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Abstract. The global enumerative invariants of a variation of
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threefolds must have singular fibres? Determine the correction
terms arising from the limiting mixed Hodge structures that are
required to turn the classical Arakelov inequalities into exact equal-
ities.
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I. Introduction

Among the principal invariants measuring the complexity of a varia-
tion of Hodge structure (VHS) of weight n are the Chern classes of the
Hodge bundles. Of particular interest is how the singularities or de-
generacies of the VHS affect these Chern classes. These are the main
themes of the present work.

We will be almost exclusively concerned with variations of Hodge
structure parametrized by a smooth curve S and where the local mon-
odromies around the points si of degeneracies are unipotent. In this
case there are canonical extensions Fp

e to S of the Hodge filtration bun-
dles, which are defined initially on S∗ = S\{s1, . . . , sN}. The Chern
classes then are the quantities

δp =: deg
(
Fn−p
e /Fn−p+1

e

)

∆p =: δ0 + · · ·+ δp ≥ 0 ,

where the inequality follows from the curvature properties of the ex-
tended Hodge bundles. In particular, setting E = s0 + · · · + sN these
properties imply that

∆p =: δ0 + · · ·+ δp = 0 ⇐⇒ ∇Fn−p
e ⊆ Fn−p

e ⊗ Ω1
S(logE)

where ∇ is the Gauss-Manin connection.
In the case of weight n = 1 and Hodge number h1,0 = 1, the VHS is

given by a family of elliptic curves. Assuming that the fibres are nodal
curves without multiple components, we have

δ0 = deg jS

where jS is the composition of the extended period mapping S →
SL2(Z)\H∗, where H∗ = H ∪ P1(Q), with the j-function. Thus, we
may think of the ∆p’s as extensions to a general VHS of the degree of
the classical j-function. It is known (cf. [Ko]) that in the classical case

(I.1) 12δ0 =
∑

i

mi
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where the singular fibre over si is of type Imi in Kodaira’s notation;
this is a prototype of one type of result we would like to extend to more
general situations.

In this paper we shall distinguish between

(i) an abstract variation of Hodge structure (HZ,e,F
p
e ,∇, S); and

(ii) the case when the VHS arises from a geometric family

(I.2) f : X → S

of varieties Xs = f−1(s).

We shall refer to (ii) as the geometric case, and we are particularly
interested in understanding which results hold in the general case (i)
or can only be established in the geometric case (ii).

For example, in the n = 1 and h1,0 = 1 case, a trivial consequence
of the existence of the j-function is that a VHS without degeneracies
is isotrivial.1 In the case n = 3 and h3,0 = 1, of the type of VHS
that arises from a family of Calabi-Yau threefolds, one may ask if the
same result holds. This is not the case as there are complete curves in
the moduli space M3 of smooth genus 3 curves (cf. [Di]), and decom-
posing the Hodge structure on the third cohomology of the Jacobians
into its primitive and unprimitive parts and taking the corresponding
primitive part of intermediate Jacobians gives such a family without
degeneracies. We are, however, able to show that:

If there is a family (I.2) of Calabi-Yau threefolds without
singular fibres, then

(I.3) h2,1 > h1,1 + 12 .

Interestingly, it is the quantity2

(I.4) (24 + χ(Xη))δ0 + 12(δ0 + δ1)

that in some sense plays the role of deg jS. In section V we shall give
a result expressing this quantity in terms of topological data arising
from the singularities of the singular fibres, which may be viewed as an
extension of (I.1).

As a particularly interesting special case, a family (I.2) of Calabi-
Yau threefolds is said to be of mirror quintic type if h2,1(Xη) = 1.

1A variation of Hodge structure is said to be isotrivial if it becomes trivial on
a finite branched covering of S. Equivalently, the global monodromy group should
be finite, or the Fpe should all be stable under ∇. A family (I.2) is isotrivial if it
becomes a product over a Zariski open set of a branched covering of S. In the case
where the Xs are Calabi-Yau this is equivalent to saying that the Kodaira-Spencer
maps TsS → H1(ΘXs) should be zero.

2Here, η is a generic point of S and Xη is a generic fibre of (I.2).
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In this case the moduli space Γ\D for polarized Hodge structures with
h3,0 = h2,1 = 1 has dimension 4, but any non-trivial VHS can depend on
only 1 parameter, consistent with the well-known fact that the number
of moduli ofXη is equal to 1. This situation is in many ways reminiscent
of the n = 1 and h1,0 = 1 case, and from (I.3) we infer

Any non-isotrivial family of CY threefolds of mirror quin-
tic type must have singular fibres.

In this regard we pose the

Question: Does a non-isotrivial VHS of weight 3 with h3,0 = h2,1 = 1
necessarily have degeneracies?

After the introductory material in section II, we shall discuss 1-
parameter Calabi-Yau n-fold fibrations in the cases n = 1, 2, 3. Section
III is a brief summary of the classical elliptic surface case, presented in
a way to illustrate possible extensions.

In section IV we discuss the n = 2 case. Here, there are non-isotrivial
families without singular fibres.3 In this case an interesting quantity is

(I.5) ∆χ = χ(X)− χ(S)χ(Xη)

measuring the deviation from multiplicativity of topological Euler char-
acteristics in the fibration (I.2). (In general, (I.5) is computed by the
sum of Euler characteristics of the singular fibres.) In that section, and
later in section V in the n = 3 case, we shall give formulas expressing
∆χ in terms of topological and combinatorial data on the singular fi-
bres, under a relative minimality assumption. These results generalize
the Kodaira formula

∆χ =

(∑

i

mi

)

where ∆χ = χ(X) since χ(Xη) = 0.
In section VI we shall build on some of the work ([Pe1], [Pe2],

[JZ], [Vi] and [VZ1]–[VZ5]) on Arakelov inequalities, which give up-
per bounds on degrees of Hodge bundles. These results are purely
Hodge theoretic, and in fact make no use of the rational structure on
the local system. For the classical n = 1 case the inequality is

(I.6) δ0 5

(
1

2

)
(h1,0 − h1,0

0 )(2g − 2 +N)

3In general there seems to be an odd-even pattern for families (I.2), perhaps
reflecting the odd-even behaviour of the classical Picard-Lefschetz transformations.
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where g = g(S) is the genus of the parameter curve, N is the number
of singular fibres, and

h1,0
0 =

{
rank of the OS,η-module

ker
(
H1,0
η

θ0,η−→ H0,1
η ⊗ Ω1

S,η

)
}

where θ0 is the mapping induced by ∇. In that section, for the cases
of weights n = 1, 2, 3 we are able to refine the Arakelov inequalities to
equalities. For example, in the n = 1 case when we have (cf. section
VI for explanation of notation)

(I.7) δ0 =

(
1

2

)[
(h1,0 − h1,0

0 )(2g − 2) +
∑

i

rankN i

]

− 1

2

[
(−δ′0) +

∑

s∈S∗
vs(det θ) +

∑

i

νsi(detA′)

]

where rankN i is computed from the action of the logarithm of mon-
odromy in the limiting mixed Hodge structure (LMHS) at a point si of
degeneracy of the VHS, δ′0 5 0 is the degree of H

2,0
0,e, and the quantities

in the sums are non-negative and zero for all but a finite number of
points.. We have

0 5 rankN i 5 h1,0 − h1,0
0

and
(I.8){

rankN i = 0 ⇐⇒ siis not a singularity

rankN i = h1,0 − h1,0
0 ⇐⇒ the LMHS is of Hodge-Tate type.

In (I.7), θ0,s is the mapping H1,0
s /H1,0

0,s → (H1,0
0,s)
⊥ ⊗ Ω1

S,s induced by

θ0,s using (H1,0
0,e)
⊥ ⊂ Ȟ1,0

e
∼= H0,1

e .
There are similar, perhaps even more interesting, results in the n =

2, 3 cases. For n = 3 it turns out that the correct quantities to bound
are not δ0 and δ1 but rather{

∆0 = δ0

∆1 = δ0 + δ1

which are non-negative and vanish if, and only if, the VHS is isotrivial.
For n = 2 we find the classical Arakelov inequality

(I.9) δ0 5 (h2,0 − h2,0
0 )(2g − 2)

with equality holding if, and only if,

(i) the induced Kodaira-Spencer maps θ0,s in S∗ = S\{s1, . . . , sN}
are all fibrewise injective;
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(ii) the sub-bundle H
2,0
0,e ⊕ H

1,1
0,e ⊕ H

2,0

0,e is a flat sub-sundle of He,
and therefore gives a sub-VHS; and

(iii) denoting by Ĥr
i = ⊕

p+q=r
Ĥp,q
i the Hodge structure on the rth

graded piece Grr(LMHSi) for the limiting mixed Hodge struc-
ture at si, we have

ĥ2,0
i = h2,0

0,si

for all i

The third condition is satisfied if LMHSi is of Hodge-Tate type, but
not conversely.

The Arakelov inequality is given by correcting (I.9) by subtracting
from the RHS a sum of three non-negative terms corresponding to (i),
(ii), (iii).

For n = 3 we find inequalities
(I.10){

(a) δ0 5
(
h3,0 − h3,0

0 + 1
2
(h2,1 − h2,1

0 )
)

(2g − 2 +N)

(b) δ0 + δ1 5
(
h3,0 − h3,0

0 + h2,1 − h2,1
0

)
(2g − 2 +N)

with equality holding if, and only if, conditions similar to (i), (ii), (iii)
above are satisfied. For the most interesting condition (iii) we have

(a) ⇐⇒ ĥ3,0
i = h3,0

0,si
for each singular point

(b) ⇐⇒
{
ĥ3,0
i = h3,0

0,si
and ĥ2,1

i = h2,1
0,si

+ ĥ3,2
i

for each singular point.

Again, these conditions are satisfied if LMHSi is of Hodge-Tate type,
but not conversely.4

We note that for n = 1 we have two expressions for δ = δ0, one
arising from the Grothendieck-Riemann-Roch theorem and one arising
from the Arakelov equality. Comparing these gives a formula for the
sum of the correction terms in the Arakelov equality. We work this
out for elliptic surfaces, where the only correction terms are where the
Kodaira-Spencer maps fail to be fibrewise injective; in particular this
includes when the fibre is smooth with automorphisms.

We also work this out when n = 3 and Xη is Calabi-Yau of mirror
quintic type. In [GGK2] the possible unipotent degernerations have
been classified and the contributions to δ0 and to δ0+δ1 of each type are
analyzed. This leads to a generic global Torelli result for the physicists
mirror quintic family, a result obtained earlier by S. Usui.

4Note added in proof: We have just seen the interesting paper [MVZ] in which
there are results related to, but seemingly different from, those given above. See
also [VZ1]–[VZ5].
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In section VII we explore a different type of enumerative question.
Namely, when we have a VHS (HZ,F

p,∇, S) of weight n and with-
out degeneracies and where S has arbitrary dimension, a theorem of
Deligne (cf. [Z]) gives that

Hn+r(S,HZ) has a Hodge structure of weight n+ r .

An interesting question is: What data is needed to determine the Hodge
numbers Hp,q(S,HC)? What we find is that in the case of a general
VHS, aside from simple cases there is not much that we are able to say.
However, in the geometric case (I.2) of a family of threefolds (which
need not be Calabi-Yau’s) over a curve, one finds that

(i) from Deligne’s theorem alone one may determine H4,0(S,HC),
(ii) to determine H3,1(S,HC) and H2,2(S,HC) one needs additional

information coming from the VHS arising from the other Rq
fQ

(q 6= 3).

We find this to be instructive in that it helps to further illuminate what
additional information is contained in variations of Hodge structures
that arise from geometry.

II. Notations and terminology
II.A. Hodge theoretic preliminaries

We will be considering a polarized variation of Hodge structure (VHS)
over a smooth, quasi-projective algebraic curve S∗. The VHS will be
denoted (HZ,F

p,∇, S∗) where

• HZ is a local system on S∗;
• Fp is a filtration of H = HZ ⊗ OS∗ that induces on each fibre
Hs a polarized Hodge structure of weight n;5

• ∇ : H → H ⊗ Ω1
S∗ is the Gauss-Manin connection with kernel

HC and satisfying

∇(Fp) ⊂ Fp−1 ⊗ Ω1
S∗ .

There is a canonical completion of S∗ to a smooth projective curve
S; then

S∗ = S\E
where E = {s1, . . . , sN} is the set of punctures. Around each si there is
a local monodromy transformation Ti; unless stated otherwise we shall
assume that

5We shall not distinguish between a locally free sheaf E of OS∗ -modules and
the corresponding analytic vector bundle E with fibres Es, s ∈ S∗. Although we
will work in the analytic category, all of the analytic objects will have an algebraic
structure.
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• Ti is unipotent.

There is then the canonical Deligne extension of the VHS to
(HZ,e,F

p
e ,∇, S) over S.6 Then He is a vector bundle over S filtered by

sub-bundles Fp
e and where the transversality condition on the Gauss-

Manin connection becomes

(II.A.1) ∇ : Fp
e → Fp−1

e ⊗ Ω1
S(logE) .

We set {
Hp,n−p = Fp/Fp+1

Hp,n−p
e = Fp

e/F
p+1
e .

Of importance throughout this paper will be the maps induced by ∇,
called the Kodaira-Spencer maps7

(II.A.2) Hp,q θq−→ Hp−1,q+1 ⊗ Ω1
S(logE)

that capture the first order infinitesimal information in the VHS over
S∗. At the punctures si, the map θq,si on the fibre is given by the
residue of ∇.

Over S∗ the polarized Hodge structures on the fibres induce Hodge
metrics in each vector bundle Hp,q. There is then an associated metric
connection whose corresponding curvature is

(II.A.3) ΘHp,q = tθq ∧ θq + θq−1 ∧ tθq−1 ,

where “t” denotes the Hermitian adjoint. In terms of local unitary
frames 




eα for Hp,q

eµ for Hp−1,q+1

eρ for Hp+1,q−1

with the Kodaira-Spencer maps given by




θq(eα) =
∑

µ

Aµαeµ

θq−1(eρ) =
∑

α

Aαρeα

the curvature matrix for Hp,n−p is given by

(ΘHp,n−p)αβ =
∑

µ

Aµα ∧ A
µ

β −
∑

ρ

Aαρ ∧ A
β

ρ .

6Throughout this work the subscript “e” will stand for extension.
7Here we shall understand that q = n− p.
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The Chern form is

c1 (ΘHp,q) =:

√
−1

2π
Tr (ΘHp,q)(II.A.4)

=

√
−1

2π

(∑

α,µ

Aµα ∧ A
µ

α

)
−
√
−1

2π

(∑

α,ρ

Aαρ ∧ A
α

ρ

)
.

This “alternation” of signs has always been an important aspect of the
curvature properties of the Hodge bundles.

Near a puncture, it is a result of Schmid [Sc] that:

(i) the forms c1(ΘHp,q) are integrable and define closed, (1, 1) cur-
rents on the completion S;

(ii) the de Rham cohomology class represented by c1(ΘHp,q) gives
the Chern class c1(Hp,q

e ) of the canonically extended Hodge bun-
dle.

For our purposes, taking the case p = n, q = 0 we have

c1 (ΘHn,0) =

√
−1

2π

(∑

α,µ

Aµα ∧ A
µ

α

)

so that setting8

δ =

∫

S

c1 (ΘHn,0)

we have

(II.A.5)

{
δ = 0 with equality

if, and only if, θ0 = 0

}
.

Next, letting θ0 ↔ {Aµα} and θ1 ↔ {Aρµ} as above, we obtain, reflecting
the alternation of signs, a cancellation that gives

c1 (ΘHn,0) + c1 (ΘHn−1,1) =

√
−1

2π

(∑

µ,ρ

Aρµ ∧ A
ρ

µ

)
.

Setting

λ =

∫

S

c1 (ΘHn−1,1)

we obtain

(II.A.6)

{
δ + λ = 0 with equality
if, and only if, θ1 = 0

}
.

This pattern continues, but in this work we shall only need the first
two cases.

8For almost all of this paper we shall only be concerned with Hn,0
e and Hn−1,1

e ,
and we shall set δ = δ0 and λ = δ1 in terms of the general notations given above.
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Finally we recall that given a puncture and a local coordinate s such
that s = s0 corresponds to the puncture, there is defined on the fibre
He,s0 a polarized limiting mixed Hodge structure (LMHS). The Hodge
filtration F p is defined by the F p

e,s0
; the weight filtration Wm is defined

using the logarithm N of the unipotent monodromy transformation T .
The following are properties of the LMHS:

(II.A.7)





(i) N : Wm → Wm−2

(ii) Nk : GrWn+k
∼→ GrWn−k is an isomorphism

(iii) N(F p) ⊆ F p−1 .

The Q-structure and weight filtration change under a scaling

s→ λs

by exp(λN), from which it follows that the HS on the graded pieces
and adjacent extensions of Hodge structures are well-defined. The po-
larizations are defined using the polarizing form, evaluated at s0, of the
given VHS.

II.B. Algebro-geometric preliminaries

We will consider families of projective algebraic varieties given by
the fibres Xs = f−1(s) of a connected, surjective morphism

(II.B.1) f ·X → S

between smooth, projective varieties and where the base space S is a
curve.

Define the relative dualizing sheaf for this general setting by

ωX/S := ωX ⊗ f ∗(TS)

where ωX is the canonical bundle. Indeed, one has (Rq
fE)∨ ∼= Rn−q

f (E∨⊗
ωX/S) if E is locally free and n is the relative dimension.

Outside the discriminant locus E = {s1, . . . , sN} the fibres are smooth.
Unless mentioned otherwise we will assume that the singular fibres are
normal crossing divisors (NCD’s)

Xsi =
∑

i,α

mi
αX

i
α

where the X i
α are smooth and meet transversely. We will also assume

that there are no multiple fibres; i.e., gcdα{mi
α} = 1. Usually we will

assume that the Xsi are reduced normal crossing divisors; i.e., the non-
zero mi

α are equal to 1. Locally we may assume that f is given by

s = zµ1

1 · · · zµn+1

n+1
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where the µi reflect the mi
α. In the reduced normal crossing case the

non-zero µi are equal to 1. In this situation the local monodromy is
unipotent, not just quasi-unipotent.

One exception to the above is in section V where we shall consider the
situation where the singular fibre has ordinary double points (ODP’s).
Then the map f is given locally by

s = z2
1 + · · ·+ z2

n+1 .

Unless stated otherwise we shall assume that the smooth fibres are
Calabi-Yau (CY) varieties of dimension n, where in this paper we shall
study the cases n = 1, 2, 3. Denoting by Xη the generic fibre, we thus
have

hn,0(Xη) = 1, h1,0(Xη) = · · · = hn−1,1(Xη) = 0 .

We shall make the important assumption of relative minimality; i.e.

(II.B.2) f ∗ (f∗(ωX)) ∼= ωX .

This has the implication

(II.B.3) c1(X)2 = 0 ,

that will be frequently used. We refer to section V.G for further dis-
cussion of this.

We now assume that we are in the reduced normal crossing case and
set

D = f−1(E) =
⋃

si∈∆

Xsi .

An important result of Steenbrink [St] is that the canonically extended
Hodge bundles are given by

(II.B.4) Hp,q
e
∼= Rq

fΩ
p
X/S(logD) .

Here, the relative log differentials are as usual defined by

Ωp
X/S(logD) = Ωp

X

/
f ∗(Ω1

S(logE)) ∧ Ωp−1
X (logD) .

These sheaves are locally free (loc. cit.) and
{

Ωp
X/S(logD) = ∧pΩ1

X/S(logD)

ωX/S = Ωn
X/S(logD)

where ωX/S is the relative dualizing sheaf.
We shall systematically use the following sequences, where (b) and

(c) define the sheaves Fp and G:

(II.B.5)





(a) 0→ f ∗(Ω1
S)→ Ω1

X → Ω1
X/S → 0

(b) 0→ Ωp
X/S → Ωp

X/S(logD)→ Fp → 0

(c) 0→ f ∗(Hn,0
e )→ ωX/S → G→ 0
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and where in the third sequence

G = 0⇔
{

the relative minimality
assumption (II.B.2) is satisfied.

}

Since

ωX ∼= f ∗(Ω1
S)⊗ ωX/S

by definition, and in the RNCD case

Hn,o
e
∼=
(
H0,n
e

)∨ ∼=
(
Rn
f (OX)

)∨ ∼= R0
f (ωX/S) ,

we have

f∗(ωX) ∼= Ω1
S ⊗Hn,0

e .

Then using that we are in the situation of a CY fibration, the injective
sheaf map

f ∗(f∗(ωX))→ ωX

is surjective if, and only if, the first map of (II.B.5)(c) is surjective,
thus verifying the above assertion.

From the above we infer that, assuming minimality,

c1(X) = f ∗(c1(S)− c1(Hn,0
e )) .

The RHS may be rewritten to give

(II.B.6) c1(X) = (2− 2g − δ)f ∗([η])

where [η] ∈ H2(S) is a generator. This of course implies (II.B.3).
We shall use the notations




c̃i = ci

(
Ω1
X/S

)

ĉi = ci

(
Ω1
X/S(logD)

)
.

Then from (II.B.5) and the vanishing of c1(F) as discussed below, we
have

(II.B.7) c̃1 = ĉ1 = δf ∗[η] ,

which gives also that

c̃2
1 = ĉ2

1 = 0 .

We set

F = F1

and note that in general

supp Fp ⊆ Dsing .

This implies that the Chern classes

ci(Fp) = 0 for i = 0, 1 .
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A pair of formulas that will be used extensively arises by putting the
sequences (II.B.5) in a diagram and giving a resolution of the sheaf F.
For this it is notationally convenient to denote a singular fibre simply
by Y = ∪Yα. Then we have an exact diagram




0 → f ∗(Ω1
S) → Ω1

X → Ω1
X/S → 0y

y
y

0 → f ∗(Ω1
S(logE)) → Ω1

X(logD) → Ω1
X/S(logD) → 0y

y
y

OY → ⊕
α

OYα → F

and a resolution (here for n = 1, 2, 3)

(II.B.8) 0→ F
ρ→ ⊕

α<β
OYαβ

σ→ ⊕
α<β<γ

OYαβγ

τ→ ⊕
α<β<γ<λ

OYαβγλ → 0 .

Here, the first map ρ is constructed from the composition of the
restriction mapping

Ω1
X/S(logD)→ ⊕

α<β
Ω1
Yα(log Yαβ) ,

together with the residue mapping

⊕
α<β

Ω1
Yα(log Yαβ)→ ⊕

α<β
OYαβ ,

with attention to signs. The next mapping is given by

σ

(
⊕
α<β

Fαβ

)
=
∑

α<β<γ

Fαβ
∣∣
Yαβγ

where Fαβ ∈ OYαβ . The third mapping τ is similarly defined. The
above maps depend upon a choice of ordering of the index set for the
components of D.

We shall now discuss how one proves the exactness of (II.B.8). In
order to not have the notation obscure the ideas, we shall restrict to
the situation where

Ys0 = Y1 ∪ Y2 ∪ Y3 ,

and we assume there is one triple point and set

p = Y123 = Y1 ∩ Y2 ∩ Y3 .

Locally we may choose coordinates x, y, z on X and s on S so that f
is given by

xyz = s ,
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and

Y1 = {x = 0}, Y2 = {y = 0}, Y3 = {z = 0} . 9

Then ϕ ∈ Ω1
X/S(logD) is given as

ϕ = f(x, y, z)
dx

x
+ g(x, y, z)

dy

y
+ h(x, y, z)

dz

z

where

(II.B.9)
dx

x
+
dy

y
+
dz

z
= 0 .

To define the part

Ω1
X/S(logD)

R3−−−→ Ω1
Y3

(Y31)⊕ Ω1
Y3

(Y32)

of the restriction map, we use (II.B.9) to write

ϕ = (f − h)
dx

x
+ (g − h)

dy

y
,

and then

R3(ϕ) =: (f(x, y, 0)− h(x, y, 0))
dx

x
⊕ (g(x, y, 0)− h(x, y, 0))

dy

y
.

We then use Poincaré residues to map

R3(ϕ)→ resY31(R3(ϕ))⊕ resY32(R3(ϕ))

and then the composition ρ3(ϕ) is given by

ρ3(ϕ) = (f(0, y, 0)− h(0, y, 0))⊕ (g(x, 0, 0)− h(x, 0, 0)) .

Thus

ρ3(ϕ) ∈ OY31 ⊕ OY32 .

Similarly,

R2(ϕ) = (f(x, 0, z)− g(x, 0, z))
dx

x
⊕ (h(x, 0, z)− g(x, 0, z))

dz

z

and

R2(ϕ)→ ρ2(ϕ) = resY21(R2(ϕ))⊕ resY32(R2(ϕ))

where

ρ2(ϕ) = (f(0, 0, z)− g(0, 0, z))⊕ (h(x, 0, 0)− g(x, 0, 0)) ∈ OY21 ⊕OY32 .

Note that

ρ3(ϕ)
∣∣
Y32

= −ρ2(ϕ)
∣∣
Y32

.

9With apologies to the reader, we will use the ordering 3 < 2 < 1 as it makes
the end result appear more symmetric.
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It is clear that σ(ρ(ϕ)) = 0 and that

F
ρ−→ ⊕

α<β
OYαβ

σ−→ Op → 0

is exact. Thus we have to show:

ρ(ϕ) = 0⇒ ϕ ∈ Ω1
Y/S .

We have

ρ(ϕ) = 0⇔





f(x, y, 0)− h(x, y, 0) = xA3(x, y)

g(x, y, 0)− h(x, y, 0) = yB3(x, y)

f(x, 0, z)− g(x, 0, z) = xC2(x, z)

h(0, y, z)− f(0, y, z) = −zA1(y, z)

g(0, y, z)− f(0, y, z) = −y(C1(y, z)

h(x, 0, z)− g(x, 0, z) = −zB2(x, z) .

Thus

h(x, y, z) = f(x, y, z)− xA3(x, y) + zD(x, y, z)

h(x, y, z) = g(x, y, z)− yB3(x, y) + zE(x, y, z) ,

and modulo Ω1
Y/S

{
(i) ϕ = f dx

x
+ g dy

y
+ (f − xA3)dz

z

(ii) ϕ = f dx
x

+ g dy
y

+ (g − yB3)dz
z
.

The case where there are quadruple points is a direct extension of
this argument. �

For E a coherent sheaf with Chern classes ci, for frequent latter
reference we record the formulas

(II.B.10)





ch0(E) = rank Eη
ch1(E) = c1

ch2(E) =
c21−2c2

2

ch3(E) =
c31−3c1c2+3c3

6

ch4(E) =
c41−4c21c2+2c22+4c1c3−4c4

24
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where in the first, rank Eη is the rank of E at a generic point. For the
Todd genus we have

(II.B.11)





Td1(E) = c1/2

Td2(E) =
c21+c2

12

Td3(E) = c1c2
24

Td4(E) =
−c41+3c22+4c21c2+c1c3−c4

720

Formal properties such as{
Td(E + E′) = Td E · Td E′

ch(E + E′) = ch(E) + ch(E′)

will be used without further mention. We shall set

T̃d(E) =

{
Todd polynomial for E with
ci replaced by (−1)ici.

}

In case E is locally free with dual Ě

(II.B.12) T̃d(E) = Td(Ě) .

We also have

(II.B.13) T̃d(E + E′) = T̃d(E) · T̃d(E′) .

For E a coherent sheaf on X, the GRR is

(II.B.14) ch(f!(E)) · TdS = f∗(ch(E) · TdX) .

We may then rewrite (II.B.14) as

ch(f!(E))T̃d(Ω1
S) = f∗(ch(E) ·

(
f ∗
(

T̃d(Ω1
S)
)
· T̃d(Ω1

X/S)
)

= f∗
(

ch(E) · T̃d(Ω1
X/S)

)
· T̃d(Ω1

S)

where the second step uses the push-pull formula. Cancelling the

T̃d(Ω1
S) from both sides leads to the version of GRR that we shall

use in section III

(II.B.15) ch(f!(E)) = f∗
(

ch(E) · T̃d(Ω1
X/S)

)
.

In case all the fibres of (II.B.1) are smooth we denote by

ξ = TX/S

the tangent bundle along the fibres of. Then, in this case

Ω1
X/S
∼= ξ̌

and (II.B.14) is

(II.B.16) ch(f!(E)) = f∗(ch(E) · Td ξ) .
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Referring to the sequences (II.B.6), we shall set

(II.B.17)





c̃i = (−1)ici

(
Ω1
X/S

)

ĉi = (−1)ici

(
Ω1
X/S(logD)

)
.

Then {
T̃d(Ω1

X/S) = Td(c̃1, c̃2, c̃3, . . . )

T̃d(Ω1
X/S(logD)) = Td(ĉ1, ĉ2, ĉ3, . . . ) .

In case the fibres of (II.B.1) are all smooth

(II.B.18) Tdξ = Td(c̃1, c̃2, c̃3 . . . ) = Td(ĉ1, ĉ2, ĉ3, . . . ) .

Finally we remark that

(II.B.19) A family of Calabi-Yau varieties is isotrivial if, and only if,
the equivalent conditions {

θ0 = 0
δ = 0

are satisfied.

This follows from (II.A.5), and the well known fact that for s ∈ S∗
the differential of the VHS is given by the usual Kodaira-Spencer map

TsS → Hom
(
Hn,0(Xs), H

n−1,1(Xs)
) ∼= H1(ΘXs) ,

where the isomorphism on the right depends on a a choice of trivial-
ization

ωXs
∼= OXs .

III. Elliptic surfaces

In part to set a context for what follows, and in part because it is
such a beautiful story, we want to recall briefly some elements of the
theory of minimal elliptic fibrations, due to Kodaira [Ko] and nicely
recounted in [BHPV, §V.7–13]. In this section we shall not assume
NCD’s (as we will treat all of Kodaira’s fiber types). We begin with
two examples.

Example: The Fermat pencil

s(x3
0 + x3

1 + x3
2)− x0x1x2 = 0

gives an elliptic surface

f : X → P1
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where, using s as a coordinate on P1, the descriminant locus is

∆ =

{
0,

1

3
,
ζ

3
,
ζ2

3

}
, ζ = e2π

√−1/3 .

Each singular fibre is of type I3 in Kodaira’s classification; the picture
is

(III.1)





Xsi =

�
�
�
��

A
A
A
AA

dual graph
�
�
�
�

A
A
A
A

•1 •1

•1

Equivalently, letting as usual

Γ(N) = ker (SL2(Z)→ SL2(Z/NZ)) ,

the semi-direct product Γ(3) n Z2 acts on H × C by
((

a b
c d

)
, (m1,m2)

)
(τ, z) =

(
aτ + b

cτ + d
,
z +m1 +m2τ

cz + d

)
.

This gives a family of elliptic curves parametrized by H/Γ(3), and
adding curves of type (III.1) over the four cusps gives an alternate
description of the Fermat pencil.

Example: Fixing τ ∈ H and setting Eτ = C/Z{1, τ}, we quotient
P1 × Eτ by the involution

(−1)(s, z) = (−s,−z) .

This gives an isotrivial family with Kodaira type I∗0 singular fibres over
s = 0,∞, which are described by

(III.2)





(all P1’s)

•�
�

•
@
@

•11

1 1

2

•

•
�
�

@
@

(dual graph)
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To an elliptic curve Eτ with Weierstrass equation

y2 = 4x3 − g2x− g3

where g2 and g3 are the well known expressions in terms of τ , one
associates the j-function

j(τ) =
1728g3

2

g3
2 − 27g2

2

.

Then j(τ) is invariant under SL2(Z), and setting H∗ = H ∪Q one has

j :
(
SL2(Z)

∖
H∗
) ∼−→ P1

where j−1(∞) corresponds to the cusp in the fundamental domain for
SL2(Z). Their existence of j immediately implies that

(III.3) Any non-isotrivial family of elliptic curves parametrized by a
complete curve must have a singular fibre.

Indeed, if the family is f : X → S, then the composition jS in

S → (SL2(Z)\H∗) j−→ P1

gives a non-constant meromorphic function on S over whose poles must
lie singular curves. �

We set
δ̃ = 1

12
deg jS ,

and solely for this section,

δ := deg
(
f∗(ωX/S)

)
.

In the case when the fibres of f : X → S are reduced normal crossings
— i.e. of type Im in Kodaira’s classification — δ = deg(H1,0

e ), and we
shall see that

(III.4) δ = δ̃ ,

Thus, although while one does not (yet?) have an extension of the
j-function to other situations,10 in the reduced normal crossing case we
do have an extension of its degree. This simple observation will play a
critical role in this work.

For later reference we shall reproduce Kodaira’s table. Recall that
the minimality of X implies that X contains no −1 curves in its fibres
and that each irreducible component X i

α of a properly singular fibre

10One exception is the case of K3’s of Picard rank 19 (and to some extent, rank
18); see [Dor] (resp. [CD].)
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Fiber type monodromy κ δ0 δ̃0 dual graph

I0

(
1 0
0 1

)
1 0 0 •

I1

(
1 1
0 1

)
∞ 1 1

Im

(
1 m
0 1

)
∞ m m

I∗0

(
−1 0

0 −1

)
2 6 0

I∗m

(
−1 −m

0 −1

)
∞ m + 6 m

m segments

︸ ︷︷ ︸

II∗
(

0 −1
1 1

)
6 10 0

III∗
(

0 −1
1 0

)
4 9 0

IV ∗
(
−1 −1

1 0

)
3 8 0

II

(
1 1

−1 0

)
6 2 0

III

(
0 1

−1 0

)
4 3 0

IV

(
0 1

−1 −1

)
3 4 0

•

•
• •

•
• m sides) (

•

•
•

•

•

•

•
• •

•

•
••

• • • •• • • •

• • • •• • • •
•

•

• • • •• •
•

•

•

••

•
••

Table 1

has self-intersection (X i
α)2 = −2. The notations δ0 and δ̃0 refer to the

contribution of the singular fibre to δ and δ̃ respectively, while κ is
the order of monodromy. We have not labeled multiplicities of compo-
nents in the dual graphs, though all individual-point intersections of
components have multiplicity 1 (except type III).
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We shall now apply the Grothendieck-Riemann-Roch formula in the
form (I.B.14) for the sheaf OX . The formula is

ch(f! (OX)) = f∗(T̃d(c̃1, c̃2)) .

For the LHS we have

f!(OX) = 1−R1
fOX

= 1−
(
R0
fωX/S

)∨

= 1 + f∗ωX/S ,

by the property of the dualizing sheaf. Thus∫

S

ch1 (f!(OX)) = δ .

For the RHS, {
c1(X) = (2− 2g − δ)f ∗[η]

c̃1 = δf ∗[η]

from (II.B.6) and (II.B.7), which still hold in the present setting (with
δ as just defined). Using (II.B.5)(a) it follows that

{
c̃2

1 = 0
c̃2 = c2(X) ;

and so ∫

S

f∗
(

T̃d2(c̃1, c̃2)
)

=

∫

X

c2(X)

12
=
χ(X)

12

=⇒ 12δ = χ(X) =
∑

i

χ(Xi) ,

where Xi are the singular fibres.
It is elementary to check that their Euler characteristics are as listed

in the 4th column of the table: except for Xi of type I0 (smooth) or IV,
(III.5)

χ(Xi) =
∑

α

χ(X i
α)−

∑

α<β

χ(X i
αβ) = 2(# vertices)− (# edges)︸ ︷︷ ︸

in the dual graph

.

No singular fibre contributes zero (in contrast to type I K3 degenera-
tions in IV below). In particular, we note that

δ̃ 6= 0 =⇒
δ≥δ0

δ 6= 0 =⇒ presence of singular fibres ,

which gives another proof of (III.3).
Next, we turn to the semistable case, which will form the basis of

our higher-dimensional generalizations. From Kodaira’s table we see
that (III.4) holds, since all singular fibres are of type Im. Thus, in
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the case where the singular fibres are reduced normal crossing divisors,
the degree of the Hodge bundle may be used in place of the j-function,
which suggests the importance (in general semistable families) of the
former as a measure of the non-isotriviality of families of CY’s.

If the singular fibre Xsi is of type Imi , then the dual graph has mi

edges and mi vertices, so that by (III.5)

Xsi contributes mi to χ(X) .

This leads to Kodaira’s relation

(III.6) 12δ =
∑

i

mi ,

which can be interpreted in two ways:

(i) The contribution to deg H1,0
e of the singular fibres is expressed

in terms of the intersection numbers of the components of the
singular fibres;

(ii) The contribution to deg H1,0
e of the singular fibres is expressed

in terms of the monodromies.

A moment’s reflection show that (i) and (ii) remain true for a family
of curves of any genus g = 1, assuming of course semi-stable reduction
and minimality.

We shall see below that (i) remains true for the quantity (24 +
χ(Xη))δ + 12(δ + λ) for n = 3.

Finally, we observe that the relations arising from the GRR place
global constraints on the combinations of singular fibres that may oc-
cur, since the sum of the contributions of the singular fibres must be
divisible by 12. Thus

{
I1, I2, I3, I

∗
4 does not occur

I1, I2, I3, I6 does occur.

The first example at the beginning of this section is of type I3, I3, I3, I3.

IV. Semi-stable families of K3 surfaces

We first observe that the analogue of III.3 does not hold.

Example: Let |Xt| be a general pencil of quartic surfaces in P3. The
singular Xti each have one ordinary double points pi. The Picard-
Lefschetz transformation Ti around ti is finite of order 2 — i.e., T 2

i = I.
Denoting by Γ ⊂ ΓZ the global monodromy group the period mapping
extends across the ti to give a non-constant map

τ : P1 → Γ\D
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where D is the relevant period domain. Thus:

The moduli space ΓZ\D for polarized Hodge structures
with h2,0 = 1, h1,1 = 19 contains complete curves.

Following Atiyah [At], one may construct a family of smooth K3’s
X → S where S → P1 is the 2-sheeted covering branched at the ti.
The construction is local over a disc ∆ around ti. Let

Y ⊂ ∆× P3

be the smooth surface given by the corresponding family of K3’s parametrized
by ∆. Let ∆′ → ∆ be the standard 2-sheeted covering and

Y ′ = ∆′ ×∆ Y

the fibre product. Then Y ′ has an ordinary double point corresponding
to {0}×pi and the blowup Ŷ = BlpiY

′ is a smooth threefold. The fibre

Ŷ0 over the origin of Ŷ → ∆′ is a smooth surface with two −1 curves
lying over pi. Contracting one of those curves gives a new smooth
threefold which fibres smoothly over ∆′ with K3 surfaces as fibres.

Equivalently we may blow Ŷ down along one of the rulings of the
quadric Q ∼= P1 × P1 given by the proper transform of pi. When this
is done we obtain the same family.

Turning to use of Riemann-Roch theorems, especially GRR, there
seems to be an even-odd phenomenon whereby they fail to yield direct
information on the degrees of Hodge bundles for families of CY’s of
even dimension, but do so when the fibres are of odd dimension. For
example, for a family f : X → S where all fibres are smooth K3’s, the
GRR using OX and Ω1

X/S only confirms that χ(Xs) = 24 and h1,1(Xs) =
20. When there are singular fibres one does not find that they give a
contribution to δ = deg H2,0

e . This is not unexpected since, as noted
above, there are non-isotrivial families without singular fibres.11 What
Riemann-Roch theorems do give is expressions for the contribution of
singular fibre,12 denoted for simplicity of notation by Y = ∪Yα, to the
discrepancy

∆χ = χ(X)− χ(S)χ(Xη)

from multiplicativity of the Euler characteristic. In general this is given
by
∑

α χ(Yα)−∑α<β χ(Yαβ)+
∑

α<β<γ χ(Yαβγ)−24, but under our as-
sumption of relative minimality GRR yields a nontrivial simplification.

11From the different perspective of “Arakelov equalities” in section VI, we will
find expressions in terms of their LMHS of the contributions of singular fibres to
the various deg Hp,q

e ’s.
12We continue to assume Y is a reduced NCD.
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We set



f = number of components Yα of Ỹ = Y [0]

ε = number of components Yαβ = Yα ∩ Yβ of Y [1]

v = number of components Yαβγ = Yα ∩ Yβ ∩ Yγ of Y [2].

We also write {Cλ}ελ=1 for the {Yαβ}. Thus,

v, ε, f are the number of respective faces, edges, vertices
in the dual graph.

Denoting by gλ = g(Cλ) the genus of the smooth, irreducible curve Cλ,
we shall show that

(IV.1) ∆χ = ε− v −
∑

λ

gλ .
13

Following the proof we will illustrate the formula in the two cases of
semi-stable degenerate fibres that Kulikov found in his work [Ku] on
minimal semi-stable degenerations of K3’s (cf. also [Pi] and [P-P]).

Proof of (IV.1): We have

χ(X) =

∫

X

c3(X) .

Using the notations in (II.B.5) and the additivity of the Chern character

ch(Ω1
X) = f ∗(ch(Ω1

S)) + ch(Ω1
X/S(log Y ))− ch(F) .

The LHS expands, using our assumption of minimality and (II.B.3), to

3 + c1(Ω1
X)− c2(Ω1

X) +

(
−1

2
c1(Ω1

X)c2(Ω1
X) +

1

2
c3(Ω1

X)

)
.

Expanding the RHS using (II.B.8) and comparing terms gives, after
simplification, the equations




c1(Ω1
X) = (−χ(S) + δ)[Xη]

c1(Ω2
X) = c2(Ω1

X/S(log Y ))−
∑

α<β

[Yαβ]

c3(Ω1
X) = −χ(S)χ(Xη)[p]− ch3(F) .

From this we conclude that

(IV.2) ∆χ =

∫

X

ch3(F) .

13The corresponding formula for an elliptic surface with a fibre of type Im is
simply (cf. (III.5)).

∆χ = m .
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Next we use the resolution (II.B.8), which in this case reduces to

0→ F → ⊕
α<β

OYαβ → ⊕
α<β<γ

OYαβγ → 0

to obtain

ch(F) =
∑

α<β

ch(OYαβ)−
∑

α<β<γ

ch(OYαβγ ) .

The RHS is
∑

α<β

[Yαβ]

︸ ︷︷ ︸
ch2(F)

+
1

2

∑

α<β

c3(OYαβ)−
∑

α<β<γ

[Yαβγ]

︸ ︷︷ ︸
ch3(F)

.

Using the GRR applied to the inclusion maps in the situation

U ⊂ W ⊂ X

of a smooth curve U in a smooth surface W in X, together with the
adjunction formula, we may evaluate ch3(F) to find

∫

X

ch3(F) = ε−
∑

λ

gλ − v .

This gives

∆χ = −
∫

X

c3(Ω1
X)− χ(S)χ(Xη)

= ε− v −
∑

λ

gλ

as claimed. �

Example: There are two types of Kulikov semi-stable degenerate fi-
bres

Yi
1

Y2

2

Y3
Y

Y +1

(I)
ε

ε

E

E

Eε

Here E1, . . . , Eε are smooth elliptic curves (gλ = 1), Y1, . . . , Yε+1 are
rational surfaces and Y2, . . . , Yε are ruled elliptic surfaces, from which
it follows that v = 0, ε =

∑ε
λ=1 gλ, and

Type I degenerations make no contribution to ∆χ.
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(II) Then Y =
⋃
α Yα where all the Yα are rational surfaces and all

Yαβ are rational curves (gλ = 0). The “schematic” polytope of the
configuration, e.g.14

or

is dual to a triangulation of S2. Thus f − ε+ v = χ(S2) = 2 and so

Type II degenerations contribute f − 2 to ∆χ.

For a minimal family f : X → S of K3 surfaces, possibly hav-
ing singular fibres, the degree δ of H2,0

e = f∗(ωX/S) enters algebro-
geometrically through the ordinary (Hirzebruch) Riemann-Roch for-
mula for an ample line bundle L → X. Setting ω = c1(L), using
(II.B.5) the Hilbert polynomial for L has as coefficients

χ(X,Lk) =
(
ω3

6

)
k3 +

(
χ(S)−δ

2

)
k2 +

(
lower order
terms in k

)
.

Thus, for large k

The next to highest order term in h0(X,Lk) decreases in
proportion to δ.

This is a purely algebro-geometric statement for which we do not know
of an argument that does not use Hodge theory.

V. Calabi-Yau threefold fibrations

V.A. Statement of the main result

We first establish/recall some notations. Let

f0 : X0 → S

be a relatively minimal (cf. subsection G to this section) family of CY’s
whereX0 and S are smooth.15 We will allow two types of singular fibres.

(i) semi-stable fibres Xsi =
⋃
αX

i
α;

(ii) fibres Yj with ordinary double points (ODP’s) {pjβ} and no other

singularities.16

14There are literally thousands of possibilities.
15We will use the modification described below to replace X0 by our usual no-

tation X.
16We shall use the notation Yi instead of Xi = Xsi to distinguish the ODP

singular fibres from the NCD ones. We note that for the desingularization we shall
use, we will have ∑

j

h3,0(Ỹj) = h3,0(Xη) .
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In case (ii) we denote by ∆j the number of ODP’s on Yj. We also set

D0 =
∑

i,α

X i
α .

We recall from section II.B our notations

δ = deg H3,0
e = − degR3f∗OX0

λ = deg H2,1
e = − degR2f∗Ω1

X0/S
(logD0)

∆χ0 = χ(X0)− χ(Xη)χ(S),

and in this section shall use the additional notations

χi2 =
∑

α<β χ(X i
αβ),

giαβγ = genus(X i
αβγ) for α < β < γ

(topological data; here the subscript “2” refers to codimension 2 strata);

I i2 =
∑

α<β deg[(X i
αβ)2]− deg[(

∑
α<βX

i
αβ)2]

(intersection data);

εi = number of edges X i
αβγ (α < β < γ);

vi = number of vertices X i
αβγδ (α < β < γ < δ).

(V.A.1) Theorem: With the above notations we have

(a) ∆χ0 =
∑

j

∆j+
∑

i

{
χi2 +

(
1
2

)
I i2 + 6

( ∑

α<β<γ

giαβγ

)
− 6εi + 6vi

}

(b) (24 + χ(Xη)) + 12(λ+ δ)δ = 2
∑

j

∆j +
∑

i

{
χi2 − 3I i2

}
.

Remark: (i) If there are only ODP’s, (a) and (b) reduce to

∆χ0 =
∑

j

∆j

(24 + χ(Xη)) + 12(λ+ δ)δ = 2
∑

j

∆j .

(ii) In (V.A.1)(a) the bracketed quantity can be replaced by
∑

α

χ(X i
α) −

∑

α<β

χ(X i
αβ) +

∑

α<β<γ

χ(X i
αβγ)

−
∑

α<β<γ<δ

χ(X i
αβγδ)− χ(Xη) ·

{
number of semistable

singular fibres

}
.
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This is a weaker result (which does not use the minimality) but may
in some cases be easier to actually compute with.

Corollary: If f : X0 → S has no singular fibres and is not isotrivial,
we have

(V.A.2) h2,1 > h1,1 + 12 . �

Proof: If there are no singular fibres, (b) above gives

λ+ δ =
−δ(χ(Xη) + 24)

12
.

Non-isotriviality gives δ > 0, and moreover from (II.A.5) and (II.A.6)
both δ and λ+ δ have the same sign. Thus

χ(Xη) + 24 < 0 .

Since

χ(Xη) = 2(h1,1 − h2,1)

we obtain (V.A.2). �

A family of CY threefolds is said to be of mirror quintic type if
h2,1 = 1 (cf. [GGK2]). Denote the RHS of (V.A.1)(b) by

σ(X0) =:

{
measure of the singularities

in the singular fibres

}
.

From (b) we have for a family of mirror quintic type

σ(X0) = 2(h1,1 + 11)δ + 12(λ+ δ) .

Thus for such families we have that the measure of the singularities of
the singular fibres increases both with δ and λ+ δ. This may be viewed
as an analogue of Kodaira’s result III.6 for elliptic surfaces.

V.B. Resolving ordinary double points

To do this we blow up pjβ in the usual way to obtain

f : X → S ,

which is non relatively minimal if Σ∆j > 0. The fibre Yj is replaced by

Ỹj = Zj + 2

(
∆i∑

ε=1

W ε
j

)
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where Zj is the proper transform of Yi and each W ε
j is a P3. Also, ∆χ0

is replaced by

∆χ = χ(X)− χ(Xη)χ(S) = ∆χ0 + 3

(∑

j

∆j

)
.

Each

Qε
j =: Zj ∩W ε

j

is a quadric surface in P3. We let

Z =
∑

j

Zj

W =
∑

j,ε

W ε
j

and
D =

∑

i

Xsi + Z +W .

There is then an exact diagram
(V.B.1)

0y
OW (W )
y

0 → f−1(Ω1
S) → Ω1

X → Ω1
X/S → 0

y y y
0 → f−1(Ω1

S(logDS)) → Ω1
X(logD) → Ω1

X/S(logD) → 0
y y y

0 → OD → ⊕
i,α

OXi
α
⊕ (OZ ⊕ OW ) → F → 0

y y y
0 0 0

where we here denote by DS ⊂ S the set of points over which the fibres
are singular and where (cf. (II.B.8))

(V.B.2) 0→ F →
(
⊕
i
⊕
α<β

OXi
αβ

)
⊕
(
⊕
j,ε

OQεj

)
→ ⊕

i,α<β
OXi

αβ

→ ⊕
i,α<β<γ

OXi
αβγ
→ ⊕

i,α<β<γ<δ
OXi

αβγδ
→ 0



30 MARK GREEN, PHILLIP GRIFFITHS, AND MATT KERR

is exact. Denoting by σ : X → X0 the blowup so that f = f0 · σ, we
find that

R3
fOX

∼= R3
f0

OX0
∼= H0,3

e

R2
fΩ

1
X/S(logD) ∼= R2

f0
Ω1
X0/S

(logD0) ∼= H1,2
e .17

Defining
ωX/S =: ωX ⊗ f−1(Ω1

S)

one finds
f∗(ωX/S) ∼= (R3

fOX)∨ = H3,0
e ,

while {
H3,0
e
∼= OS(δ)

H2,1
e
∼= OS(λ) .

In case there are actually double points so that f : X → S is not
relatively minimal one has

ωX/S ∼= f−1(H3,0
e )⊗ OX(3W ) ∼= OX(δ ·Xη + 3W ) .

Thus

c1(ωX) = (2g − 2 + δ)Xη + 3W

c1(X) = (2− 2g − δ)Xη − 3W .

V.C. Intersection data on X

For simplicity of notation, we drop the subscripts and just write W
for
∑

j,εW
ε
j .18 Let

• H ⊂ W be a general hyperplane
• L the intersection of two general hyperplanes
• Q = Z ·W ≡ 2H
• E = Z ·Q ≡ 4L.

Recalling that Xη = Z + 2W we obtain the following, listed here for
reference in subsections D, E below.

(i) W 2 = W ·
((
−1

2

)
Z
)

=
(
−1

2

)
Q = −H

(ii) W 3 =
(
−1

2

)
Z ·
((
−1

2

)
Z ·W

)
=
(

1
4

)
Z ·Q = 1

4
E = L

(iii) W 4 =
(
−1

2

)
Z ·
((
−1

2

)
Z ·
(
−1

2

)
Z ·W

)
=
(
−1

8

)
Z · E = −∆ · p

where ∆ ·p is 0-cycle of degree equal to the number ∆ of double
points

(iv) H ·W = −W 3 = −L
(v) H ·W 2 = −W 4 = ∆ · p

(vi) H2 = −H ·W 2 = −∆ · p
17A residue-theoretic argument for this may be found in [G1].
18If the reader wishes, just think of having only one double point.



GLOBAL PROPERTIES OF HODGE STRUCTURES 31

(vii) L ·W = W 3 ·W = −∆ · p
(viii) c1(X)2 = c1(Ω1

X)2 = (−3W )2 = −9H
(ix) c1(X)3 = −c1(Ω1

X)3 = −27W 3 = −27L
(x) c1(X)4 = c1(Ω1

X)4 = 81W 4 = −81∆ · p.

Claim 1: We have

c2(X) ·W = 2L

c2(X) ·H = 2∆ · p
c3(X) ·W = −2∆ · p .

Proof: Using adjunction, the computation of c1(ωX) above, and (V.C)(i),
we have

N∗W/X ⊗ ωW ∼= ωX |W
∼= OW (3W ·W )

∼=
∆
⊕OP3(−3) ;

tensoring with ω∗W
∼=

∆
⊕OP3(4),

N∗W/X
∼=

∆
⊕OP3(1) .

Next, the total Chern class

∆
⊕ c(P3) = (1 +H)4 = 1 + 4H + 6L+ 4∆ · p

=⇒
∆
⊕ ch(P3) = 3 + 4H + 2L+

(
2
3

)
∆ · p .

Dualizing the standard exact sequence

0→ TW → TX
∣∣
W
→ NW/X → 0

gives
OP3(1) ∼= N∗W/X → i∗W (Ω1

X)→ Ω1
W .

Writing i : W ↪→ X, this yields

i∗(ch(i∗Ω1
X)) = i∗(chOP3(1)) + i∗(c̃hP3)

ch(Ω1
X) ·W = i∗

(
1 +H +

(
1
2

)
L+

(
1
6

)
∆ · p

)

+i∗
(
3− 4H + 2L−

(
2
3

)
∆ · p

)
.

The LHS of this equation expands to

4 + [(2g − 2 + δ)Xη + 3W ] +
[(

9
2

)
W 2 − c2(X)

]

+

[(
27
6

)
W 3 − 1

2

(
(2g − 2 + δ)Xη + 3W

)
c2(X)−

(
1
3

)
c3(X)

]
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+ ch4(Ω1
X) .

Thus we obtain

4W − 3H +
((

9
2

)
L− c2(X) ·W

)

+
((−9

2

)
∆p +

(
3
2

)
H · c2(X)−

(
1
3

)
c3(X) ·W

)

= 4W − 3H +
(

5
2

)
L−

(
1
2

)
∆ · p . �

Claim 2: We have

deg
(
c2(X) ·X i

αβ

)
= χ(X i

αβ) + degX
[
(X i

αβ)2
]
− degXi

αβ

[
(ωXi

αβ
)2
]

∑

α<β

deg
(
c2(X) ·X i

αβ

)
= χi2 +

∑

α<β

deg
[
(X i

αβ)2
]
− 4I i2 .

Proof: For the inclusion ι : X i
αβ ↪→ X we have

deg(c2(X) ·X i
αβ) = deg(c2(ι∗TX))

= deg
(
c2(ι∗Ω1

X)
)

= deg(ch2(ι∗Ω1
X)) .

Next, by adjunction and the description of c1(ωX) above

∧2N∗Xi
αβ/X

⊗ ωXi
αβ

∼= ωX
∣∣
Xi
αβ

=⇒ ∧2N∗Xi
αβ/X

∼= ω∗Xi
αβ

=⇒ c1

(
N∗Xi

αβ/X

)
= −c1

(
ωXi

αβ

)
.

Together with the exact sequence

0→ N∗Xi
αβ/X

→ ι∗Ω1
X → Ω1

Xi
αβ
→ 0 ,

this yields

ch(ι∗Ω1
X) = ch(Ω1

Xi
αβ

) + ch(N∗Xi
αβ/X

)

ι∗(4 + (2g − 2 + δ)Xη − c2(Ω1
X) + . . . )

= (2 + (ωXi
αβ

) +
(ωXi

αβ
)2

2
− χ(X i

αβ)p)

+(2− (ωXi
αβ

) +
(ωXi

αβ
)2

2
− c2(N∗Xi/X))

−ι∗c2(Ω1
X) = (ωXi

αβ
)2 − χ(X i

αβ)− (X i
αβ)2 .

Since ωX ∼= ωX/S is trivial in a neighborhood ofXi, andXi is semistable,
we see that

ωXi
αβ

∼= OXi
αβ

(−
∑

γ 6=α,β
X i
αβγ)
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which leads to

∑

α<β

(KXi
αβ

)2 =
∑

α<β

X i
αβ

(∑

γ 6=α,β
X i
γ

)2

=
∑

α<β

X i
αβ(X i

α +X i
β)2

= 2
∑

α<β

(X i
αβ)2 +

∑

α 6=β
(X i

α)3X i
β

︸ ︷︷ ︸∑

α

(X i
α)3
∑

β 6=α
X i
β

︸ ︷︷ ︸
−
∑

α

(X i
α)4

.

Now

4

(∑

α<β

X i
αβ

)2

=

(∑

α 6=β
X i
αβ

)2

=

(∑

α

{
X i
α ·
∑

β 6=α
X i
β

})2

=

(
−
∑

α

(X i
α)2

)2

=
∑

(X i
α)4 + 2

∑

α<β

(X i
αβ)2 ,

so

∑

α<β

(ωXi
αβ

)2 = 2
∑

α<β

(X i
αβ)2 − 4

(∑

α<β

X i
αβ

)2

+2
∑

α<β

(X i
β)2 = 4I i2 . �

V.D. Push forward data on X

Claim 3: For the inclusion i : W ⊂ X we have

ch(i∗OW (W )) = W −
(

1
2

)
H +

(
1
6

)
L− ∆

24
· p .

Proof: From

0→ OX → OX(W )→ i∗OW (W )→ 0

we have

ch(i∗OW (W )) = ch(OX(W ))− ch(OX)
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= 1 +W +
W 2

2
+
W 3

6
+
W 4

24
− 1 .

The result follows from the intersection formulas in V.C above.

Claim 4: For the inclusion j : Q ⊂ X we have

ch(j∗OQ) = 2H − L+
(

2
3

)
∆ · p .

Proof: The Grothendieck-Riemann-Roch formula gives

ch(j∗OQ)TdX = j∗ (ch(OQ)TdQ) .

In this calculation, we will omit any terms involving the NCD fibres
Xsi , as they do not contain any double points. With this understood

LHS = (Q+ ch3(j∗OQ) + ch4(j∗OQ))

×
(
1 +

{(
1− g − δ

2

)
Xη − 3

2
W
}

+
{
−3

4
H + 1

12
c2(X)

}
+ · · ·

)

where “· · · ” are higher order terms

= Q+ (ch3(OQ) + 3L) +
(
ch4(OQ)−

(
3
2

)
W · ch3(OQ) +

(
11
6

)
∆ · p

)

where we have used




Q ·W = 2H ·W = −2L
Q ·H = −2∆ · p

c2(X) ·Q = 4∆ · p .

The RHS is

j∗(TdQ) = j∗ (1 + (L1 + L2) + ∆ · p)
= Q+ 2L+ ∆ · p

where L1, L2 are lines from two different rulings on Q.
Combining, we have for the degree 6 terms

2L = ch3(OQ) + 3L

=⇒ ch3(i∗OQ) = −L .

Using this and W · L = −∆ · p, we have for the degree 8 terms

∆ · p =
(

11
6

)
∆ · p− 3

2
∆ · p+ ch4(i∗OQ)

=⇒
(

2
3

)
∆ · p = ch4(i∗OQ) . �
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Claim 5:

(a) ch
(
ι∗OXi

αβ

)
= X i

αβ −
(

1
2

)
ι∗
(
KXi

αβ

)
−
(

1
12

) (
X i
αβ

)2

+
1

6
degXi

αβ

(
KXi

αβ

)2

· p

(b) ch
(
ι∗OXi

αβγ

)
= X i

αβγ +
(
1− giαβγ

)
· p

(c) ch
(
ι∗OXi

αβγδ

)
= X i

αβγδ = p .

Proof: The first term of each formula is obvious. For (a), ((b) is
similar)

ch
(
ι!OXi

αβ

)

︸ ︷︷ ︸
ι∗OXi

αβ

Td(X) = ι∗
(
Td(X i

αβ)
)

19

(
X i
αβ + ch3

(
ι∗OXi

αβ

)
+ ch4

(
ι∗OXi

αβ

))

·
(
1 +

(
δ
2

+ g − 1
)
Xη +

(
1
12

)
c2(X) + · · ·

)

= ι∗


1− 1

2
KXi

αβ
+

(
KXi

αβ

)2

+ χ
(
X i
αβ

)
p

12




yielding in H6(X):

ch3 = −1

2
ωXi

αβ

in H8(X):

ch4 +
1

12

(
c2(X) ·X i

αβ

)
︸ ︷︷ ︸

χ(Xi
αβ)p+(Xi

αβ)2−deg

 „
ω
Xi
αβ

«2
! =

1

12
deg

((
ωY iαβ

)2
)
p+

1

12
χ(X i

αβ)p

ch4 =
1

6
deg

(
ωXi

αβ

)2

p− 1

12
(X i

αβ)2 .

�

19Here, and in a few lines below, the term above the horizontal bracket is equal
to the one in the parenthesis.
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Now by (V.B.2),

ch(F) =
∑

i,α<β

ch
(
i∗OXi

αβ

)
+
∑

j,ε

ch
(
j∗OQεj

)

−
∑

i,α<β<γ

ch
(
OXi

αβγ

)
+

∑

i,α<β<γ<δ

ch
(
OXi

αβγδ

)
.

To evaluate this we use Claims 4, 5 together with the implication

∑

α<β

degXi
αβ

((
ωXi

αβ

)2
)

= 4I i2

from Claim 2 to have for the terms of resp. degrees 4, 6, 8 in the RHS:

ch2(F) =
∑

i,α<β

X i
αβ + 2

∑

j,ε

Hε
j

ch3(F) =
(−1

2

) ∑

i,α<β

L∗
(
ωXi

αβ

)
−

∑

i,α<β<γ

X i
αβγ −

∑

j,ε

Lεj

ch4(F) =
(−1

12

) ∑

i,α<β

deg
((
X i
αβ

)2
)
p+

(
2
3

)∑

i

I i2 · p+
∑

i,α<β<γ

giαβγ · p

−
∑

i

εi · p+
∑

i

vi · p+
(

2
3

)
∆ · p .

In particular we have
(

1

2

)∫

X

(ch2(F))2 + 6

∫

X

ch4(F)

=

(
1

2

)∑

i

deg



(∑

α<β

X i
αβ

)2

− 2∆−

(
1

2

) ∑

i,α<β

deg
((
X i
αβ

)2
)

+4
∑

i

I i2 + 6
∑

giαβγ − 6
∑

εi + 6
∑

vi + 4∆

=

(
7

2

)∑

i

I i2 + 2∆ + 6
∑

i

( ∑

α<β<γ

giαβγ − εi + vi

)
,

where above we have combined the 1st and 3rd terms to obtain
(−1

2

)∑
i I

i
2.

A consequence of the above calculations is

(V.D.1)





ch2(F) ·W = 2H ·W = −2L

ch2(F) ·H = −ch2(F) ·W ·W = 2L ·W = −2∆ · p
ch3(F) ·W = −L ·W = ∆ · p .
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Using Claim 2 we have

deg (ch2(F) · c2(X)) =
∑

i

χi2 − 4
∑

i

I i2 +
∑

i,α<β

deg
((
X i
αβ

)2
)

+ 4∆ .

Below we will see that

c2

(
Ω1
X/S(logD)

)
= c2(X)− ch2(F) + 2H ,

which with a little work gives

(V.D.2) deg(ch2(F) · c2(Ω1
X/S(logD))) =

∑

i

χi2 − 3
∑

i

I i2 + 4∆ .

V.E. Proof of Theorem V.A.1

We recall our notations



ci = ci(X)

ĉi = ci

(
Ω1
X/S(logD)

)

∆χ = χ(X)− χ(Xη)χ(S)

=

∫

X

c4

(
Ω1
X

)
+ 2(h2,1 − h1,1)(2− 2g) .

From the diagram (V.B.1) we obtain
(V.E.1)

ch
(
Ω1
X

)
= f ∗ch

(
Ω1
S

)
+ ch

(
Ω1
X/S(logD)

)
+ ch(i∗OW (W ))− ch(F) .

In H2(X) this gives

−c1 = (2g − 2)Xη + ĉ1 +W ,

while from the end of section (V.B)

−c1 = (2g − 2 + δ)Xη + 3W ;

hence
ĉ1 = δXη + 2W .

From the intersection relations in section V.C above we obtain



c2
1 = −9H

c3
1 = −27L

c4
1 = −81∆ · p





ĉ2
1 = −4H

ĉ3
1 = −8L

ĉ4
1 = −16∆ · p .
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In H4(X) the equation (V.E.1) gives
(

1
2

)
c2

1 − c2 =
(

1
2

)
ĉ2

1 − ĉ2 −
(

1
2

)
H − ch2(F)

=⇒ ĉ2 = c2 − ch2(F) + 2H .

Using (V.D.1), Claim 1, and Section V.C(vi), this implies

Hĉ2 = 2∆ · p .
In H6(X) we have from (V.E.1)

−
(

1
6

)
c3

1 +
(

1
2

)
c1c2 −

(
1
2

)
c3

=
(

1
6

)
ĉ3

1 −
(

1
2

)
ĉ1ĉ2 +

(
1
2

)
ĉ3 +

(
1
6

)
L− ch3(F) ,

which using the intersection relations (in V.C, Claim 1, (V.D.1)) gives

ĉ3 = −c3 + 4L+ (2− 2g)Xη · c2 + 2ch3(F)

=⇒ W · ĉ3 = 0 .

Finally, in H8(X) we have (using ĉ4 = 0 since Ω1
X/S(logD) is locally

free of rank 3)
(

1
4

)
c4

1 − c2
1c2 +

(
1
2

)
c2

2 + c1c3 − c4

=
(

1
4

)
ĉ4

1 − ĉ2
1ĉ2 +

(
1
2

)
ĉ2

2 + ĉ1ĉ3 −
(

1
4

)
∆ · p− 6ch4(F) .

A somewhat lengthy computation using essentially all the intersection
relations gives

∆χ =

∫

X

6ch4(F) +
(

1
2

) (
ch2(F)2

)
+ ĉ2 · ch2(F)− 2∆ · p ,

which using the computation after Claim 5

=
(

7
2

)∑

i

I i2 + 2∆ + 6
∑

i

( ∑

α<β<γ

giαβγ − εi + vi

)

+
∑

i

χi2 − 3
∑

i

I i2 + 4∆− 2∆

=
(

1
2

)∑

i

I i2 +
∑

i

χi2 + 6
∑

i

( ∑

α<β<γ

giαβγ − εi + vi

)
+ 4∆ .

Since ∆χ0 = ∆χ− 3∆, this eastablishes (a) in the theorem.
Turning to part (b), we apply GRR to f : X → S and the element

A =: 36[OX ]− 12
[
Ω1
X/S(logD)

]
∈ K0(X) .

This gives

ch(f!(A))TdS = f∗(ch(A) · TdX) .
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The LHS is (recall that η is a generic point of S)

(36δ[η] + 6χ(Xη) + 12λ[η])
(
1 +

(
1
2

)
χ(S)[η]

)
.

The RHS is

12f∗

({
− ĉ1 −

(
1
2

)
ĉ2

1 + ĉ2 −
(

1
6

)
ĉ3

1 +
(

1
2

)
ĉ1ĉ2 −

(
1
2

)
ĉ3 −

(
1
24

)
ĉ4

1

+
(

1
6

)
ĉ2

1ĉ2−
(

1
12

)
ĉ2

2−
(

1
6

)
ĉ1ĉ3

}{
1+

c1

2
+
c2

1 + c2

12
+
c1c2

24
+Td4(X)

})
.

In H2(S) this gives

(3χ(Xη)χ(S) + 12λ+ 36δ) [p]

= −
(

1
2

)
ĉ4

1 + 2ĉ2
1ĉ2 − ĉ2

2 − 2ĉ1ĉ3 − ĉ3
1c1 + 3c1ĉ1ĉ2

− 3c1ĉ3 −
(

1
2

)
ĉ2

1c
2
1 + c2

1ĉ2 −
(

1
2

)
c2ĉ

2
1 + c2ĉ2 −

(
1
2

)
ĉ1c1c2

the RHS of which simplifies to

−2∆ · p+ ĉ2ch2(F) + 3χ(S)χ(Xη)− δχ(Xη)[p] .

Taking degrees of both sides and using (V.D.2) yields

12λ+ 36δ + χ(Xη)δ = 2∆ +
∑

i

χi2 − 3
∑

i

I i2 . �

V.F. Example: The Fermat quintic pencil20

We refer to [GGK1], section IV.A for the discussion of SSR applied
to the Fermat/pentahedron pencil

(
x5

0 + x5
1 + x5

2 + x5
3 + x5

4

)
− s(x0x1x2x3x4) = 0 .

In that reference we obtain the family

f : X0 → P1

where

X0 =

{
P4 blown up successively

along 5 Fermat quintic surfaces F

}
.

Thus

χ(X0) = χ(P4) + 5χ(F )

= 5 + 5 · (55) = 280 ,

20For an explanation of why this is relatively minimal, see V.G below.
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using the total Chern class

c(F ) =
(1 +H)4

(1 + 5H)
= 1−H · F + 11H2 · F and H2 · F = 5 .

Now χ(Xη) = −200 and so

∆χ0 = χ(X0)− χ(P1)χ(Xη) = 680 .

For the fibre Xs0 =
⋃5
i=1Xα (s0 = ∞) of maximal unipotent mon-

odromy we compute




I2 =
∑

α<β

deg
(
X2
αβ

)
− deg



(∑

α<β

Xαβ

)2

 = 10

ε = 10, v = 5

χ2 =
∑

α<β

χ(Xαβ) = 30 + 50 = 80

gαβγ = 0 .

Here, 30 = 10χ(P2) and 50 is the total number of points blown up.
All the other fibres have only ODP’s. To calculate how many we use

(a) in theorem (V.A.1) to have

680 = ∆ + 80 +
(

1
2

)
10 + 6 · 0− 6 · 10 + 6 · 5

= ∆ + 55

=⇒ ∆ = 625 .

In fact, there are 5 such singular fibres, each with 125 ODP’s.
It will be shown (cf. section V.G) that δ = 1; thus (b) gives

12λ+ 36− 200 = 2 · 625 + 80− 3 · 10︸ ︷︷ ︸
where the term 50 over the bracket is the contribuation of the maxi-
mally unipotent monodromy fibre. Solving we obtain

λ = 122 .

V.G. On relative minimality

Given an irreducible variety X having as dualizing sheaf ωX a line
bundle KX and with Kodaira dimension κ(X) = 0, we recall by defini-
tion X is minimal if KX is nef. The minimal model program (cf. [K-M],
[Dr] and the references cited therein) says that a given X0 should be
birationally equivalent to a minimal X, which for dimX = 3 will in
general be singular. This suggests the
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Definition: A family f : X → S, where S is a smooth curve and the
relative dualizing sheaf ωX/S is assumed to be a line bundle and with
κ(Xη) = 0, is relative minimal (RM) if ωX/S is relatively nef.21

The latter condition is22

ωX/S · C = 0

for any curve C ⊂ f−1(s) lying in a fibre.

Example: If f : X → S is an elliptic surface where X is smooth,
then relative minimality is equivalent to there being no (−1) curves
in a fibre. According to Kodaira [Ko], such exists and is unique. We
note that X itself may not be minimal. For example, if X is a rational
elliptic surface, the single-valued sections of f : X → S are P1’s which
are (−1)-curves. Blowing these down would make f ill-defined as a
regular map.23

Referring to the exact sequence (c) in (II.B.5) we have: Assuming
that X is smooth, f semi-stable, and Xη Calabi-Yau,

(V.G.1) f : X → S is RM ⇐⇒ G = 0 .

Proof: If as usual the singular fibres are Xsi =
⋃

α

X i
α, then

ωX/S = δXη +
∑

i

mi
αX

i
α

where the mi
α = 0. Then, from the definition of G

G = 0 ⇐⇒ all mi
α = 0 .

Thus G = 0 =⇒ RM.
For the converse, assume for simplicity of notation that we have one

singular fibre
⋃
Xα (we drop the i index) where some mα0 6= 0. By our

assumption of semi-stability, for α 6= α0

Xα ·Xα0 = Xα ∩Xα0 =: Dα .

21In this paper we are primarily concerned with the case where Xη is Calabi-Yau,
so that κ(Xη) = 0.

22Equivalently, ωX · C ≥ 0, since

ωX ∼= ωX/S ⊗ f−1ωS .

23For example, let X be the blowup of the base locus of a general pencil of cubic
curves in P2.
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Around the singular fibres we have
(

1
mα0

)
KX =

∑

α 6=α0

(
mα
mα0

)
Xα +Xα0 .

We may assume that α0 = α for all α and not all α = α0. From Xη ·Xα0

we have

0 =

(∑

α 6=α0

Xα +Xα0

)
·Xα0

which gives
(

1
mα0

)
KX ·Xα0 =

∑

α 6=α0

(
mα
mα0
− 1
)
Xα ·Xα0

=⇒ KX ·Xα0 =
∑

α 6=α0

(mα −mα0)Dα ∈ CH1(Xα0) .

This is minus an effective divisor on Xα0 , and so there exists a curve
C ⊂ Xα0 with KX · C < 0. �

Examples: This will be a sketch of the constructions of families of
relatively minimal semi-stable CY n-fold fibrations where g = 0, δ = 1.

Let X̂ be a smooth, toric Fano (n + 1)-fold, and consider a regular
anticanonical pencil: more precisely, starting with a reflexive (n + 1)-
polytope ∆ and assuming the toric variety P∆ obtained from a tri-
angulation of the dual ∆◦ is smooth, we take a ∆-regular Laurent
polynomial ϕ ∈ C[x±1

1 , . . . , x±1
n+1]; the family is then

Xt := {tϕ = 1} ⊂ P∆ , t ∈ P1 .

The base locus consists of smooth hypersurfaces in each component
of D∆ := P∆\(C∗)n+1, and one blows P∆ up along successive proper

transforms of these codimension 2 subvarieties to obtain X
f

// P1

with fibres Xt. Since (KP∆
) = −D∆, by a simple blow-up argument24

we have (KX) = −{proper transform of D∆} ≡ −Xη. So f is relatively
minimal, the

∑
mi
αX

i
α term disappears, and KX = (2gs − 2 + δ)Xη =

(−2 + δ)Xη =⇒ δ = 1.
This set of examples includes:

n = 1: many of the rational elliptic modular surfaces, plus some “non-
modular” ones.

n = 2: Fermat quartic K3 family and others with (and without)
rank(Pic(Xη)) = 19;

24It is enough to notice that dx∧ dy
y becomes du∧ dy upon substituting x = yu.
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n = 3: Fermat quintic family (the construction above is the one in
section IV.A of [GGK1]).

VI. Arakelov equalities

In this section we shall refine the Arakelov inequalities (cf. [Pe1],
[Pe2], [JZ], [Vi]) to give, in the case of VHS’s of weights n = 1, 2, 3,
an exact expression for the degrees of the Hodge bundles Hn,0

e and in
the case n = 3 also for H2,1

e . For n odd the GRR gives an alternate
expression for these degrees, and it is of interest to compare them,
which will also be done below.

VI.A. The weight one case

We shall break the analysis into a sequence of steps, with the end result
given by (VI.A.10) below.

Step one: Some general considerations.
(i) Suppose we are given a sequence of vector bundles and constant

rank bundle maps

(VI.A.1) 0→ F0 → F
ψ−→ F̌ → B→ 0 .

Setting 



δ = deg F

δ0 = deg F0

β = deg B

we have

2δ = δ0 − β .
(ii) Suppose now that the mapping

F
ψ−→ F̌

is symmetric. Then we have

B ∼= F̌0 ,

the sequence (VI.A.1) is self-dual, and we have

2δ = 2δ0 .

(iii) Suppose now that we have a line bundle L and (VI.A.1) is re-
placed by

(VI.A.2) 0→ F0 → F
ψ−→ L⊗ F̌ → B→ 0 .
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Then setting {
r = rank F

λ = deg L

we have
2δ = rλ+ δ0 − β .

(iv) If the map

F → L⊗ F̌

is symmetric, then setting r0 = rank F0 we have

(VI.A.3) 2δ = (r − r0)λ+ 2δ0 .

(v) Finally, we want to give the correction term to (VI.A.3) when
at finitely many points of S, ψ drops rank from its rank at a generic
point. We claim that we have

(VI.A.4) 2δ = (r − r0)λ+ 2δ0 −
∑

s∈S

(
vs(detψ)

)
,

where we are assuming that ψ is symmetric. Here, ψs : Fs/F0,s →
Ls ⊗ ( ˇFs/F0,s) is the induced mapping on stalks, and νs(detψ) is the

order of vanishing of ψs. Note that the sum on the RHS is over finitely
many points of S.

To explain why such a formula should be true, we consider the sim-
pler case of (VI.A.1) where F0 = 0. Thus, L ∼= OS in (VI.A.2) and
ψs = ψs. We then have

0→ F
ψ−→ F̌ → B→ 0

where B is a skyscraper with stalk isomorphic as a vector space to Ckα

at finitely many points sα of S. Then

c1(F̌) = c1(F) + c1(B)

= c1(F) + deg B · [η]

= c1(F) +

(∑

α

kα

)
[η] .

Next, the GRR gives

ch(f!(B))Td(pt) = f∗(ch B · TdS)

‖ ‖
∑

α

kα f∗(c1(B))

‖
deg B ,
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where we have used that ch B = c1(B) since rank Bη = 0 at a generic
point. Thus we have on the one hand

2δ = deg B =
∑

α

kα ,

while on the other hand we have

kα = dim F̌sα
/
ψsα(Fsi)

= dim(cokerψsα) .

More generally, in (VI.A.2),

0→ F̌0 ⊗ L→ B→ S→ 0

where S is a skyscraper sheaf with

c1(S) =

(∑

α

kα

)
[η] .

Now

c1(F0)− c1(F) + c1(Ľ1 ⊗ L)− c1(B) = 0 ;

i.e.

c1(F)− 2c1(F) + rc1(L)− c1(F̌0 ⊗ L)− c1(S) = 0

and thus

2c1(F0)− 2c1(S) + (r − r0)c1(L) +
∑

α

kα = 0

and (VI.A.4) follows by noting that dim(cokerψsα) = νsα(detψ).
We conclude this step with the important

Observation: The formula (VI.A.4) remains true if ψ is a rational
(= meromorphic) map and where νs(detψ) is the usual valuation.

The proof follows by replacing L by L ⊗ OS([D]) where D is the
divisor of (detψ) and applying (IV.A.4) to this case.

Step two: Application to VHS of weight one.
We want to apply the above considerations to the case where





F = H1,0
e

L = Ω1
S(logE)

ψ = θ .
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Here, E is a set of points si ∈ S where the VHS has degenerations and
θ is the mapping induced by the Gauss-Manin connection. The sheaf
sequence (VI.A.2) is then

(VI.A.5) 0→ H
1,0
0,e → H1,0

e
θ−→ Ȟ1,0

e ⊗ Ω1
S(logE)→ B→ 0 .

Here we have used the identification H1,0
e
∼= Ȟ1,0

e and the regularity of
the Gauss-Manin connection for the canonical extension to infer that θ
maps H1,0

e to Ȟ1,0
e ⊗Ω1

S(logE). Setting S∗ = S\E, there are two types
of degenerate points. To describe these we observe that for all s ∈ S

θs(H
1,0
e,s) ⊆

(
H

1,0
0,e,s

)⊥ ⊗ Ω1
S,s(logE)

with equality holding for almost all s. The first type are the sα ∈ S∗
such that equality does not hold, in which case the quotient

Ω1
S,sα ⊗

(
H

1,0
0,sα

)⊥ /
θsα
(
H1,0
sα

)

is a finite dimensional vector space. We denote by

dim(coker θsα) = vsα(det θsα)

the dimension of this vector space.
The other are the points si ∈ E where the VHS degenerates. To give

a first “coordinate” discussion of their contribution it is convenient to
use the classical language of period matrices.25 Denoting by s a local
coordinate on S∗, we may give the VHS by a normalized period matrix

Ω(s) = (I Z(s))

where I is the h1,0 × h1,0 identity and Z(s) is a holomorphic matrix of
the same size and with {

Z(s) = tZ(s)

ImZ(s) > 0 .

The row vectors in Ω(s) give a basis for H1,0
s , and by subtracting linear

combinations of vectors in H1,0
s we may identify H0,1

s with vectors

(0, . . . , 0︸ ︷︷ ︸
h1,0

, ∗, . . . , ∗︸ ︷︷ ︸
h1,0

) ∼= Ch1,0

.

When this is done, in terms of the local coordinate s the Kodaira-
Spencer mapping is given by

θs = Z ′(s)

25Subsequently we shall formulate the conclusion in terms of the LMHS, which
will be the method used in the higher weight cases where period matrix calculations
are less transparent.
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viewed as a symmetric mapping

Oh1,0

s → Oh1,0

s .

We then have that

dim(ker θs) = h1,0
0

and the sα are the points where strict inequality holds.
Around a singular point s0 we have

Z(s) =
(

log s
2π
√−1

)
B +H(s)

where H(s) is a holomorphic matrix, and where B is an integral matrix
satisfying {

B = tB

B = 0 .

The log of the monodromy matrix is given by

N =

(
0 B
0 0

)
.

We claim that, using the identification

(VI.A.6) Ω1
S,s0

(log s0) ∼= OS,s0

[
ds

s

]

given by the choice of coordinate s, there is a commutative diagram

(VI.A.7)

H1,0
e ⊗ OS,s0

θs0−−−→ Ȟ1,0
e ⊗ OS,s0

o‖ o‖
Oh1,0

S,s0

B−−−→ Oh1,0

S,s0
.

This is just a reformulation of the facts that θ is induced by the Gauss-
Manin connection ∇ and that

Ress0(∇) = N .

We observe that

θs0 = 0 on H
1,0
0,e;s0

so that

H1,0
0,e;s0

⊆ kerB .

To give the formula for the contribution of s0 to δ, we consider the
induced map

H1,0
e

/
H

1,0
0,e

θ−→ ( ˇ
H

1,0
e /H1,0

0,e)⊗ Ω1
S
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as a symmetric, meromorphic map between equal rank vector bundles.
Writing

B =

(
B′ 0
0 0

)

where B′ = tB1 > 0, we may non-canonically write

H1,0
e = F ⊕ G

where, upon choice of a local coordinate s and frames for F and G, we
have

θ =

(
B′

s
+ · · · ∗
0 A(s)

)

where A(s) is a holomorphic matrix and the terms labelled “· · · ” and
“∗” are also holomorphic. We may assume that

H1,0
e ⊆ G

and may further decompose

G = G′ ⊕ G′′

where G′′ = H
1,0
0,e and

A(s) =

(
A′(s) ∗

0 0

)

where detA′(s) 6≡ 0. Then rank B′ = rankB and

νs0(det θ) = − rankB′ + νs0(detA′) .

From this we conclude that:

(VI.A.8) The contribution to δ of the singular point s0 is given by

rankB − νs0(detA′) .

Thus, δ goes up with the “size” of monodromy and goes down with
the failure of the Kodaira-Spencer to be injective on the “finite part”
of H1,0

e .
The way to think about the −νs0(A′) term is this: Imagine a VHS

that is a direct sum where one term has a singularity at s0 but the other
does not. The degree of H1,0

e is additive, and the failure of the regular
Kodaira-Spencer map on the second factor will contribute to decreasing
the over all degree, just as it would if we were at a non-singular point
for the whole VHS.
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To put this in the form we shall use below for the cases n = 2, 3 we
picture the Hodge diamond for the LMHS as

N
W1

}↓•

F 1
•

•

•0

Here, Ĥ1 =: Gr1 (LMHS) is a pure Hodge structure of weight 1.26 Now
the fibre H1,0

0,s0
of H

1,0
0 at s0 is a subspace of kerN ∩ F 1

e,s0
. Thus

H1
0,s0
⊂ W1(LMHS)

which implies that H1
0,s0

projects isomorphically to a subspace, denoted

by H1,0
0 , in Ĥ1,0. It follows that for the induced map

N : F 1
0 → H0/F

1
0

we have rank N = rankB and
{

rank (N) = ĥ1,1

dim(kerN) = ĥ1,0 − h1,0
0 = − dim(cokerN) = νs0(A′) .

We note that the contribution of s0 to δ is maximized when ĥ1,0 = h1,0
0 ,

which is equivalent to the LMHS being of Hodge-Tate type.
To put this in more intrinsic form, we use the limiting mixed Hodge

structure (LMHS) as given in [Sc] and trivialization (VI.A.6) to have
the equivalent form

(VI.A.9) F1
e,s0
/F1

0,e,s0

N−−−→
(

ˇF1
e,s0
/F1

0,e,s0

)
.

Then from (IV.A.8) and the above we conclude that the contribution
to deg B of the singular point s0 is (h1,0−h1,0

0 )×(rankN−νs0(detA′)).
Putting everything together we obtain the result

(VI.A.10) δ =
1

2
(h1,0 − h1,0

0 )(2g − 2) + δ0 −
1

2

[∑

s∈S
νs(θ)

]

where νs(θ) has the interpretation explained above where θ is consid-

ered as a meromorphic map from H1,0
e /H1,0

0,e to ( ˇ
H

1,0
e /H1,0

e )⊗ Ω1
S.

26In general, for a LMHS we recall our notation Ĥr = ⊕
p+q=r

Ĥp,q for the rth

graded piece.



50 MARK GREEN, PHILLIP GRIFFITHS, AND MATT KERR

An alternate way of writing (VI.A.10), which perhaps makes more
clear the contribution of the singular points to δ, is

δ =
1

2

[
(h1,0 − h1,0

0 )(2g − 2) +
∑

i

dim(ImN i)

]
(VI.A.11)

−
[

(−δ0) +
1

2

(∑

s∈S∗
νs(θ) +

∑

i

νsi(A
′
i)

)]

where A′i is A′ as above around si. In this formula all the terms (except
2g − 2 in case g = 0) are non-negative.

We next claim that
{
δ0 5 0 with equality if, and

only if, H
1,0
e,0 is a flat sub-bundle of He

}
.

This is because first of all

ΘH1,0
e

∣∣∣
H1,0

0,e

= 0

by (II.A.2) and (II.A.3). Next, we recall that the curvature of H
1,0
0,e is

of the form

ΘH1,0
0,e

= A ∧ tA

where A is a matrix of (1, 0) forms giving the 2nd fundamental form of
H

1,0
0 in H1,0, and that the Chern form is given by

c1

(
ΘH1,0

0,e

)
=
(√−1

2π

)
Tr(A ∧ tA) 5 0

with equality if, and only if, A = 0. Finally,

δ0 = deg H
1,0
0,e =

∫

S

c1

(
ΘH1,0

0,e

)
5 0

with equality if, and only if, c1(ΘH1,0
0,e

) = 0. �

(VI.A.12) Corollary (Refined Arakelov inequality): We have

δ 5
(
h1,0 − h1,0

0

)
(2g − 2 +N) .

Moreover, we have equality if, and only if, the conditions

(i) H
1,0
0,e is a flat sub-bundle of He;

(ii) the induced Kodaira-Spencer maps θs are injective for all s ∈
S∗; and

(iii) the induced monodromy logarithms N i are all of maximal rank.
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This has the following geometric interpretation: Condition (i) is equiv-

alent to the VHS having a fixed part H
1,0
0,e ⊕ H

1,0

0,e. Condition (ii) is
self-explanatory. As noted above, condition (iii) means that for the
variable part of the VHS the LMHS at each singular point is of Hodge-
Tate type.

Example: In order to illustrate both the general result and because it
is a nice story in its own right, we shall work out (VI.A.10) in the elliptic
curve case. Thus assume we have a relatively minimal, non-isotrivial
elliptic surface

f : X → S

with unipotent monodromies whose logarithms are conjugate to

Ni =

(
0 mi

0 0

)
, mi ∈ Z+ ,

at points s1, . . . , sN ∈ S where Xsi is singular of type Imi . We then
have H

1,0
0 = 0 and, recalling our notation E = s1 + · · · + sN , there is

an exact sequence

(VI.A.13) 0→ H1,0
e

θ−→ Ȟ1,0
e ⊗ Ω1

S(logE)→ B→ 0 ,

where θ is induced by the Gauss-Manin connection and B is a skyscraper
sheaf.

Lemma: B is supported at the points si ∈ S.

Proof: Because the first two terms in (VI.A.13) are line bundles, it will
suffice to show that the map on fibres at each si is injective. Choosing
a local coordinate s centered at si so as to have an isomorphism

Ω1
S(logE)si

∼= OS,si ⊗
(
ds

s

)

the induced map on fibres in the map

F 1
e,si

N i−−−→ He,si/F
1
e,si

induced by Ni in the LMHS. For s near to si, choosing a canonical
basis δ, γ for H1(Xs,Z) with

Tδ = δ

Tγ = γ +miδ ,
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we have a normalized generator ω(s) for H1,0
e,si

whose period vector is
[
1,mi

log s

2π
√
−1

+ h(s)

]

where h(s) is holomorphic. In the dual basis δ∗, γ∗, viewed as a multi-
valued frame for He away from si, we have

ω(s) = δ∗ +

(
mi

log s

2π
√
−1

+ h(s)

)
γ∗ .

Then

∇ω(s) =

(
mi

2π
√
−1

(
ds

s

)
+ h′(s)ds

)
γ∗ .

Since Ni = Ressi ∇ we find that

Ni(ω(si)) = [0,mi]

where

He,si
∼= C2 = {[x, y]}

∪
F 1
e,si
∼= C = {[x, 0]} .

Thus He,si/F
1
e,si
∼= C with

N i(ω(si)) = mi . �

We now have two formulas for the degree δ of H1,0
e , namely

(VI.A.14)





(a) δ =

(
1

12

)( N∑

i=1

mi

)

(b) δ = g − 1 +
1

2

(
N −

∑

s∈S∗
νs(θ)

)
.

We also know that

N 5
∑

i

mi

with equality if, and only if, all mi = 1. It is of interest to compare
these. For this we set

M1 = SL2(Z)\H∗
where H is the upper-half-plane and H∗ = H ∪ P1(Q). Then we have
maps

S
τ−→M1

j−→ P1 ,



GLOBAL PROPERTIES OF HODGE STRUCTURES 53

where τ is the Torelli or period map and j is the usual j-function. As
in section III we set

jS = j ◦ τ .
We note that

j−1
S (∞) =

∑

α

misi

and, as earlier,

deg jS =
∑

i

mi = 12δ .

Let R be the ramification divisor of jS.27 Then we may write

R = R∞ +R0 +R1 +Rother

where
Rz = ramification divisor of jS over z ∈ P1 .

Thus
R∞ =

∑

α

(mi − 1)si

while R0 and R1 give the ramification of jS at points s ∈ S∗ where Xs

has complex multiplication. Setting{
r = degR

rz = degRz

the Riemann-Hurwitz formula for jS

2g − 2 = (−2)(deg jS) + r

= −2

(∑

i

mi

)
+
∑

i

(mi − 1) + r0 + r1 + rother

= −
∑

α

mi −N + r0 + r1 + rother .

Substituting in (VI.A.14)(b) and using (VI.A.14)(b) we obtain

(VI.A.15) δ =
1

14

[
r0 + r1 + rother −

∑

s∈S∗
νs(θ)

]
.

Recalling that θs is the differential of the period map, and assuming
for simplicity that the period map is not ramified on j−1

S (0) and j−1
S (1)

we see that we have
rother =

∑

s∈S∗
νs(θ)

27For z → zk we are using the terminology: the ramification degree is k while
the contribution to the ramification divisor is k − 1.
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so that (VI.A.15) reduces to

r0 + r1 = 14δ .

If we are in a “modular” case, and there are N1 order 4 and N0 order
6 complex multiplication curves in a family, then the Riemann-Hurwitz
becomes

2g − 2 = −
∑

mi −N∞ + 2N0 +N1

since e.g. we know that r0 is a sum of (3− 1)’s. One can go even fur-
ther: since

∑
mi = deg(j−1

S (∞)) = deg(jS), we have 12δ = deg(jS) =
deg(j−1

S (0)) = 3N0 =⇒ N0 = 4δ and similarly N1 = 6δ. So in the
modular case, one may first use the {mi} to compute δ, then we have
simply

2g − 2 = −12δ −N∞ + 2(4δ) + (6δ) = 2δ −N∞
or

δ =
1

2
((2g − 2) +N) ,

so that the equality holds in the Arakelov inequality.
It is interesting to look at a few modular examples. Consider X1(5)

and X(3): these have singular fibres I5/I1/I1/I5 and I3/I3/I3/I3 re-
spectively. In both cases δ = 1 and N∞ = 4, so g = 0. More generally,
X(n) has N∞ = n2

2

∏
p|n(1 − 1

p2 ) (product is over primes p dividing n

with 1 < p ≤ n) singular fibres, each of type In. This yields

δ =
n3

24

∏

p|n

(
1− 1

p2

)
,

2g − 2 = 2δ −N∞ =
n2(n− 6)

12

∏

p|n

(
1− 1

p2

)
,

g = 1 +
n2(n− 6)

24

∏

p|n

(
1− 1

p2

)
.

If n is prime, i.e. for X(p), this gives gS = 1 + p2(p−6)
24

(
p2−1
p2

)
= 1 +

1
24

(p−6)(p2−1). So we recover from this (and the more general formula
for composite n) the well-known fact that S = Y (3), Y (4), Y (5) are
the only genus 0 Y (n)’s. One can also do the genus of Y1(p), p ≥ 3,
the problem with 3 or composite n being that the fibres are not all
semistable. This is the quotient induced by adding the matrix

(
1 0
1 1

)
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to Γ(p) := ker{SL2(Z) → SL2(Z/p)}, which is of order p. This is
ramified (to order p) at exactly p−1

2
of the Ip’s, and over no other

points. So Riemann-Hurwitz says

(p− 6)(p− 1)(p+ 1)

12
= 2gY (p) − 2 = p(2gY1(p) − 2) +

p− 1

2
(p− 1)

p− 1

12
{(p− 6)(p+ 1)− 6(p− 1)} = 2pgY1(p) − 2p

gY1(p) = 1 +
(p− 1)(p− 11)

24
.

Again, this is good only for primes bigger than (not including) 3. What
is true is that gY1(n) is zero for n = 3, . . . , 10 and 12.

Example: Pencils of plane curves. An explicit example where the
quantities appearing in the Arakelov equality can be explicitly com-
puted is given by a general pencil |Xs|s∈P1 of plane curves of degree d.
Blowing up the base locus we obtain a minimal28 fibration

f : X → P1

where X = (P2 blown up at d2 points) is a smooth surface. There are
N singular fibres Xsi which are irreducible plane curves with a single
node. We will show that

(VI.A.16)





(i) deg H1,0
e = h1,0 = (d−1)(d−2)

2

(ii) N = 3(d− 1)2

(iii) for the Kodaira-Spencer maps
θs : H1,0

s → H0,1
s ⊗ Ω1

S,s

on stalks away from the singular fibres
det θs has d2 − 1 zeroes.

It is reasonable to expect that the zeroes are simple; i.e.

dim(coker θs) = 1 at d2 − 1

distinct points of S∗ = S\{s1, . . . , sN}
but we shall not attempt to show this.

We consider a projective plane P2 = P(V̌ ) where V ∼= C3. Denoting
as above by P1 the parameter space of the pencil we claim that

H1,0
e
∼= V (d−3) ⊗ OP1(1) .

28Recall from section V.G that minimality means that there are no −1 curves in
the fibres.
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To see this, we let F,G ∈ V (d) span the pencil and

Ω =
2∑

i=0

(−1)ixidx0 ∧ · · · ∧ d̂xi ∧ · · · ∧ dx2

where x0, x1, x2 ∈ V are coordinates. Then for H ∈ V (d−3) the Poincaré
residue

ResXs

(
HΩ

F + sG

)
∈ H1,0

e,s

establishes the isomorphism

(VI.A.17) V (d−3) ⊗ OP1(1)s ∼= H1,0
e,s .

This gives (i) in (VI.A.16).
Next, if [s0, s1] are homogeneous coordinates in P1, the singular

points of the fibres are given by the solutions to

σi =: s0Fxi(x) + s1Gxi(x) = 0 i = 0, 1, 2

in P1 × P2.29 Now the

σi ∈ H0
(
OP1×P2(OP1(1)⊗ OP2(d− 1))

)

so that

deg {σ0 = σ1 = σ2 = 0} = 3(d− 1)2 .

This establishes (ii).
Using (VI.A.17) and setting E = s1 + · · · + sN we have for the

Kodaira-Spencer maps θ induced by the Gauss-Manin connection a
commutative diagram

(VI.A.18)





H1,0
e

θ−→ Ȟ1,0
e ⊗ Ω1

P1(logE)

o‖ o‖

V (d−3) ⊗ OP1(1)
θ−→ V̌ (d−3) ⊗ OP1(N − 2)

which defines the section

θ ∈ Hom
(
V (d−3), V̌ (d−3)

)
⊗ OP1(N − 3) .

In fact, it is easy to see that

θ ∈ Sym2
(
V̌ (d−3)

)
⊗ OP1(N − 3)

and we suspect that

det θ 6≡ 0 .

29Any solution to these equations sastisfies s0F (x) + s1G(x) = 0 by the Euler
relation.
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If so, then

(VI.A.19) deg(det θ) =

(
d− 1

2

)
(N − 3) + 1 .

Now, and this is the key point, at each of the N = 3(d − 1)2 nodal
curves, the induced map on the fibres of the vector bundles in (VI.A.18)
has rank one. Hence, det θ vanishes to order

(
d−1

2

)
−1 at these N points.

Thus

(# finite zeroes of det θ) =

(
d− 1

2

)
(N − 3) + 1−

((
d− 1

2

)
− 1

)
N

= d2 − 1 .

VI.B. General formulations in the absence of singularities

We shall formulate the general setting for computing the degrees of
the Hodge bundles in a VHS of weight n without degeneracies and
where the Kodaira-Spencer maps have constant rank. Then in the
next two sections we shall give the correction terms in the cases n = 2
and 3, following the method of step (iv) in the preceding section, at
points in S∗ where the Kodaira-Spencer map drops rank, and using the
analysis of the LMHS to express the contributions of degeneracies to
these degrees.

We begin by recalling/establishing some notations:

• Hn−p,p θp−→ Hn−p−1,p+1 ⊗ Ω1
S

• H
n−p,p
0 = ker θp rank = H

n−p,p
0 = hn−p,p0

• H
n−p−1,p+1
# = coker θp rank = H

n−p−1,p+1
# = hn−p−1,p+1

#

• ΘHn−p,p = −θp−1 ∧ tθp−1 + tθp ∧ θp
• ΘHn−p,p

∣∣∣
Hn−p,p

0

= −θp−1 ∧ tθp−1

• Bp ∈ A1,0
(
Hom(Hn−p,p

0 ,Hn−p,p
# )

)

is the matrix of (1, 0) forms giving the 2nd fundamental form of H
n−p,p
0

in Hn−p,p; here we have used the important consequence

(VI.B.1) Ȟ
n−p,p
# ⊗ Ω1

S
∼= H

p,n−p
0

of the dualities resulting from the polarization and the properties of
the Kodaira-Spencer mappings.
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We also note the relations

•
{
hn−p,p − hn−p,p0 = hn−p−1,p+1 − hn−p−1,p+1

#

hn−p−1,p+1
# = hn−p−1,p+1 + hn−p,p0 − hn−p,p

and the exact sequences
(VI.B.2)

• 0→ H
n−p,p
0 → Hn−p,p θp−→ Hn−p−1,p+1 ⊗ Ω1

S → H
n−p−1,p+1
# → 0 .

(VI.B.3) ΘHn−p,p
0

= −θp−1 ∧ tθp−1 −Bp ∧ tBp .

We set

• αp=

√
−1

2π
Tr
(
tθp ∧ θp

∣∣
Hn−p,p

0

)
= 0

• βp=

√
−1

2π
Tr
(
Bp ∧ tBp

)
= 0

where we note that

Tr
(
θp−1 ∧ tθp−1

)
= Tr

(
tθp−1 ∧ θp−1

)
.

For Chern forms and degrees we set

• c1 (ΘHn−p,p) =− αp−1 + αp,

∫

S

αp = ap(VI.B.4)

• c1

(
ΘHn−p,p

0

)
=− αp−1 − βp,

∫

S

βp = bp .

We note that

(VI.B.5) deg H
n−p,p
0 5 0 with equality if, and only if ap−1 = bp = 0. In

this case, ∇H
n−p,p
0 = 0 and H

n−p,p
0 is a summand in a real sub-VHS.

The reason is that from (VI.B.3) and its consequences

deg H
n−p,p
0 = 0 =⇒ αp−1 = βp = 0

which implies that Bp = 0 and also




θp

∣∣∣
Hn−p,p

0

= 0

tθp−1

∣∣∣
Hn−p,p

0

= 0

=⇒ ∇
∣∣∣
Hn−p,p

0

= 0 .

Then H
n−p,p
0 ⊕H

n−p,p
0 is a flat sub-bundle of H that at each point gives

a real sub-Hodge structure. We also set
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• c1(Ω1
S) =: ω,

∫

S

ω = 2g − 2

From (VI.B.1) we have

c1

(
H
n−p−1,p+1
#

)
= hn−p−1,p+1

# ω − [αn−p + βn−p+1] .

Setting {
δp = deg Hn−p,p

δ0
p = deg H

n−p,p
0

and using (VI.B.1) and (VI.B.4) gives linear relations involving δp, δ
0
p, q

and the aq’s and bq’s. Using the non-negativity of the aq’s and bq’s leads
to Arakelov inequalities in this case (cf. [Pe2]).

VI.C. The weight two case

We shall show that

For a weight two VHS without degeneracies and where
the Kodaira-Spencer maps θ0, θ1 have constant rank, we
have for δ = δ0 = deg H2,0

(VI.C.1) δ = (h2,0 − h2,0
0 )(2g − 2)− (a0 + b0 + b1) .

Thus δ 5 (h2,0 − h2,0
0 )(2g − 2), with equality holding if,

and only if,

(VI.C.2) H
2,0
0 + H

2,0

0 + H
1,1
0

is a flat sub-bundle of H.

Proof: As a general observation, if n = 2m is even, then from (II.A.4)
and the results of Schmid discussed just below there, we have

deg Hm,m
e = 0 .

The sequences (VI.B.2) are, using (VI.B.3)

0→ H
2,0
0 → H2,0 → H1,1 ⊗ Ω1

S
θ1−→ Ȟ

1,1
0 ⊗ Ω1

S → 0(VI.C.3)

0→ H
1,1
0 → H1,1 → H0,2 ⊗ Ω1

S → Ȟ
2,0
0 ⊗ Ω1

S → 0 .

The first sequence gives

(VI.C.4) deg H2,0 = deg H
2,0
0 + h1,1(2g− 2)− h1,1

0 (2g− 2) + deg H
1,1
0 .

From the second sequence

h1,1
0 = h1,1 − h2,0 + h2,0

0 ,

and from (VI.B.4) {
deg H

1,1
0 = −a0 − b1

deg H
2,0
0 = −b0 .
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Substituting these into (VI.C.4) gives the result. �

Remark: The result also follows from taking degrees in the the second
sequence.

Next, as in step (iv) in section VI.A we allow the rank of the mapping
from (VI.C.3)

θ : H2,0/H2,0
0 → H1,1 ⊗ Ω1

S/ ker θ1

induced by θ0 to drop at finitely many points. The result is
(VI.C.5)

δ = (h2,0 − h2,0
0 )(2g − 2)−

[∑

s∈S
dim(coker θs) + (a0 + b0 + b1)

]
.

This gives the same inequality as before, with equality holding if, and
only if, (VI.C.2) is a flat sub-bundle of H and all the induced maps θs
are fiberwise injective.

When there is a degeneracy of the VHS at a point s0, we draw the
Hodge diamond of the LMHS as

W2

}•

F 2

•↓
•

•

↓
•

• ↓
•

•↓
•

and set Ĥq = Grq (LMHS). As in the n = 1 case we have for the fibre

H2,0
0,s0

of H
2,0
0 at s0 that

H2,0
0,s0
⊆ W2(LMHS) .

From the above we see that for the mapping N induced by Ress0(∇)

H2,0
e,s0
/H2,0

0,s0

N−→ H1,1
e,s0
/ ker θ1

we have
{

rankN = ĥ2,2 + ĥ2,1

dim(kerN) = ĥ2,0 − h2,0
0 = dim(cokerN) .

Again the contribution of the singular point to δ is maximized when
ĥ2,0 = h2,0

0 in which case the contribution is h2,0 − h2,0
0 . The formula
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(VI.C.5) is

(VI.C.6) δ = (h2,0 − h2,0
0 )(2g − 2 +N)

−
[∑

s∈S∗
νs(det θ)) + (a0 + b0 + b1) +

∑

i

(ĥ2,0
i − h2,0

i )

]
.

From this we draw the conclusion:

The degree δ of H2,0
e is maximized when

(i) the induced Kodaira-Spencer map θs is injective for all s ∈ S∗;
(ii) H

2,0
0 ⊕H

1,1
0 ⊕H

0,2

0 is a flat sub-bundle of He; and
(iii) for each singular point si, we have

ĥ2,0
i = h2,0

0 .

If H
2,0
0 = 0, which might be thought of as the generic case, condition

(iii) is equivalent to ĥ2,0
i = 0. In particular, it is satisfied if the LMHS

is of Hodge-Tate type (but not conversely).

VI.D. The weight three case

The objective here is to compute the two quantities
{

δ = deg H3,0
e = deg F3

e = 0

δ + λ = deg H3,0
e + deg H2,1

e = deg F2
e = 0 .

As before, we first do this assuming no degeneracies of the VHS and
constancy of rank of the Kodaira-Spencer mappings. The sequences
(VI.B.2) and duality (VI.B.1) give

(i) 0→ H
3,0
0 → H3,0 → H2,1 ⊗ Ω1

S → Ȟ
1,2
0 ⊗ Ω1

S → 0
(ii) 0→ H

2,1
0 → H2,1 → H1,2 ⊗ Ω1

S → Ȟ
2,1
0 ⊗ Ω1

S → 0
(iii) 0→ H

1,2
0 → H1,2 → H0,3 ⊗ Ω1

S → Ȟ
3,0
0 ⊗ Ω1

S → 0.

We note that (iii) is dual to (i) and that (ii) is essentially the same
sequence as in the weight one case giving

(VI.D.1) λ = deg H2,1 = 1
2
(h2,1 − h2,1

0 )(2g − 2)− (a0 + b1) .

Using this together with (i) we obtain

δ =
(
h3,0 − h3,0

0 + 1
2
(h2,1 − h2,1

0 )
)

(2g − 2)(VI.D.2)

−(a0 + b1 + a1 + b2)
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δ + λ = deg H3,0 + deg H2,1(VI.D.3)

=
(
h3,0 − h3,0

0 + h2,1 − h2,1
0

)
(2g − 2)

− (2(a0 + b1) + a1 + b2) .

If we do not assume the Kodaira-Spencer maps have constant rank,
then
(VI.D.4)




(VI.D.1) is corrected by subtracting
∑

s

dim(coker θ1,s)

(VI.D.2) is corrected by subtracting
∑

s

dim(coker θ0,s) .

Finally, if we allow degeneracies so that the LMHS has a picture

F3

}

F 2

↓
•

•

•

•

↓
↓ ↓

↓
↓↓ ↓↓ •

•

•

•

•

•

•

•

•

•

•

•

then
(VI.D.5){

(VI.D.2) is corrected by adding ĥ3,3 + ĥ3,2 + ĥ3,1 =: f̂ 3

(VI.D.3) is corrected by adding f̂ 3 + ĥ2,3 + ĥ2,2 + ĥ3,2 =: f̂ 2 .

We note that

(VI.D.6)





(i) f̂ 3 5 h3,0 − h3,0
0 with equality ⇐⇒ ĥ3,0 = h3,0

0

(ii) f̂ 2 5 h3,0 − h3,0
0 + h2,1 − h2,1

0

with equality ⇐⇒
{
ĥ3,0 = h3,0

0

ĥ2,1 = h2,1
0 + ĥ3,2

In summary we have

(VI.D.7) δ =
(
h3,0 − h3,0

0 + 1
2
(h2,1 − h2,1

0 )
)

(2g − 2 +N)− (A3 +B3 + C3)

δ + λ = (h3,0 − h3,0
0 + h2,1 − h2,1

0 )(2g − 2 +N)− (A2 +B2 + C2)
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where A



A3 = 0 ⇐⇒ H
3,0
0 ⊕H

3,0

0 is a flat sub-bundle of H

B3 = 0 ⇐⇒ the induced Kodaira-Spencer maps θ0,s

are fiberwise injective

C3 = 0 ⇐⇒ the LMHS’s all satisfy ĥ3,0 = h3,0
0 .





A2 = 0 ⇐⇒ (H3,0
0 ⊕H

2,1
0 )⊕ (H3,0

0 ⊕H
2,1
0 ) is a flab sub-bundle of H

B2 = 0 ⇐⇒ the induced Kodaira-Spencer maps θ0,s, θ1,s

are fiberwise injective

C2 = 0 ⇐⇒ the LMHS’s all satisfy ĥ3,0 = h3,0
0 , ĥ2,1 = h2,1

0 + ĥ3,2 .

Example: In [GGK1] we have classified the possible unipotent mon-
odromy degenerations of a family of Calabi-Yau threefolds of mirror
quintic type. Assuming that the Yukawa coupling is not identically
zero (the general case), we have

A singularity of type I contributes

{
3/2 to δ

4 to δ + λ

A singularity of type II1 contributes

{
0 to δ
2 to δ + λ

A singularity of type II2 contributes

{
3/2 to δ

2 to δ + λ .

For the “physicists example”, namely the VHS of mirror quintic type
arising from the family

(VI.D.8) {ψ(x5
0 + · · ·+ x5

4)− 5x0 · · ·x4 = 0}/(Z/5Z)5 ,

Since this family has monodromy of order 5 at ∞, to obtain a family
with a locally liftable period mapping we must pull it back under the
mapping t → t5. When this is done the monodromies are unipotent
and it is well known (cf. [GGK1] and the references cited there), that

{
there is one singularity of type I
there are five singularities of type II1

}
.

Since δ > 0 must be an integer and δ 5 3/2, we conclude

For the family (VI.D.8) the period map

τ : P1 → Γ\DΣ

has degree one mapping to its image.
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Here, Γ is a subgroup of finite index in GZ containing no elements
of order five. This is a generic global Torelli theorem for the family
(VI.D.8), a result obtained earlier by S. Usui (talk given on May 11,
2008 at the conference on “Hodge Theory, BSIR” and to appear in
Proceedings of the Japan Academy).

VII. Analysis of the Hodge structure associated to a
VHS

One theme of this work is to study implications on a global VHS
that are present in the geometric case and that go beyond those fol-
lowing from the existing purely Hodge theoretic standard methods. In
this section we shall illustrate this in the case of Deligne’s theorem.
Informally we may state one of the conclusions as follows:

In the geometric case there are global constraints on the
Kodaira-Spencer maps that are not present for a general
VHS.

VII.A. Deligne’s theorem and a consequence

We consider a polarized VHS of weight n over a smooth, complete
variety S. This is given by a local system H on S such that on

H = H⊗ OS

there is the usual data Fp,∇,Hp,q where p+q = n, etc.30 We shall omit
reference to the polarization, which will be understood to be present.
In this section, dimS is arbitrary; in the next section we shall take S
to be a curve.

(VII.A.1) Theorem (Deligne): Hr(S,H) has a canonical polarized
Hodge structure of weight r + n.

A proof of this result and its extension to the case when S is an
affine curve is given in Zucker [Z]. The generalization to a VHS over
a quasi projective space of arbitrary dimension is given in [CKS]. In
the general case one must use the intersection cohomology associated
to the local system HZ.

In this and the next section we shall discuss the question

30In this section we shall use the notation H for HC, as it seems to us more
appropriate to the present discussion.
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(VII.A.2) What can one say about the Hodge numbers

hP.Q(S,H) =: dimHP,Q(S,H), P +Q = r + n?

There are some general results, given by (I.A.7), (VII.A.9) and (VII.A.10)
below. In the next section we shall see by illustration that these can
be considerably refined in the geometric case.

We begin by recalling the idea behind the proof of (VII.A.1). There
is a resolution

0→ H→ H
∇−→ Ω1

S ⊗H
∇−→ Ω2

S ⊗H→ . . .

so that

(VII.A.3) Hm(S,H) ∼= Hm(S,Ω•S ⊗H) .

This step holds for any local system. In the case of a VHS a Hodge
filtration is defined on Ω•S ⊗H by

F p (Ωr
S ⊗H) = Ωr

S ⊗ Fp−r .

Because of

∇Fp ⊆ Ω1
S ⊗ Fp−1

we see that

the F pΩ•S ⊗H are subcomplexes of Ω•S ⊗H.

The main step is to show the usual Kähler identities can be extended
to a VHS, where the Hodge metrics are used along the fibres and an
arbitrary Kähler metric is used on the base. This then has the conse-
quence:

(VII.A.4) The resulting spectral sequence

Er,s
1 = Hr+s (S,Grr (Ω•S ⊗H))⇒ Hr+s(S,H)

degenerates at E1.

We shall now discuss the implications of this.
For this we shall consider the VHS as giving rise to a family of Hodge

bundles underlying a Higgs structure in the sense of Simpson [Si2]. We
denote by

(VII.A.5) Ωr−1
S ⊗Hp+1,q−1 θ−→ Ωr

S ⊗Hp,q θ−→ Ωr+1
S ⊗Hp−1,q+1
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the Kodaira-Spencer maps induced by ∇.31 Then

∇2 = 0⇒ θ2 = 0 ,

and we set

(VII.A.6) (Ωr
S ⊗Hp,q)∇ = cohomology of (VII.A.5).

The maps θ also induce
(VII.A.7)

Hs
(
Ωr−1
S ⊗Hp+1,q−1

) θ−→ Hs (Ωr
S ⊗Hp,q)

θ−→ Hs
(
Ωr+1
S ⊗Hp−1,q+1

)

and we set

(Hs (Ωr
S ⊗Hp,q))∇ = cohomology of (VII.A.7).

Discussion: The groups (VII.A.6) have been extensively used in the
literature to draw geometric consequences — cf. the lectures [GMV]
for an exposition up until that time. One may think of them as Koszul
type invariants at a generic point of a VHS.

From (VII.A.4) we have the isomorphism

(VII.A.8) HP,Q(S,HC) ∼=
⊕

8>><>>:
p+r=P

q+s=Q

p+q=w

(Hs (Ωr
S ⊗Hp,q))∇

expressing the HP,Q(S,HC) in terms of the global cohomology of com-
plexes constructed from the Kodaira-Spencer maps. A corollary is

hP,Q(S,HC) =
∑

8>><>>:
p+r=P

q+s−Q
p+q=w

dim (Hs (Ωr
S ⊗Hp,q))∇ .

We also have the relation of Euler characteristics

(VII.A.9)
∑

Q

(−1)QhP,Q(S,H) =
∑

(
r+s=P

p+s−w

(−1)p+qhq (Ωr
S ⊗Hs,p) .

31We shall omit the subscripts on the Kodaira-Spencer maps θ; the subscripts
were used in the notations in section I.A where it was important to keep track of
the p index.
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To give an illustration of the consequence (VII.A.8) of the proof of
Deligne’s theorem we have for r = 0, 1 that
(VII.A.10)

Hr+n,0(S,H) ∼= ker
{
H0
(
Ωr
S ⊗Hn,0

)
→ H0

(
Ωr+1
S ⊗Hn−1,1

)}
.

In words:

A global section ϕ ∈ H0(Ωr
S⊗Hn,0) that satisfies θ(ϕ) =

0 then also satisfies

∇ϕ = 0 .

If we write ∇ = ∇′ + θ, then this is the implication

θ(ϕ) = 0⇒ ∇′ϕ = 0 .

Note that for r = dimS we have simply

(VII.A.11) Hn+r,0(S,H) ∼= H0
(
Ωr
S ⊗Hn,0

)
.

Example: The simplest example is a family

(VII.A.12) f : X → S

of smooth curves over a curve S. Taking H = R1
fZ we have that

(VII.A.13) Hr(S,H) is a sub-Hodge structure of Hr+1(X) .

We recall that the Leray spectral sequence for (VII.A.12) degenerates
at E2 and we have additively





H2(X,Q) ∼= H2(S,R0
fQ)⊕H1(S,R1

fQ)︸ ︷︷ ︸⊕H
0(S,R2

fQ)

H1(X,Q) ∼= H1(S,R0
fQ)⊕H0(S,R1

fQ)︸ ︷︷ ︸ .

The terms over the brackets are the ones given by (VII.A.13) for r = 0, 1
respectively. The assertion (VII.A.11) gives

H0(Ω2
X) ∼= H0

(
Ω1
S ⊗H1,0

)
.

Since
H1,0 = R0

fΩ
1
X/S

we have maps

H0
(
Ω1
S ⊗H1,0

)
→ H0

(
X, f−1(Ω1

S)⊗ Ω1
X/S

)
→ H0(Ω2

X)

and, as may be seen directly, the composite is an isomorphism.
As for H0(Ω1

X), the part arising from H1(S,R0
fC) is just f ∗(H0(Ω1

S)).
The part over the bracket is

(i) ker{H0(S,H1,0)
θ−→ H0

(
Ω1
S ⊗H0,1

)
} .
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Now H0(S,R1
fC) is the fixed part

(ii) ker{H0(S,H)
∇−→ H0(Ω1

S ⊗H)}
and (VII.A.10) gives

LHS of (i) ⊂ LHS of (ii) .

This is a non-trivial result.

VII.B. Analysis of Deligne’s theorem in a geometric example

We consider a family of threefolds

(VII.B.1) f : X → S

with smooth fibres over a complete curve S. Having in mind the usual
philosophy that the most interesting cohomology is in the middle di-
mension, we assume that

h1,0(Xη) = h2,0(Xη) = 0 .

We set

H2(Xη) = H1,1(Xη) = V

thought of as a constant local system over S of rank v. We also assume
that the local system H given by R3

fZ (mod torsion) has no fixed part.

We shall say that the VHS given by the H3(Xs) is non-degenerate.
Setting hp,q = hp,q(Xη) we give the

Definition: We shall call

(VII.B.2) δ, λ, g, v, h3,0, h2,1

the known quantities.

Here we recall our notation{
δ = deg H3,0

λ = deg H2,1 .

Also, g = g(S) is the genus of S. These quantities are all Hodge
theoretic and are invariant under deformations of (VII.B.1). This is in
contrast to quantities such as
(VII.B.3)

dimH i(S,Hp,q), dimH i(Ω1
S ⊗Hp,q), dim(ker θ) and dim(coker θ)

which are not in general invariant under deformation of (VII.B.1).
The main points of this section are the following:
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(VII.B.4) From Deligne’s theorem alone, one may determine h4,0(S,H) =
h4,0(X) in terms of known quantities. However, to determine h3,1(X)

and that part ĥ2,2(X) of h2,2(X) coming from the VHS of the H4(Xs),
one needs the quantities (VII.B.2) and (VII.B.3).

(VII.B.5) In the geometric situation all of the hp,q(X) are expressible
in terms of the known quantities (VII.B.2).

In addition, we shall see that quantities such as

dim(coker ρ) + dim(kerσ)

in the sequence

H0(H1,3)
ρ−→ H0

(
Ω1
S ⊗H0,3

)
−→ H1,3(S,H)(VII.B.6)

−→ H1(H1,2)
σ−→ H1(Ω1

S ⊗H0,3)

are expressible in terms of the known quantities.
We begin showing that

(VII.B.7) h4,0(X) = δ − h3,0(g − 1) .

Proof: From (VII.A.11)

h4,0(X) = h0
(
Ω1
S ⊗H3,0

)
= χ

(
Ω1
S ⊗H3,0

)

by the RR theorem, and since by our assumed non-degeneracy of the
VHS and the curvature property

(ΘH3,0)αβ =
∑

µ

θαµ ∧ θ
β

µ

of the Hodge bundle H3,0, we have the vanishing result

h1
(
Ω1
S ⊗H3,0

)
= 0 . �

We next show that

(VII.B.8) h3,0(X) = 0 .

Proof: From (VII.A.10) we have

H3,0(X) = ker{H0(S,H3,0)
θ−→ H0

(
Ω1
S ⊗H2,1

)
}

= 0 .
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Alternatively, the degeneration at E2 of the Leray spectral sequence
for (VII.B.1) gives additively

H3(X) ∼= H0(S,R3
fC) ⊕ H1(S,R2

fC) ⊕ H2(S,R1
fC)

‖o o‖
H0(S,H) H1(S)⊗ V .

The first term is zero by the assumed non-degeneracy of the VHS, and
the third term is out because R1

fC = 0. This gives
{
H3,0(X) = 0

H2,1(X) ∼= H1,0(S)⊗ V ,

so that we have (VII.B.8) as well as

(VII.B.9) h2,1(X) = gv . �

A similar argument gives

H2(X) ∼= H0(S,R2
fC)⊕H2(S,R0

fC)

∼= (H0(S,C)⊗ V )⊕H2(S,C)

which implies that

(VII.B.10) h2(X) = h1,1(X) = gv + 1 .

Next, the Leray spectral sequence gives additively
(VII.B.11)

H4(X) ∼= H0(S,R4
f ) ⊕ H1(S,R3

fC)︸ ︷︷ ︸ ⊕ H2(S,R2
fC)

‖o o‖
H0(S,C)⊗ V ∗ H2(S,C)⊗ V .

The term over the brackets is the one of interest; it is

H4(S,H) .

We have {
h3,1(X) = h3,1(S,H)

h2,2(X) = h2,2(S,H) + 2v .

From the multiplicativity of the Euler characteristic

(VII.B.12) χ(X) = χ(S)χ(Xη)

and the consequences of (VII.B.7)–(VII.B.12) we infer that

(VII.B.13) 2h3,1(X) + h2,2(X) =: F (δ, λ, v, h3,0, h2,1)

is a known quantity. Of course, it can be computed out but the explicit
formula for F is neither important nor illuminating.
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The last step in the proof of (VII.B.5) is to express h3,1(X) in terms
of known quantities. For this we use the exact sheaf sequence

0→ f−1(Ω1
S)→ Ω1

X → Ω1
X/S → 0 .

The additivity of the sheaf cohomology Euler characteristics give

(VII.B.14) χ(Ω1
X) = χ(f−1(Ω1

S)) + χ(Ω1
X/S) .

The LHS is

−h1(Ω1
X) + h2(Ω1

X)− h3(Ω1
X) = −(gv + 1) + gv − h3,1(X) ,

so that we have

(VII.B.15) −h3,1(X) = χ(f−1(Ω1
S)) + χ(Ω1

X/S) + 1 .

We next use that, for any sheaf E on X, the Leray spectral sequence
gives

χ(X,E) =
∑

p,q

(−1)p+qhp(S,Rq
fE) .

Thus

χ(X, f−1(Ω1
S)) =

∑
(

a=0,1
b=0,1,2,3

(−1)a+bHa
(
S,Ω1

S ⊗H0,b
)

=
∑

b

(−1)bχ(S,Ω1
S ⊗H0,b) ,

and similarly

χ(X,Ω1
X) =

∑
(

a=0,1

b=0,1,2,3

(−1)a+bHa(S,Rb
fΩ

1
X/S)

=
∑

b

(−1)bχ(S,H1,b) .

Using the R-R for vector bundles on S, all of the χ(S,Ω1
S ⊗H0,b) and

χ(S,H1,b) are expressible in terms of known quantities, as therefore is
the RHS of (VII.B.4). �
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cohomology in the Poincaré metric, Ann. of Math. 109 (1979), 425–
476.

Department of Mathematics, University of California at Los Ange-
les, Los Angeles, CA 90095
E-mail address: mlg@ipam.ucla.edu
Institute for Advanced Study, Einstein Drive, Princeton, NJ 08540
E-mail address: pg@ias.edu
Department of Mathematical Sciences, University of Durham, Science
Laboratories, South Rd., Durham DH1 3LE, United Kingdom
E-mail address: matthew.kerr@durham.ac.uk


