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with Hodge # 's h_={hP " } ( Ehl
'

'9=dmV )
.

Fix one such HS q .

jg ,
:=

G.pt@
acts by conjugation ( or by translation  on VP '

oh

,
f. )

A Connected component ( =  if  n  odd )

§,
:={ decompositions V= OVP "

(s .t .
dim,cVP'

' =L " 9 ) on which Q satisfies HRIEII }
A analytic open

Dth :=Ge . q ={ flags FV (w.ldimc.GR,
!=h"

" T ) satisfying HRI : QCFP
,

Fhtt '

)=oHpl}
flag manifold

EY hclpt 11
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•
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←
•

,
•

¢•
• ) p • > p • > p



( I.G) Geometric degenerations CYIDII) nxo
= pink'=XIu→E

-

base

In thesetting shorn
,

# C X #¢←X '

N := log Gun ) acts on P%igt*<ytggm_←t¥D
the LMHS Him ( Xp) .

t
general



( I.G) Geometric degenerations Cites) nxo
- pink'=XIuoE

-

base

In thesetting shorn
,

X* CX #¢←X '

IN := log Gun ) acts on P%t}*t.mn#D
the LMHS H

,,!m(X±y.

/ C A =D

There are two important exact Sequences of MHS (interesting mainly for  n=d ) *

( i ) ( X ,Xe ) - exact segue + H*CX ) ± H # (xo) ⇒

→ HYX . ) ¥ Hanke ) → Hntkx , # → tin "Cx . )→

p:X
,

→ Xo
¥'Tchized "

along sing (Xo )



( I.G) Geometric degenerations ⇐EI ) nxo
- pink'=XIuoE

-

base

In thesetting shorn
,

# CX #%←X '

N :=loy(Tu .
) acts on P%t}*t.mn#D

the LMHS H
,!m(X±y.

/ C A =D

There are two important exact Sequences of MHS (interesting mainly for  n=d ) *

( i ) ( X ,Xe ) - exact segue + H*CX ) ± H # (xo) ⇒

→ HYX . ) # Hinke ) → Hntkx , # → tin "Cx . )→

Cn
e:xt→xo TILLEY

"

Tss acts on the Sequence through avlomophisms of MHS

( action
on H

#

( Xo ) is trivial )



( I.G) Geometric degenerations ⇐EI ) nxo
- pink'=XIuoE

-

base

In thesetting shorn
,

# CX #%←X '

IN := log Gun ) acts on P%t}*t
In ,#

the LMHS H
,!m(X±y.

/ < A =D

There are two important exact Sequences of MHS (interesting mainly for  n=d ) *

( i ) → HYX . ) # HECK ) → Hntkx , # → tin "Cx . )→

( ii )
"

Generalized Clemens - Schmid
"

Hza.n+z( Xdtd . ' )T*¥H" (×o ) # tinny. ;(Xe ) → 0

%= dink )
Ker ( T - I ) = Ker ( N )

" ( TI.mn
.

)
Hinkel



( I.G) Geometric degenerations Cites) nxo
- pink'=XIuoE

-

base

In thesetting shorn
,

X* C X #¢ ← X
'

N := log Gun ) acts on P%t}*t.mn#D
the LMHS H

,,!m(X±y.

/ C A =D

There are two important exact Sequences of MHS (interesting mainly for  n=d ) *

( i ) → HYX . ) # Hina ) → Hntkx , # → tin "Cx . )→

( ii ) Hza.n+z( Xdtd - 1) FI H "(×o ) # Hinndxt ) → 0

Suppose sing (Xo) = {p , , ... ,pr } ,
with Milnor fibers Yji= Becpj ) n Xe .

Then Hd"( X
,

Xt ) =f¥,
HDCYJ )

,
and if Bdpj ) nxo is defined by tj ( hufpengonywtf;)

then dim Hd(Yj )
=pg.

:= dim (O/Jfj ) ( Milnor number ] ,
while then is an

algorithm to compute eigenveiues of Tss on GTIHDCYJ ) [spectrum]
.



( I.G) Geometric degenerations Cites) nxo
- pink'=XIy,E

-

base

d=l
,

r=l ( one singularity ) # c yye# ← X
'

µ=
dim ( OHI 1 = dm H " " )

pfgm ;§*
t.m.nl#sD6p=speetrm

"

of Is on GEHTD / C A <- A

0 → H
' ( Xo ) → Hinke ) → H '( Y ) → o

Example / singcxo ) = { p } = As cure singularity : II+  t= o

t
'

⇒ µ =3
, of = II.I

⇒ H
'

( y ) = f-i • 1

↳ GI

Tss - eigen values↳
⇒ Hina.io#;ofTEET.MtiFIf

"

,•



PART II :

-

Polarized Relations



( I. A) Classifications
Let V -7 S be a VHS of weight n

,
I > S a

good compact ,
' fiction .
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"

Classify
"

the possible asymptotic behaviors?
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- ( assume

Let V -7 S be a VHS of weight n
,

I > S a

mint '

good compact ,
' fiction .

QO Can we
"

Classify
"

the possible asymptotic behaviors?

# : LMHS ( Fj
,

W
.

) mt boundary components classify possible Fj
for fixed W

.



( II. A) Classification questions ;)

⇒In
't ¥ HE

- ( assume

Let V -7 S be a VHS of weight n
,

I > S a

mint '

good compact ,
' fiction .

QO Can we
"

Classify
"

the possible asymptotic behaviors?

# : LMHS ( Fj
,

W
.

) mt boundary components classify possible Fj

TWCN' )fn ]
.

for fixed W
.

PMHS ( Fao
,

N ) : NF
. CF

. - '

F. GRYV = weight  m HS ( tm )

Qelu , vi.= QC u
,

Nlv ) polarizes each Pe=(GrY+eV)p , ;m



( II. A) Classification questions se

Do
# ¥pP±

-
.

Let V→S be a VHS of weight n
,

Th ¥ d
,

QO Can we
"

Classify
"

the possible asymptote behaviors?

# : LMHS ( Fj
,

W
.

) mt boundary components classify possible Fj

TWIN' )fn ]
.

for fixed W
.

PMHS ( F ,j
,

N ) : NF
.

a F
. - '

F. GRYV = weight  m HS ( tm )

Qelu , vi.= QC u
,

Nlv ) polarizes each Pe=(GrY+e✓)p , ;m

Naive limit Fin =

limo
§ ( lo§t¥) EDT .

s→



( I. A) Classification questions in > by# rt±
- ( assume

Let V -7 S be a VHS of weight n
,

I > S a

mmm '

good compact ,
' fiction .

QO Can we
"

Classify
"

the possible asymptotic behaviors?

I : can consider
"

degenerating degenerations
"

¥
( in this scenario the red 4 blue limits coincide ) ± -

T " LMHS of LMHS
"



( II. A) Classificanimquestions in > by# rt±
( assume

Let V→S be a VHS of weight n
,

I > S a

→ "→

good compactificetion .

QO Can we
"

Classify
"

the possible asymptotic behaviors?

remfm

.me#rEhn9IYiIITIi?iI9eIII

"

,¥D¥
QI (a) What LMHS types arise ? ( r=1 quesnm )

( b ) How are they related ? ( r= 2 question ,
about what

kinds of pairs I/I can appear )
(c) In what combinations can they appear on all

"

faces
"

?(rz 2)

Moldings : Understand how boundary components fit together,
what sorts of

multi parameter degeneration) of algebraic varieties are possible ,
etc .
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Of
may factor though a smaller Hodge - theoretic classifying space D:

given ( V
,

Q
, g) very general in image ( OE )

,

set

Mumtnd - Tate groupG := Q - algebraic group closure of g( St )_=subgroup of Ant N ,Q ) fixing all Hodge classes In all V*xo(V*Pl



#
.

B) Mumford - Tate domains (& a further refinement )
.

0€
may factor though a smaller Hodge - theoretic classifying space D:

given ( V
,

Q
, g) very general in image ( €1

,

set

G := Q - algebraic group closure of g ( St )

= subgroup of Aut N ,Q ) fixing all Hodge classes In all V*xo(V*Pl

" d

Dh
,

s

GI
. g = :D I G,I/Gn0 c- notation  reflects Montoya

anaynen
compact age = +0 ogjEj)

A open

&± ° Ga . Fg
= :D ± Gdp

( G°=  isotropy lie  eyebn)

parabolic



#
.

B) MI-atedoma.us(¢ a further refinement )

Given
( V

,
Q

, g) very general in image ( OE )
,

set

G := Q - algebraic group closure of g ( St )
and

D±o

Get
.q= :D ± Giikn

n n

Dj o Ga . Fg
= :B ± Gdp

.

KI : T E Gq ⇒ N E oyq .
Define boundary components

B( µ ) := { F. ED / EZNF .

E D for Imcz ) > > 0 and NF
. cF°

' '

}
U

§
,MN) := { F. e B | Zn et N

F
.

= : ECZ ) gives an SL
,

( R ) - eqni variant

embedding he > D ( g : sc ,
GR ) → Gas .t . G( Kiy =p ( HGC :) }

= { F. E I | ( F.
,

WCN ) th ]
.
) IR . split }

pwamctiting
nil potent orbits

.

( For partial wmpaelificnnwy of MID
, Kelly need

B- (N ) = Ten ) B- ( N ) /e'CN ,
whose structure can be  need off of LMHS on of itself . )
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.

B) Mumford - Tate domains (& a further refinement )
-

+

G := Q - alg . gp .
closure of g. ( s

'
) ,

D= Gm . g
c 15

T3( µ ) := { F. ED | EZNF .

E D for Imcz ) > > 0 and NF
. cF°

' '

}
B (N ) = ten ) BTN )/e' CN

Example / Study of HS w/ additional symmetries goes
back to Picard 's curves

yhszy G ( := { y3=xH - 11 ( x - a) ( x-p ) } c IP
' (genus 3)

=) Q( 53 ) = : IF € End ( V.g) ,
V ,p= ✓

+
to V.

,
GREU ( 2,1 )

,

( 2,1 ) ( 1,2 )

D= IBZ ,

B- ( N ) = ( M elliptic cure ( only interesting use ) . ¢
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+
to V.

,
GREU ( 2,1 )

,

( 2,1 ) ( 1,2 )
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Example /( classical) D~CDk3 j Bio < Daro
,

, , ;
In

,
" Chan G- 4 >

( t,20.9 ,1 ) ( 1,19 ,
i ) Yufy?ic cubic 4 - folds

Weil abelian

µ 2h - folds
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B) Mumford - Tate domains (& a further refinement )
-

+

G := Q - alg . gp .
closure of g. ( s

'
) ,

D= Gm . g
c 15

T3( µ ) := { F. ED 1 EZNF .

E D for Imcz ) > > 0 and NF
. cF°

' '

}
B (N )=ten ) BTN )/e' CN

Example / Study of HS w/ additional symmetries goes
back to Picard 's curves

yhszy G ( := { y3=xH - 11 ( x - a) ( x-p ) } c IP
' (genus 3)

=) Q( 53 ) = : IF £ > End ( Yg )
,

V ,p= ✓
+

to V.
,

GREU ( 2,1 )
,

( 2,1 ) ( 1,2 )

D= IBZ ,

B- ( N ) = ( M elliptic cure ( only interesting use ) . ¢

Example /( classical) D.~cDk3 j Bio < Daro
,

, , ; thin Chan G- 4 >

( t,20.9 ,l ) ( 1,19 ,
i ) hatyybic cubic 4 - folds

Weil abelian

µ 2h - folds

( non classical ) DFL CDU
, a. a. i ) i DGZ C Das ,2 ) µ

HSD 3 - tensor
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.

B) Mumford - Tate domains (& a further refinement )
-

+

G := Q - alg . gp .
closure of g. ( s

'
) ,

D= Gm . g
C 15

T3( µ ) := { F. ED 1 EZNF .

E D for Imcz ) > > 0 and NF
. cF°

' '

}
B (N ) = ten ) BTN )/e' CN

Example / Study of HS w/ additional symmetries goes
back to Picard 's curves

yhszy G ( := { y3=xH - 11 ( x - a) ( x-p ) } c IP
' (genus 3)

=) Q( 53 ) = : IF € End ( V ,g) ,
V ,p= ✓

+
to V.

,
GREU ( 2,1 )

,

( 2,1 ) ( 1,2 )

D= |Bz ,

B- ( N ) = ( M elliptic cure ( only interesting use ) . ¢

Example /( classical) D.~cDk3 j B
,o

< Dano
,

, , ;
In

,n
Chan

( non classical ) DFL CDU
, a. a. i ) i DGZ C Das

,
2 ) N

QP How do the extra Hodge tensors affect the answers to Q1( a.b.cl ?
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> D for HS
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( I. C)
Ageneraiframeworkbegin

with
classifying spaces D > 59

"

> D for HS
.

y
( EN ) E B~*(D) := 11 BRCN) "

horizontal SLR ) s

"

/
NE Nilp ( yr )

lyisyeiytf
.

c- E%\N¥Nilp(gn)



( I. C)
Ageneraiframeworkbegin

with
classifying spaces D > 59

"

> D for HS
.

y
( EN )

EBT,
(D) := 11 BRCN) "

horizontal SLR ) s

"

/
NE Nilp ( yr )

g.eistf .

c.B%\N¥NilplYr )
)bg¥IgYIaII+ :

4 So take quotients
D⇒

n



( II. C) Ageneraifamwk
Begin with

classifying spaces D > 59
"

> D for HS
.

,
( EN ) E B~n(D) := 11 BRCN) "

horizontal SLR ) ,

"

/
NE Nilpcy ,r )

finish
.ee/#fNilPlYir))bgffIgaEaaiI+:

' '

(
Hodge'IYiTIc⇒µom4D€

so take quotients

KeeffeO / \ N IIIII
"

:* ,

strata
Df

J 7
D '

in yr

(
D is one element

; G N
rest  are  in 2D )



( I. C) Ageneraifamwk
Begin with

classifying spaces D > 59
"

> D for HS
.

y
( EN ) E B~µ(D) := 11 BRCN) "

horizontal SLR ) s

"

/
NE Nilpcyn )

finish
.ee/#eYvilPlYir))bgffIgYIaaiI+:

4 So take quotients

polonium
#mDX ,

bonus Op / \ N Inmate"L⇒
strata

fq%) D '

in YR

These are finite Sets
,

with natural poset structures ( Brunet order )

on Op ( Of02 # QEOT ) and N
,then ,

⇐ Meth )
.



( I. C)

AgeneraiframewPyIEIy@pKmGitds4-xCN.e) IIITIII:*
strata D other'M ' D D in yr

QZ (a) How close are 4am ,
it to being Ejective ?

(b) Is there a related intrinsic poset Structure on YD ?



( II. C)
Ageneralframeworkpolm' table ¢ , im Get - al , * polwizable
boundary (Of , #of horizon ,,4D -

(ND ,
E) nil potent  orbits

strata suz , ,

'

in YR

QZ (a) How close are 4am ,
it to being Ejective ?

(b) Is there a related intrinsic poset Structure on YD ?

Motivation : Elucidate
"

Combinatorial
"

structure •f polarizable nilpulent cones
,e-

i. e. abelian 5=112
> OTN , , ... ,N .

> CNIIPC of ,R
) for which

I r . nilromt orbit 0 :±h,rIeBe
; ,y.

,=
.

awe {Fy¥?I . .

icvj ,

OWED if ImHjYfj0,



( II. C) Ageneraifamwk
Polan

' table ¢ , im Get - al , * polwizable
boundary (Of , #of horizon ,,% -

(ND ,
E) nil potent  orbits

strata suz , ,

'

in YR

QZ (a) How close are 4am ,
it to being Ejective ?

(b) Is there a related intrinsic poset Structure on YD ?

Motivation : Elucidate
"

Combinatorial
"

structure of polarizable nilpulent cones
,e-

i. e. abelian 5=112
> ofN , , ... ,NpcNilp( of ,R

) for which

F r - nil potent orbit a : hr -> I

A ± - eETNjf .

ahem {NFj¥¥e . -  ' (vg ,

V OIEIED if Imctjyjyo,

F VHS/(D*)r with monotonies {eNj }
,

and LMHS

✓,c=o#"Km ( F ; W
-

) where W
.

= WCN ) fn ]
.

( Neo arbitrary)
.

independent of  choice



( II. C) Ageneraifamwk
polar

' table polwizcble
boundary ( 0,4kmftp.qydghy.4#(N,e)nilpo+en+abitsstrata D D D '

in yr

Write J : 2×2 → Z
"

limiting Hodge diamond
"

( p , q ) i→ ip '9( = dime IP ' ' )

and let { )
,

:= Set of all {8) arising as LMHS of 1*→p\D .



( I
. C)

Ageneralframeworkpolm' table polwizable
boundary ( O,⇒c¥m GYR"g§yYym4¥ (N f) nil potent  orbits

strata D D D '

in yr

Write J : 2×2 → Z
"

limiting Hodge diamond
"

( p , q ) i→ ip 's ( = dime IP ' ' )

and let { )
,

:= Set of all {8) arising as LMHS of 1
* →p\D .

We here ~ DcD± by picking a

Y
,

→ > OD → > % c A representation V of a

D.h

CFS ,N ) - > F :* - > { ing
1 \

flip IP 'T recover { ipiy

about pain as dim (ppfnppg.tl?p#n=g)



( II. D) Perioddoma= ( D= Dn
.
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( II. D) Perioddoma= ( D= On
.

)
← 2cg;I9Id*

Modify the above construction by starting
with BTRCDT )

,

" even

and qwtiertig by Gk ( not Girt )
.

This replaces our earlier diagram

by I* ,

O nj .

D
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a :={ olEIEEIEII.FI?IIiIY
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Theorem 1 YI = OI = Do
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= {he .

( Answers Qlcai
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( II. D) Perioddoma= ( D= On
.

)
← 2cg;I9Id*

Modify the above construction by starting
with BTRCDI )

,

n even

and qwtientigby Gk ( not Girt )
.

This replaces our earlier diagram

by I* ,

O nj .

D

write

a
,

:-. { o/ Eliya;YI'n

n'Ii.Fn→'
" in

<_@F''' '
'¥15Ere ) if pie en

} .

Theorem 1 YI = OI = Do
,

= {he .

( Answers Qlcai
. )

Proof : @ can be seen by using
H* of products of elliptic curves ( some

degenerating )
D uses the  inclusion I. Ant ( Pk,Qh ) CAHN ,

Q ) to get transitive

action an MHS with Some J .
D



( II. D) Perioddoma= ( D= On
.

)
← 2cg;I9Id*

Modify the above construction by starting
with BTRCDT )

,

never

and qwtiertingby Gk ( not Girt )
.

This replaces our earlier diagram

by I pN¥ bijeehne
D in general

: k = ( 1
,

. . ,
1) wt. 7

¥ '
'

niiiIEFtfE@wrika.so1EIataIeTIri.I.F
" " no '

<#h'' '
'IKEscpielifpieen } .

Theorem 1 YI = OI = Do
,

= {he .

( Answers Qlcai
. )

Proof : @ can be seen by using
H* of products of elliptic curves ( some

degenerating )
D uses the  inclusion do Ant ( Pk,Qh ) CAHN ,Q ) to get transitive

action an MHS with some J .
D
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with ( F ; N ) IR - sspkot . Then q

: L
F '
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+ +2N ' F. is a r - nilpotent orbit

,

£ R > KN , ,Nz >
with ( F ; N ) IR - sspkot . Then q

FR > ON ' >
F,

.

-7• ya , )= et 'N' ( eiN2F . ) is a I - nilpotent orbit µ-
•

= :F ; F .



Suppose -0ft , ,zz ) = et 'N '
+ +2N ' F. is a r - nilpotent orbit

,

£ R > o { N , ,Nd
with ( F ; N ) IR - sspkot . Then q

FR > ON ' >

F.
.

-7• ya , ) = et 'N' ( eiN2F . ) is a I - nilpotent orbit µ-
•

,N| = : F ; ,
N=Ni+N< p .

t
• ( Fi ,W ! ) degenerates to ( F :W% =) write off,w,±§, ,w

, ,
.

i.

is less

degenerate
than

' '



Suppose -0ft , ,zz ) = et 'N '
+ +2N ' F. is a r - nilpotent orbit

,

£ R > o { N , ,Nd
with ( F ; N ) IR - sspkot . Then q

fk > ON ' >

F.
.

-7• ya , ) = et 'N' ( eiN2F . ) is a I - nilpotent orbit µ-
•

,N| = : F ; ,
N=Ni+N< p .

1
• ( Fi ,W ! ) degenerates to ( F :W% =) write off,w,± of , ,w

, ,
.

Letting r
,

O vwy ,

we obtain a polarized relation
"

§
' '

on % .



Suppose -0ft , ,zz ) = et ' N '
+ +2N ' F. is a r - nil potent orbit

,

£ R > o { N , ,
Nz >

with ( F ; N ) IR - sspkot . Then q
fk > ON ' >

F.
.

-7• z ( z , ) = et 'N ' ( eiN2F . ) is a I - nil potent orbit µ-
•

,
Ni = : F ; ,

N= NFNL p .

t
• ( Fi ,W ! ) degenerates to ( F :W% =) write off,w,± of , ,w

, ,
.

Letting r
,

O vwy ,

we obtain a polarized rclahbn
"

§
' '

on f)
± .

Theorem 2 Writing of c- % in primitive parts

ftp.a ) = §
.

HE
.

pelptjirtj )
~

€ HS of weight htlwe have
Hodge # s #

5×4 of ←→ of =§g§=
.

Delptjiatj ) with Def The He ?

(Answers Ql( b ) j proof  again
"

by elliptic curves
"

. )



5×4 of ←→ of = §g§eDeC ptjietj ) with Def And He )

tfxhhmtgkg
, ,/ •

9

±→•9
' '

•t→±. . .±→ s• linear

order

•
at

•
't•8 "

g • /



5×4 of ←→ of =§g§eDe( ptjietj 7 with Def And He )

tfyxshmtgkg
, ,| •

9 £ •
9 ' '

•

1
£ £ g• linear

→ → . . . →
order

g 1 g- I

• • • g • /
11

Example • •

( k=( 2,42 )) / b
•

• •

•
2

•

an
•  • •

,•b• • • • • • •

z
b- 2 b- 2 b

• • •
•

2 • • •
2

2••b-4
• 2

partial order ¢
•

2



5×4 of ←→ of =§g§gDe( ptjietj ) with Def And He )

a

.EIiYIn#T
.

• • a
.

•  •

→

y
• • .

.
• • \g

• • • •
•

•
• I 2 3

.
.

•
• \# %.d).

>
•
# •

0
• • → • • • •

M]• • • • • •Ehl
transitivity fails : 41547 but 4*7

$
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Fix D= Giikqi ⇒ y , g. ( 1) =E ⇐ Fit
,

→ E -

grading age = to AGFTYPECPIP
'

, z

Set LCD ) := { lkcagp ,
Levi o t.is/2tes#E) is distinguished in its }

Robie : LCDYWO ¥ ID

f
[ l ] - [ G-

 '

Fj , Adly ' YE ) ]= :[ CF ; ND

u n T{ E.z,E}cl"e seitripie > setli=ogYI,w. ,
( > l )

with Eeaf
'

.
Write ,

:=ei¥CE+E ) )
( Levi

,
well - def 'd up to

aetim of Wo )
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Fix D= GING; ⇒ y , q
' (1) =E ⇐ ftp.

→ E -

grading age = to AGFTYPECPIP
'

, z

Set LCD ) := { lkcagp ,
Levi o t.is/2tes#E) is distinguished in its }

Robie : LCDYW
.

⇒ ID la e

al - [ G-
 '

fj , Ady . ye , ]= :L,I,n¥p9¥¥mD

Write [ e
, ]E[ lif ¥

.

l
,

c WE for some wewo .

^(
not  a partial order

'

in general
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4 .

Robie : LCDYWO ⇒ Its 3

4 - [ G-
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eg. ,

aay.yey.de?.ntFg9YFg

Write [ e
, ]E[ lif ¥

.

l
,
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, KN , , ...

, Nr ) - nilpolent  orbit
,

C
,
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"

of faces of r ( power set on { 1
, ... ,r } )
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#. E) Genera|(MumfudTaHdoma:n=
Set LCD ) := { lkcagp ,

Levi o t.is/2tes.CE ) is distinguished in its }
4 .

Robie : LCDYWO ⇒ If 3

4 - [ G-
 '

Esau ,
. ye ,

]=pfpIn¥ht¥÷D

Write [ e
, ]E[ lif ¥

.

l
,

cwtz for some wewo .

Now let 0 be a r= IR
, KN , , ... ,Nr ) - nilpohnt  orbit

,

Cr the
"

r - cube poset
"

of faces of r ( power set on { I
, ... ,r } )

.

Applying ¢, in
,

# to the sub . nil potent  orbits P8 [
r p0

in faces of 6 yields m orphism , of posets
£v|P¥\

Theorem 3mFpoy facing the map ,
,Q¥I # ¥7

,

(Answers Qz )
Such that all t '

s are Compatible under I
, ¢, ,m ,

p0y, .

in germ ( in Moreover
,

0ham is a bijecticm of Sets
.
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(E) is distinguished in its }

Robie : LCDYW
.

⇒ It,

"

3

t=¥yY¥y
[ l ] - [ G-

 '

Fj , Adly '  ' I E ) ]= :[ CF ; ND

Ci ) F p0y fawning these maps , poo Cr po
Such that all E '

s ore Compatible € /✓pYj\¥
c i it Moreover

,
0am is a bisection of sets

.
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Y
,

Nit ) ⇒ ( Ei ,3i ,
EI ) ⇒ ( Fi

,
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#. E) Genera|(MumfudTaHdoma:n=
Set LCD ) := { lkcagp ,

Levi stir / Ztes,
(E) is distinguished in its }

Robie : LCDYW
.

# It,

"

3 t= towitty
[ l ] - [ G-

 '

Fj , Adly ' YE ) ]= :[ CF ; ND

Ci ) F p0y fawning these maps , poo Cr po
Such that all E '

s are Compatible € ✓/pYj\¥
c i it Moreover

,
0am is a bisection of sets

.

%<¥÷ID¥N
,

Ideaofpwfofliil.is If naive limits lyi;geiJN' Fi &yk→geiTN2Fi are Get -

conjugate ,
so are off "

⇒ Ii ⇒ 3 ; ⇒ Nit- Ni  ⇒ ( N ; ,Y ,
Nit ) ⇒ ( Ei ,3i ,

EI ) ⇒ ( f , ;N ;) .

Remain : As before
,

me may define polarized relations
"

£
"

on ND
, Op

,
#D

by all po - images of
"

E
"

on Cr ( for an G)
.
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~

( Answer to which may
be classified by applying Robles 's identification

Ql ( b ) in general )
inductively .
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,

~

( Answer to which may
be classified by applying Robles 's identification

0,1 ( b ) in general )
inductively .

Sketch : Given a £
,

have 6=112 ,o< N , ,ND , N=N
,

+ Nz → W
.

and f(z , ,zz ) = eZiNi+2zN2f . ( F ; W
. ) R . split

u → ¢, ;mlF
'

,
N ) 441in ( Fi

,

N
, )

.

Q ( t ) =
EZNI ( einkf . )

÷ Fi
Apply CKS multi - Slz -
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Theorem 4 polarized relations are realized by horizontal SLE 's
,

~

( Answer to which may
be classified by applying Robles 's identification

0,1 ( b ) in general )
inductively .

Sketch : Given a £
,

have 6=112 ,o< N , ,ND , N=N
,

+ Nz → W
.

and f(z , ,zz ) = eZiNi+2zN2f . ( F ; W
. ) R . split

u → ¢, ;mlF
'

,
N ) 441in ( Fi

,

N
, )

.

Q ( t ) =
EZNI ( einkf . )

÷ Fi
Apply CKS multi - Slz -

splitting
: writing N^2=Tker( ady ,

,N2 )

slitorsit §Cz
, ,tD := etinitzrnz @

= U Slisplitting of ( Fjw . )

€
,

( z ) := e←N ' # = it 'Ni( eincf . )
SLZ '

Splitting of ( Fi ,W ! )

By our Mumford - Tate refinement of the CKS Slz - orbit theorem
,

Eliy , ,iyz ) E G ,[ . Oliy , ,iyd and E.Cig ) E Gtr . G. C:y ) .

Taking limits
, 0 , .in

( F
,

N ) = ¢ , ,
( F

,
N ) ( t.N.tn . ) and chime .N , )=¢ , intFIND

with the "

£
"

visibly given by the U above
.

Since 41in is bijutne , we are done
. D
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#.
A) The

"

Chemistry
"

of degenerations÷
( c ) asked What Configurations of LMHS types can appear

mmmm

for a VHS - on equivalently ,
a nil potent orbit -greedy !

Theorem 4 says that (HD
,

k ) can be computed by classifying Sli

and Shxslz - orbits j while by Theorem 3
, mwphisms

( er
,

E) - ( 4 ; ,£ )
determine all Candidatesfat the Configurations of  interest .

WAIT !
Why aren't we just classifying nilpoknt cones # as

up to GE - wnjugauy ? ( Because that  would be stupid ? )

Example / D= Fg - adjoint variety :

The space of Gmt - ccls of
'

polwitobh hilp . cones has dim Z 7 . µ
mm
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A 0 morphing from

labeling Is ( C.↳ e) → (c)± ,
± ) <→

notation

powrm .
( A ICI B)

C B of { 1,4

@t.IE .

sending @↳ o
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( for any Aarp ,
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III.
B) 2-cubesforpvioddoma.us ( Degeneres .ms/(D*s ' )

TT
. .

.

( AICIB >

,

•

.
: →

.
.

. . \ ,
A 0

•

• . ,

•

z
• •

}
.

.

• labeling
• . # ... C Bon.

s

-°
• .

;
.

→ • !
; .  • .•

; •

%I t= ( i. 2,317 example(f)
3 types of 2 - cubes :

_

( i ) B = C ( for any AIB )

¥¥¥MA'Bites.gg#p;gtYnp.syYI;gbityIkistiYIase
?

( iii ) A
,

B F C but NOT represented by Stash - orbit

e. g , <
{ 11716 )

,
{ 31716 ) polarizabk ( geometrically realizable

by minor  symmetry )

{ 117117
,

{ 31715 >
,

{ 11511 ) ho±polwizaT_
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#
.

C) Admissiblen.ca# ( general Mt domain setting )

Given l E L ( D)
,

with ¢ as above
.

Denoting
its roots by

Rg  = RE UJZE ,we define the capac_iy
v

roots  of IMP
( p >  o ) Cap ( l ) :=

maxgwew ,
|w( Rf ) ^ REI

.

This gives a fmcmn NI,
→ z

,
on

.

" ' It ⇒ " In }

Definition : An h - cube is a map n : ( Cn
,

e) → ( Ip
,

± ) { TIETE;
if I CI '

with pi
 ' ( { 0 } ) = ¢ . It  is

Open  orbit  in

oo admissible if |I|<cap (MID t It @
n g e.sk

• Strongly admissible if F independent commuting
Tie ( [ YI)+ .

N
;

st . R
> of { N ; } ... a > a ( [ YIITNI

* polwizable if  it arises from an actual nil potent orbit .
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Theorem 5 Polaizability ⇒ Strong admissibility ⇒ admissibility .

The sets of n - cubes with these properties inherit partial orders via

inclusions of maps in , yielding ( finite ! ) Secondary posets

Egg zest zest
surjeetng onto NID .

It one can compute YIB"

,
then one has maps

of poets
( NIP;

'

,
e)

⇒Q, ,£ ) ( Np
,

1 )

by first sending p - n({ 1
,

... ,n } ) C- ~Ip
.

This
may

be regarded as a

"

full Solution
"

to Ql ( c ) ( insofar as one is possible with finite sets )
.



Example ) D= MT domain for HS with 1=(2/3,2) and G=Gz .

D= Gz/Pz .

XD is actually a poset 4 in

•  •

I -1 correspondence w/ Hodge diamonds
.

• •  •

•
2 1

co  •
•

•
3

z
( polarized relations )

z
• ,

2

N[p
O

• •  •
•

2

• • •

Write µ
£0 - abe

2
• •

µ ; for I - cubes

Mij for ( i. lj > 2. cube ;
then IT adm

is

-7mi

-71' # M "
and NI st= TIP "

µ - µ
MK is the stuff  In blue

.

\
, # m } /

M3
-

zn
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( III.D)

Collets
? Can . molleubes ?)

There are ways to refine the secondary poset while

Still keeping things fine .
For the simplest such refinement :

so Given pre EID
,

choose a System of representatives

line L(D) with [ be ] =nCI ) e I'D and IEJ ⇒ beets
.

•• Write l
,

N
,

F for the data associated to J={ b. . ,n }
,

and

restrict the bigwohng
associated to ( F

,
N ) to all l±

,
T± .

• Write Yet for the element giving this big -aehng ,
and ( trial

, ... ,n )

N ; for a nilpotent belonging to on open orbit  of LEICK)+ only,j
'

.

• Take h Ct any, Semisinple sub algebra containing Y
,

N
, , ...

, Nn
,

and h_ the ( palmdrm:c) list of numbers hi := dining ( hnti " ) .
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Denoting by th the set of possible this ,
we define

€,
: = pairs ( µ ,

1 ) e #D×LI which arise as above
.

The "

polurizabie
"

object is

NIDPO
'

:= pairs (n ,
1) e NIH

'

×k_ where h is the

- MDjengalhntaybnofs.me
5- nil potent

✓ orbit with class µ .

What is this ? Given a polwizobie nilpotent come r
,

and

F°

Effort
a Q -

split CM base point ,
e£tiNiF° descends to

0 0

a VHS OIO on # )
"

,
and the LL group is simply thederivedM¥-44,01.

.

It gies a lower bond on DMOI

for ANY § :(D*)
"

→ AD with monotony cone F and LMHSE Bf )
'

.
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Denoting by th the set of possible this ,
we define

€,
: = pairs ( µ ,

1 ) e ¥g×If which arise as above
.

The "

polurizabie
"

object is

NIDPO
'

:= pairs (n ,
1) e NIH

'

×k where h is the

NI
.

y
yepo ' Looijenga - hunts algebra of some knit potent

D orbit with class µ .

§fµpol
yep > nenpj

'

We 59 that k is Hermitian if any
h

. '

,
h°

,
and h

'
are nonzero .

Proposition : If f-
 '

(f) contains no Hermit 'an b- '

s
,

them

no period map OI :CD* )
"

→ MD of class µ factors through

a Shimura variety .



Example) VHS win 4=(1,2/2,1)our (11*5 ,
with
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