt =hy" L

[ J @g{n—p,p = —Qp,1 /\ t@pfl + tep /\ gp

A
[ ] @j—(nfp,p - — p—1 A 6’1,_1

n—p,p
g{O

e B, A" (Hom(3( % 3¢ 77))

is the matrix of (1,0) forms giving the 2"¢ fundamental form of H; 7
in H"PP; here we have used the important consequence

(VLB.1) FLPP @ Q=2 HY P

of the dualities resulting from the polarization and the properties of
the Kodaira-Spencer mappings.
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We also note the relations
hr—pp _ pPP — pn—p—lp+l hn—p—l,p+1
0 - #
[}
h;Lé—P—LP—i-l — hnfpfl,erl + hg—Pap — hn—Dp

and the exact sequences

(VL.B.2)

- - 0 —p— —p—1,p+1
° 0_)9{611947_)9_67117,1) P j_fnpl,p+1®9}g_)j_cn#p 0+ 0.

(VI.B.3) Ogp-rw = 01 N0,y — B, A'B, .
We set
v/ —1 _
° ap= 5 Tr <t6’p A 91,‘9_(37,},,7) >0
/=1 _
. B,= T (B, A'B,) 20

where we note that
Tr (9p,1 A tépfl) =Tr (t9p,1 A gpfl) .

For Chern forms and degrees we set
(VIB4) o C1 (@}Cnfp,p) = —0p + Qp, / ap = Qp
s
® C1 (@m—p,p)z —Op_1 — Bpa /ﬂp = bp .
s
We note that

(VI.B.5) deg Hy " < 0 with equality if, and only if a,—y = b, = 0. In
this case, VH{ " =0 and Hy " is a summand in a real sub-VHS.

The reason is that from (VI.B.3) and its consequences
degHy " =0 = a1 =0,=0

which implies that B, = 0 and also

o)y = O
t _
ST

— vV ~0.

g_cgffpvp

Then H) " @H;, " is a flat sub-bundle of H that at each point gives
a real sub-Hodge structure. We also set
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o () = w, /w:29—2
S
From (VL.B.1) we have
C1 (H;{pil’erl) = h;;ﬁpinJrlw — [Oén,p + anerl] .
Setting
0p, = deg H" PP
o) = deg Hg~""
and using (VI.B.1) and (VI.B.4) gives linear relations involving 4, (52 . q

and the a,’s and b,’s. Using the non-negativity of the a,’s and b,’s leads
to Arakelov inequalities in this case (cf. [Pe2]).

VI.C. The weight two case
We shall show that

For a weight two VHS without degeneracies and where
the Kodaira-Spencer maps 0y, 601 have constant rank, we

have for § = §y = deg H?*P

(VL.C.1) 6 = (h*° — he) (29 — 2) — (ag + bo + b1) .
Thus 6 < (h*° — hy°*)(2g — 2), with equality holding if,
and only if,

(VL.C.2) FO 4+ T 4 g

1s a flat sub-bundle of JH.

Proof: As a general observation, if n = 2m is even, then from (I1.A.4)
and the results of Schmid discussed just below there, we have

deg H"™ = 0.
The sequences (VI.B.2) are, using (VI.B.3)
(VILC3) 0— 320 #2053 ol S dlloal -0
0—Hy' = H?' - H? 0, - 20 —0.
The first sequence gives
(VI.C.4) deg H*° = deg 3 + (29 — 2) — hy' (29 — 2) + deg Hy'
From the second sequence
hy' = bt — B30 4 B30
and from (VIL.B.4)
deg Hy' = —ag — by
{ deg H2° = —by .
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Substituting these into (VI.C.4) gives the result. O

Remark: The result also follows from taking degrees in the the second
sequence.

Next, as in step (iv) in section VI.A we allow the rank of the mapping
from (VI.C.3)

0:3*0/3C° — HY @ QL) ker 6,

induced by 6, to drop at finitely many points. The result is
(VI.C.5)

6= (h*° — he") (29 — 2) Zdlm (coker 8,) + (ag + by + by)

seS

This gives the same inequality as before, with equality holding if, and
only if, (VI.C.2) is a flat sub-bundle of H and all the induced maps 6
are fiberwise injective.

When there is a degeneracy of the VHS at a point sy, we draw the
Hodge diamond of the LMHS as

and set HY = Gr, (LMHS). As in the n = 1 case we have for the fibre
H>? ffH20 at so that

0,s0
Hyo C Wo(LMHS) .

From the above we see that for the mapping N induced by Res,, (V)

}(20 /g_(:

e,80

J‘Cl v/ ker 6

0,s0

we have

rank N = h22 + p2!
dim(ker N) = h20 — h2% = dim(coker N) .

Again the contribution of the singular point to ¢ is maximized when
h20 = 2" in which case the contribution is h*° — h2°. The formula
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(VI.C.5) is

(VI.C.6) 6= (h*" —h)*)(29g —2+ N)

_ Z vs(det 0)) + (ag + bo + b1) + Z(ﬁ?o — 29

SES*

From this we draw the conclusion:

The degree § of HZY is mazimized when

(i) the induced Kodaira-Spencer map 0, is injective for all s € S*;
(i) H2° @ Hy' @ﬁﬁz is a flat sub-bundle of H.; and
(iii) for each singular point s;, we have

£20 120
W20 = p20

If 9’(3’0 = 0, which might be thought of as the generic case, condition
(iii) is equivalent to h>" = 0. In particular, it is satisfied if the LMHS
is of Hodge-Tate type (but not conversely).

VI.D. The weight three case

The objective here is to compute the two quantities
§ =degH3 =degF2 = 0
§+ A =degH> 4 deg H?! = degF2 = 0.

As before, we first do this assuming no degeneracies of the VHS and

constancy of rank of the Kodaira-Spencer mappings. The sequences
(VI.B.2) and duality (VI.B.1) give

i) 0—-3H" -3 -3 QL — 93((1),2 ®Qs—0
(i) 0= = H - H2QL - F ' @k —0
(iii) 0—3Hy* = H? - HP QL - (e QL — 0.
We note that (iii) is dual to (i) and that (ii) is essentially the same
sequence as in the weight one case giving
(VLD.1) A = deg H*' = L(A* — h3') (29 — 2) — (ag + b1) -
Using this together with (i) we obtain

(VL.D.2) 5 = (B —hg®+L(h* = h3h)) (29 — 2)
—(CLO + b1 +ap + bg)
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(VLD.3) 8+ = degH** + deg H>'

(h*0 = hg® + B*' = hg') (29 — 2)

— (2(&0 + bl) +a; + bg) .

If we do not assume the Kodaira-Spencer maps have constant rank,
then

(VL.D.4)
(VL.D.1) is corrected by subtracting Z dim(coker 6 ,)

(VI.D.2) is corrected by subtracting Z dim(coker 6y ) .

Finally, if we allow degeneracies so that the LMHS has a picture

then
(VL.D.5)

(VI.D.2) is corrected by adding h*? + k32 + h31 =: f3
(VL.D.3) is corrected by adding f3 + h%3 + h%2 + h32 = f2 .
We note that
(i) f3 < h?0 —nd° with equality <= h3° = h2°

i) 2SR — 30+ h2 — !
wvipg) { /7= 0 O s
h*0 = hj

with equality <= . .
{ h*t = hot + b2

In summary we have

(VLD.7) 6= (A3 —hg” + 3(h*' = h3")) (29 — 2+ N) — (A3 + By + C3)
S+ A= —nd° + ¥ —hi") (29 — 24+ N) — (Ay + By + Cy)
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where A
A3 =0 < 3° @ﬁi’o is a flat sub-bundle of H

B3 =0 <= the induced Kodaira-Spencer maps 5075
are fiberwise injective

C5 =0 <= the LMHS’s all satisfy h*° = h3° .

Ay =0 = (H’ 230" @ (3" @ H') is a flab sub-bundle of H

By =0 <= the induced Kodaira-Spencer maps 90,5,5175
are fiberwise injective

Cy =0 <= the LMHS’s all satisfy R3O = hg’o, h2l = hé’l +h32

Example: In [GGK1]| we have classified the possible unipotent mon-
odromy degenerations of a family of Calabi-Yau threefolds of mirror
quintic type. Assuming that the Yukawa coupling is not identically
zero (the general case), we have

. _ . 3/2t0d

A singularity of type I contributes { 4108+ A
. . , 0tod

A singularity of type I, contributes { 2t0 8+ )\
. ' , 3/2t0d

A singularity of type Il contributes { 2t0 0+ ).

For the “physicists example”, namely the VHS of mirror quintic type
arising from the family

(VI.D.8) {(xg+ - +25) = bag-- -4 = 0}/(Z/5Z)° ,

Since this family has monodromy of order 5 at oo, to obtain a family
with a locally liftable period mapping we must pull it back under the
mapping t — t°>. When this is done the monodromies are unipotent
and it is well known (cf. [GGK1] and the references cited there), that

there is one singularity of type I
there are five singularities of type ITy [ °

Since § > 0 must be an integer and § < 3/2, we conclude
For the family (VI.D.8) the period map

7:P' - T'\Dy

has degree one mapping to its image.
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Here, I' is a subgroup of finite index in Gz containing no elements
of order five. This is a generic global Torelli theorem for the family
(VL.D.8), a result obtained earlier by S. Usui (talk given on May 11,
2008 at the conference on “Hodge Theory, BSIR” and to appear in
Proceedings of the Japan Academy).

VII. ANALYSIS OF THE HODGE STRUCTURE ASSOCIATED TO A
VHS

One theme of this work is to study implications on a global VHS
that are present in the geometric case and that go beyond those fol-
lowing from the existing purely Hodge theoretic standard methods. In
this section we shall illustrate this in the case of Deligne’s theorem.
Informally we may state one of the conclusions as follows:

In the geometric case there are global constraints on the

Kodaira-Spencer maps that are not present for a general
VHS.

VIL.A. Deligne’s theorem and a consequence

We consider a polarized VHS of weight n over a smooth, complete
variety S. This is given by a local system H on S such that on

H=H®O0Og

there is the usual data 37, V, HP? where p+q = n, etc.>® We shall omit
reference to the polarization, which will be understood to be present.
In this section, dim S is arbitrary; in the next section we shall take S
to be a curve.

(VIL.LA.1) Theorem (Deligne): H"(S,H) has a canonical polarized
Hodge structure of weight r + n.

A proof of this result and its extension to the case when S is an
affine curve is given in Zucker [Z]. The generalization to a VHS over
a quasi projective space of arbitrary dimension is given in [CKS]. In
the general case one must use the intersection cohomology associated
to the local system Hy.

In this and the next section we shall discuss the question

30T this section we shall use the notation H for Hg, as it seems to us more
appropriate to the present discussion.
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(VII.LA.2) What can one say about the Hodge numbers
hPQ(S, H) =: dim HP?(S,H), P+ Q=r+n?

There are some general results, given by (I.A.7), (VIL.A.9) and (VII.A.10)
below. In the next section we shall see by illustration that these can

be considerably refined in the geometric case.
We begin by recalling the idea behind the proof of (VII.A.1). There
is a resolution

0-H-H L QUoH D RoH— ...
so that
(VILA.3) H™(S, H) = H™(S,Q% @ H) .

This step holds for any local system. In the case of a VHS a Hodge
filtration is defined on Q2% @ H by

FP(QeH)=Q, 377",
Because of
VI C Qg @ Frt
we see that
the FPQ% @ H are subcomplexes of Qg @ IH.

The main step is to show the usual Kéhler identities can be extended
to a VHS, where the Hodge metrics are used along the fibres and an
arbitrary Kahler metric is used on the base. This then has the conse-
quence:

(VIL.A.4) The resulting spectral sequence
E7* =H""(S,Gr" (Qy @ H)) = H™*(S, H)

degenerates at Ej.

We shall now discuss the implications of this.

For this we shall consider the VHS as giving rise to a family of Hodge
bundles underlying a Higgs structure in the sense of Simpson [Si2]. We
denote by

(VILLA.5) Qg_l & FptLa-1 Y, Q% @ HPA LN Qg+1 @ Fp-latl



66 MARK GREEN, PHILLIP GRIFFITHS, AND MATT KERR

the Kodaira-Spencer maps induced by V.3! Then
VP=0=6"=0,

and we set

(VIL.A.6) (g ® HPY) g = cohomology of (VII.A.5).

The maps 6 also induce
(VILLA.7)

)28 (Qg—l Q g_cp—i-l,q—l) i) H* (Qg ® g_(p,q> L HS (Qg+1 ® g{p—l,q-l-l)
and we set

(H* (Q @ HP))g = cohomology of (VII.A.7).

Discussion: The groups (VII.A.6) have been extensively used in the
literature to draw geometric consequences — cf. the lectures [GMV]
for an exposition up until that time. One may think of them as Koszul
type invariants at a generic point of a VHS.

From (VII.A.4) we have the isomorphism

(VILA.8) HPC(S He) = P (H (% @3y

p+r=P
q+s=0Q

prg=w

expressing the H7?(S, He) in terms of the global cohomology of com-
plexes constructed from the Kodaira-Spencer maps. A corollary is

WPO(S, He) = ) dim (H* (% @ H™))g -
p+r=P
q+s—Q
pHq=w

We also have the relation of Euler characteristics
(VILA.9) D (-D9RPC(S,H) = Y (—1)PHhe(Q5 @ H°P) .

Q r4+s=P
p+s—w

31We shall omit the subscripts on the Kodaira-Spencer maps 6; the subscripts
were used in the notations in section I.A where it was important to keep track of
the p index.
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To give an illustration of the consequence (VII.A.8) of the proof of
Deligne’s theorem we have for » = 0,1 that
(VII.A.10)
H™ (S, H) = ker {H° (U @ H™") — H° (AT @ H" M)} .

In words:

A global section ¢ € H(Qs@H™O) that satisfies () =
0 then also satisfies

Vp=0.
If we write V = V' + 6, then this is the implication
0(p)=0=V'p=0.
Note that for » = dim .S we have simply
(VILA.11) H"O(S,H) = H° (Q5 @ H™?) .

Example: The simplest example is a family

(VIL.A.12) f:X—S

of smooth curves over a curve S. Taking H = R}Z we have that
(VIL.A.13) H"(S,H) is a sub-Hodge structure of H™™(X) .

We recall that the Leray spectral sequence for (VII.A.12) degenerates
at Fy and we have additively

H(X,Q) = H*(S, R%Q) ® H'(S, R}Q) ®H"(S, R2Q)
—_———
H'(X,Q) = H'(S, R%Q) & H'(S, R}Q) .
—————
The terms over the brackets are the ones given by (VII.A.13) for r = 0,1
respectively. The assertion (VII.A.11) gives
HY(Q%) = H° (g @ H) .
Since
5010 = ROOL,
we have maps
HO (0 300) — 1O (X, 17105) @ 0L ) — HO(OR)

and, as may be seen directly, the composite is an isomorphism.
As for H%(QY), the part arising from H'(S, R}C) is just f*(H°(Qg)).
The part over the bracket is

(i) ker{ H(S, 3"0) 25 HO (O} @ HO1)} .



68 MARK GREEN, PHILLIP GRIFFITHS, AND MATT KERR
Now HO(S, R}C) is the fived part

(i) ker{ H(S, H) - H(QL ® H)}
and (VIL.A.10) gives
LHS of (i) < LHS of (ii) .

This is a non-trivial result.

VIL.B. Analysis of Deligne’s theorem in a geometric example

We consider a family of threefolds
(VIL.B.1) f: X—S

with smooth fibres over a complete curve S. Having in mind the usual
philosophy that the most interesting cohomology is in the middle di-
mension, we assume that

hHO(X,) = *0(X,) = 0.
We set

HQ(XW) = HLl(Xn) =V
thought of as a constant local system over S of rank v. We also assume
that the local system H given by R;}Z (mod torsion) has no fixed part.

We shall say that the VHS given by the H3(X,) is non-degenerate.
Setting hP? = hP4(X,) we give the

Definition: We shall call
(VILB.2) 5\ g,v, R0 2!

the known quantities.

Here we recall our notation

§ = deg H3°
A = deg H2!

Also, g = g¢(S) is the genus of S. These quantities are all Hodge
theoretic and are invariant under deformations of (VIL.B.1). This is in
contrast to quantities such as
(VIL.B.3)

dim H'(S, 3P, dim H (Q% ® HP9), dim(ker @) and dim(coker )

which are not in general invariant under deformation of (VIL.B.1).
The main points of this section are the following;:
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(VIL.B.4) From Deligne’s theorem alone, one may determine h*°(S,H) =
h*0(X) in terms of known quantities. However, to determine h3'(X)

and that part h>*(X) of h22(X) coming from the VHS of the H*(X,),
one needs the quantities (VII.B.2) and (VIL.B.3).

(VIL.B.5) In the geometric situation all of the h»4(X) are expressible
in terms of the known quantities (VII.B.2).

In addition, we shall see that quantities such as
dim(coker p) + dim(ker o)
in the sequence
(VILB.6)  H°(H') % H(Q4 e H) — H"(S,H)
— HY(H'?) -2 HY(QL @ HO)

are expressible in terms of the known quantities.
We begin showing that

(VILB.7) ROX)=6—h*0g—1).

Proof: From (VIL.A.11)
(X)) =1 (Qy ® H*?) = x (Q5 ® H*)

by the RR theorem, and since by our assumed non-degeneracy of the
VHS and the curvature property

(O3¢0), Zewe

of the Hodge bundle 33, we have the vanishing result
Bl (9L © H0) = 0. 0
We next show that
(VIL.B.8) RO(X)=0.

Proof: From (VIL.A.10) we have

H*(X) = ker{H"(S,3*%) % H® (0% @ H>")}
- 0.
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Alternatively, the degeneration at E5 of the Leray spectral sequence
for (VIL.B.1) gives additively
H3(X) >~ HS, R?(C) ® HY(S, Rfc@) ® H*(S, R}C)
2 l
H°(S, H) HY(S)®V.

The first term is zero by the assumed non-degeneracy of the VHS, and
the third term is out because R}C = (. This gives

H3%(X) =0
{ H*' (X)) HYS) eV,
so that we have (VIL.B.8) as well as
(VILB.9) PN X) = gv . O
A similar argument gives
H*(X) = H°(S,R;C)® H*(S, R}C)

~ (H°(S,C)®V)® H*(S,C)

which implies that

(VIL.B.10) (X)) =h"Y"(X)=gv+1.
Next, the Leray spectral sequence gives additively
(VIL.B.11)

H*X)~ H°S,R}) @ H'(S,R}C) ® H*S RiC)
~—————
R Ul
H°(S,C)@ V* H*(S,C)@V .
The term over the brackets is the one of interest; it is
H*(S,H) .

We have
{ h31(X) = h¥1(S, H)

h22(X) = h22(S, H) + 20 .

From the multiplicativity of the Euler characteristic

(VILB.12) X(X) = x(9)x(Xy)
and the consequences of (VII.B.7)—-(VIL.B.12) we infer that
(VIL.B.13) 2h3 (X)) + h*2(X) =: F(0, A\, v, b0, h*1)

is a known quantity. Of course, it can be computed out but the explicit
formula for F' is neither important nor illuminating.
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The last step in the proof of (VIL.B.5) is to express h*!(X) in terms
of known quantities. For this we use the exact sheaf sequence

0— F1(0}) — 2 — Qs — 0.
The additivity of the sheaf cohomology Euler characteristics give
(VILB.14) X(2x) = x(f71(Q) + x(2xys) -
The LHS is
—hH(Qx) + B (Qx) — 1P (Qx) = —(gv +1) + gv — B (X)
so that we have
(VIL.B.15) —hPH(X) = x(f 1 (Qs)) + x(Uxss) + 1.
We next use that, for any sheaf € on X, the Leray spectral sequence

gives

X(X, €)= (=1)"*nP(S, Ri€) .

Thus
XX FHRE) = D (=D P H (8,94 © )

a=0,1
=0,1,2,3

= D> (F1)"(8, 25 H™)
b

and similarly
X(X.Q%) = D (D)TH(S, Ry )
a=0,1
{ =0,1,2,3

= D (=1)"x(8, 3.

b

Using the R-R for vector bundles on S, all of the x(S, QL @ H*®) and
x (S, H'?) are expressible in terms of known quantities, as therefore is
the RHS of (VIL.B.4). O
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