Reciprocity Laws on Algebraic Surfaces via
Iterated Integrals

Ivan Horozov
(with an Appendix by Ivan Horozov and Matt Kerr)

Abstract

In this paper we introduce new local symbols, which we call 4-function local
symbols. We formulate reciprocity laws for them. These reciprocity laws are proven
using a new method - multidimensional iterated integrals. Besides providing reci-
procity laws for the new 4-function local symbols, the same method works for proving
reciprocity laws for the Parshin symbol. Both the new 4-function local symbols and
the Parshin symbol can be expressed as a finite product of newly defined bi-local
symbols, each of which satisfies a reciprocity law. The K-theoretic variant of the
first 4-function local symbol is defined in the Appendix. It differs by a sign from
the one defined via iterated integrals. Both the sign and the K-theoretic variant of
the 4-function local symbol satisfy reciprocity laws, whose proof is based on Milnor
K-theory (see the Appendix). The relation of the 4-function local symbols to the
double free loop space of the surface is given by iterated integrals over membranes.
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0 Introduction

This paper is the second one in a series of papers on reciprocity laws on varieties via
iterated integrals (after [H1]). We construct and prove reciprocity laws for both classical
and new symbols. First, we define new bi-local symbols and prove the corresponding
reciprocity laws. Using them we introduce new 4-function local symbols on surfaces
and prove their reciprocity laws. Using the same methods, we find a new proof of the
reciprocity laws for the Parshin symbol. We recall that the Parshin symbol was defined
by Parshin in [P1] and [P2] up to a sign. The sign was computed by Fesenko and
Vostokov in [FV] and a K-theoretic proof of the reciprocity laws for the Parshin symbol
was given by Kato in [Kal.

The present paper uses many ideas from the preprint “Refinement of the Parshin
symbol for surfaces” [H2]. In an email to the author [D2], Deligne pointed out that the
refinement of the Parshin symbol was not independent of choices of local uniformizers.
After examining carefully the origin of the refinement - namely, iterated integrals of
differential forms over membranes - we realized that the refinement becomes independent
of local uniformizers by introducing bi-local symbols. A key property of the bi-local
symbols is that they resemble the tame symbol on a curve; however, they are defined
over surfaces.



We introduce the new 4-function local symbols as a product of simpler bi-local sym-
bols that satisfy reciprocity laws. Moreover, such a presentation in terms of bi-local
symbols provides proofs of the reciprocity laws for the local symbols. In the same man-
ner we construct a refinement of the Parshin symbol in the sense that the latter is a
product of bi-local symbols each of which satisfies a reciprocity law. Another reason for
using bi-local symbols is that they are computationally effective.

Iterated integrals over membranes

In our paper [H1], we used iterated integrals over paths for reciprocity laws on a com-
plex curve. Here, we define a higher dimensional analogue of iterated path integrals,
which we call iterated integrals over membranes for extending this technique to complex
algebraic surfaces. The idea for iterated integrals over membranes had its genesis in a
generalization of Manin’s non-commutative modular symbol [M1] to a non-commutative
Hilbert modular symbol [H3], [H5]. Iterated integrals over membranes give functions on
the double free loop space of a surface.

Our approach is based on examining a cocycle on the loop space of the surface or on
the double free loop space of a surface. In this way both the 4-function symbol and the
Parshin symbol occur naturally. A homotopy invariant function on the double free loop
space of a complex algebraic surface is a 0-cocycle such as Is, I3 and I from Section
1.4. The Parshin symbol is expressed in terms of the cocycles I and I3, while the first
4-function local symbol is expressed in terms of the cocycle I4. We define such functions
on the double free loop space of the surface, using iterated integrals over membranes,
which resembles Chen’s construction of functions on the loop space of a manifold [Chl],
[Ch2].

A geometric proof of the reciprocity laws uses the following observation: a closed
form on a loop space (with a base) is homotopy invariant with respect to homotopy
variations of the loop. Integrating over certain loops gives us essentially a logarithm of
a local symbol. If a composition of such loops is homotopy trivial then the integral over
that loop will vanish. Moreover, the integral over this homotopy trivial loop is equal to
the sum of the logarithm of the symbols. After exponentiating, we obtain that a product
of local symbols is equal to 1.

Usually, reciprocity laws are proved by providing a cocycle of a Galois group. One
uses them to examine a portion of the Galois group, for example, the abelian Galois
group. Instead of a Galois group one can consider the fundamental group. (An interme-
diate object is the étale fundamental group.) The cocycle on the fundamental group can
be replaced by a cocycle on the loop space. Both the fundamental group of a non-simply
connected space (see [Chl]) and the loop space of a simply connected space (see [Ch2])
were studied by iterated integrals. This paper gives a new direction for reciprocity laws.
Here we exhibit the need to study the loop space and the double free loop space of a
non-simply connected variety. In particular the Parshin symbol is given by a 1-cocycle
on a loop space of a (possibly) non-simply connected surface and the new 4-function local
symbol is given by a 0-cocycle on a double free loop space of such a surface. Hopefully,
the relation of local symbols to the loop space and to the double free loop space can give
more structure both in reciprocity laws and in study of loop spaces. For example, one
question is: what portion of the double free loop space is captured by such reciprocity
laws?



The Parshin symbol is interpreted in this paper as a 1-cocycle of the loop space of a
surface. Alternatively, it gives a closed 0-cocycle on the double loop space of the surface.
The first 4-function local symbol naturally occurs as a closed 0-cocycle on the double
free loop space. Equivalently, the first 4-function local symbol is a homotopy invariant
integral over a torus with respect to homotopy variations of the torus (Subsection 1.4).

The use of iterated integrals over membranes has other applications in number the-
ory and algebraic geometry. For example, they provide a new approach to the two-
dimensional Contou-Carrere symbol [H6]. We also use them to construct multiple
Dedekind zeta values [H4] and a non-commutative Hilbert modular symbol [H5].

The sources of new symbols in our approach are iterated integrals. More precisely,
every iterated integral leads to a reciprocity law. In [H1] Theorems 2.9 and 3.3, we use
higher order iteration on a complex curve. Then the reciprocity laws are complicated.
One can do the same for surfaces. However, we have chosen to consider at most double
iterated integrals, which lead to relatively simple reciprocity laws. Over a surface there
are three such (iterated) integrals, involving:

(i) a 2-form - leading to an analogue of “the sum of the residues is zero”;

(ii) an iteration of a 2-form with a 1-form - leading to the Parshin symbol,

(iii) an iteration of a 2-form with a 2-form - leading to both 4-function local symbols.

Higher order iterations will lead again to reciprocity laws. They will be considered
in a follow up paper, since they capture more properties from the cohomology of the
double free loop space of a complex algebraic surface.

Some known reciprocity laws

There are several interesting formulas that we would like to bring to the attention of the
reader. For explaining the formulas defining the reciprocity laws, it would be instructive

to make a comparison with the Weil reciprocity law stated in terms of the tame symbol
(defined in the Appendix).

A divisor of a non-zero rational function f on a complex smooth projective curve is
the formal sum
(f) = Z CLiPi,
i

such that P;’s are points where f has zeros or poles and the coefficients a; € Z are the
orders of vanishing of f at the points P;. Let also

(9)=>_bQ;.
J

Assume for the moment that the {Q;} and {F;} are disjoint. Following Weil [W], we
define

f((9)) = Hf(Qj)b] and g((f)) = Hg(pi)ai.

Denote by |(f)| the support of the divisor of a non-zero rational function f.

Theorem 0.1. (Weil reciprocity law) If |(f)| and |(g)| are disjoint then



WEeil reciprocity can be expressed in terms of the tame symbol, in order to include
the cases when the support of f and g have common points. The tame symbol on a
curve C' is defined as )

f

_(_1\ab [ L
{fvg}P_( 1) (ga) (P)v
where a = ordp(f) and b = ordp(g).

Theorem 0.2. (Weil reciprocity law in terms of the tame symbol) The tame symbol
satisfies the following reciprocity law

H{fvg}P =1,
J2

where the product is taken over all points P of the smooth projective curve C.

If @ is in the support of g but not in the support of f then

{f.9}e = f(Q),
where b = ordg(g). As a consequence, if [(f)| N |(g)] = 0 then

[T {f.9ve=r(9)).
Qel(o)

from which one recovers Theorem 0.1.

We give a different proof of the Weil reciprocity law for the tame symbol in Subsection
1.2 (Theorem 1.9), using iterated integrals. This proof is essential for the paper. Based
on it we derive a reciprocity law for the bi-local symbols, for the Parshin symbol for
surfaces, and for the newly defined 4-function local symbols. Moreover, the use of iterated
integrals gives a geometric meaning to the symbols as homotopy invariant functions on
double free loop space of a complex algebraic surface.

Before we present the definition of the Parshin symbol and the two 4-function local
symbols, we need to introduce the following notation.

Let X be a smooth complex projective surface, let C' be a smooth curve on the
surface X and let P be a point on the curve C'. For a non-zero rational function f; on
the surface X, let

ar, = ordc(fx) (0.1)

be the order of vanishing of fi on the curve C. Let also x be a rational function on
the surface X, representing a uniformizer at the curve C, such that any two irreducible
components of the support of the divisor of x do not intersect at the point P. Let

b, = Ordp((xiakfk)‘c). (02)

Definition 0.3. The Parshin symbol for the surface X with respect to a curve C on X
and a point P on C' is defined as

(i fos Fsyow = (=0 (7P 122 107) (), (0.3)
where
_| a2 a3 _ | a3 a1 _ | a1 a2
Di= by b3 » D2 = b3 by » Ds = by by
and

K = ajasbs + asasby + azaiba + bibaag + babsar + bsbias.
4



The Parshin symbol was defined by Parshin in [P1] and [P2].

Definition 0.4. We are going to use the terminology strict normal crossing divisor,
which means that the irreducible components of the divisor are assumed smooth, meet
transversally, and no three components of the divisor meet at a point.

Theorem 0.5. (Reciprocity laws of the Parshin symbol) Let fi, fa, f3 be non-zero ratio-
nal functions on a smooth complex projective surface X, then the following reciprocity
laws hold:
(a)
[I{f. 2, fa}er =1,
P

where the product is taken over all points P over a fized curve C. Here we assume that
the union of the divisors U;-s:l |(fi)| in X is a strict normal crossing divisor.
(b)
[I{f. 2. fa}ep =1
C

where the product is taken over all curves C passing through a fized point P. Here we
assume that the the divisor U?Zl |(f)| in X is a strict normal crossing divisor. We
denote by X the blow-up of X at the point P.

Remark: The assumptions can be removed using invariance of the Parshin symbol
under blow-ups, which allows to extend the definition of the Parshin symbol to any
complex projective surface and any divisor U?Zl [(fi)l-

A K-theoretic proof of the reciprocity laws for the Parshin symbol was given by Kato
[Ka]. We give an alternative proof (of Theorem 0.3), based on iterated integrals over
membranes (Theorems 2.10 and 3.7). The usefulness of this proof is that it leads to
relations of the Parshin symbol to double free loop space of a complex algebraic surface.

Main results

The main result of this paper is the construction of the new 4-function local symbols,
their reciprocity laws and their relation to the double free loop space of the surface. A
K-theoretic definition of the first 4-function local symbol (up to a sign) is given in the
Appendix.

Definition 0.6. (4-function local symbols) Using the notation from Equations (0.1) and
(0.2), we define two new 4-function local symbols:

)
ALY
(%)
4
a2+b2 (azbs—b3ayq)
)
) P),

a4+b4 (a1ba— b1a2)
ad+b3

azbs—bzay

{f17f27f37f4 C’P =\~

a1ba—b1 ag

and

{f1,f2,f3,f4 CP =(-1)

where L = (a1bs — byaz)(asby — bzay).



Theorem 0.7. (Reciprocity laws for the new 4-function local symbols) Let f1, fa, f3, fa be
non-zero rational functions on a smooth complex projective surface X, then the following
reciprocity laws hold:

(a) 1
LLh for £, Fa} e = 1,
g

where the product is taken over all point P of a fized curve C. Here we assume that the
divisor ;_, |(fi)| in X has strict normal crossings.
(b)
H{f17f2,f3,f4}g)p =1,
C

where the product is taken over all curves C passing through a fized point P. Here we
assume that the divisor U?Zl |(fi)| in X is a strict normal crossing divisor after a single
blow-up X — X at the point P € X.

Remark: In part (a), for convenience for the analytic construction, we assume that
Uj‘zl |(fi)| is a strict normal crossing divisor. That assumption can be removed using
invariance of the first 4-function local symbol under blow-ups, which allows to extend
the definition of the 4-function local symbol to any complex projective surface and any
divisor U?Zl |(fi)]. For part (b), we use a single blow-up X — X at the point P € X.
Then, we apply part (a) of the Theorem 0.7 for the first 4-function local symbol to the
divisor U?Zl |(f;)| on the surface X (see Definition 3.8 and Lemma 3.9) and relate it to
the second 4-function local symbol on x from part (b).

Our approach is based on new types of symbols which we call bi-local symbols. They
allow us to refine the local symbols that we study (the Parshin symbol, the 4-function
symbols) in the sense that the local symbols of interest are presented as products of the
bi-local symbols and then reciprocity laws are proven for the latter.

Our reciprocity laws have a K-theoretic interpretation that can be found in the
Appendix.

We learned from Pablos Romo that recently a third proof of the reciprocity laws for
the 4-function local symbols, as well as new results about refinements of the Parshin
symbol were obtained [PR2].

The work in this paper is related to other results in the area. Brylinski and McLaugh-
lin (see [BrMcL]) used gerbes to define the Parshin symbol. Here we give an alternative,
more analytic approach, based on iterated integrals over membranes. We should mention
a few other approaches to tame symbols and to the Parshin symbol, for example, [D1],
[OZh], [PR1].

Structure of the paper

In Subsection 1.1, we recall basic properties of iterated integrals over paths. Then,
in Subsection 1.2, we prove Weil reciprocity, using iterated integrals, by establishing
first a reciprocity law for a bi-local symbol, and then removing the dependence on the
base point, we recover the Weil reciprocity for the tame symbol on a curve. Subsection
1.3 gives a construction of two foliations. They are needed for the definition of iterated
integrals on membranes, presented in Subsection 1.4. Such integrals are the key technical
ingredient in this paper.



Section 2 contains the first type of reciprocity laws for the Parshin symbol (Theorem
2.9) and for the first 4-function local symbol (Theorem 2.13), where the product of the
symbols is over all points P of a fixed curve C on a surface X. The proofs are based on
the reciprocity laws for bi-local symbols (Theorem 2.6) expressed as iterated integrals
on membranes. Certain products of bi-local symbols become local symbols such as the
Parshin symbol or the first 4-function local symbol. We call such products a refinement
of the Parshin symbol or a refinement of the first 4-function local symbol. Moreover, the
product of bi-local symbols that express the Parshin symbol or the first 4-function local
symbol are homotopy invariant functions on a double free loop space (see Definition 2.5).

Section 3 is about the second type of reciprocity laws, where the product of the
symbols is taken over all curves C on X passing though a fixed point P. We also define
bi-local symbols suitable for the second type of reciprocity law. Then the corresponding
reciprocity laws are proven for the bi-local symbols (Theorem 3.2), the Parshin symbol
(Theorem 3.7), and the second 4-function local symbol (Theorem 3.11). The bi-local
symbols in Section 3 provide a second type of refinement of the Parshin symbol and of
the second 4-function local symbol.

For convenience of the reader, in the Appendix we give an alternative proof of the
reciprocity laws of the 4-function local symbols based on Milnor K-theory.
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1 Geometric and analytic background

1.1 Iterated path integrals on complex curves

This Subsection contains a definition and properties of iterated integrals, which will be
used for the definition of bi-local symbols and for another proof of the Weil reciprocity
law in Subsection 1.2.
Let C C P* be a smooth complex curve. Let f; and fo be two non-zero rational
functions on C. Let
v:[0,1] = C

be a path, which is a continuous, piecewise differentiable function on the unit interval.



Definition 1.1. We define the following iterated integral

drds _ i &
~ fl f2 /0<t1<t2<1 <f1 > (tl) ’7 <f2> (t2)'

The two Lemmas below are due to K.-T. Chen [Chl].

Lemma 1.2. An iterated integral over a path ~v on a smooth curve C is homotopy
invariant with respect to a homotopy, fixing the end points of the path .

Lemma 1.3. If v = v is a composition of two paths, where the end of the first path
1 is the beginning of the second path o, then

/ dy _dfs [ dfs df2+/ df1/ df2+/ dfy_df>
e ST f2 wh fo JyhlJyfo Jyuh T

Let o be a simple loop around a point P on C' with a base point Q. Let 0 = yogy~!,
where g is a small loop around P, with a base the point R and let v be a path joining

the point @) with R.
The following Lemma is essential for the proof of the Weil reciprocity (see also [H1]).

Lemma 1.4. With the above notation, the following holds

dh df2 _ [dfh [ df [ dh df dfy dfz
aflof2_/ /00 oo J1 f2+/00f1 1 f

Proof. First, we use Lemma 1.3 for the composition yo¢gy~!. We obtain
dfi df2  _ af df 2 df1 dfa af df 2
fU I f7 f11 +f’7 on fa +f00 f11

L R L P e e L e

(1.1)

Then, we use the homotopy invariance of iterated integrals, Lemma 1.2, for the path
vy~1. Thus,
0= / dfv _dfs
= — O ——.,
yy—1 fl f2

Finally, we use Lemma 1.3 for the composition of paths yy~!. That gives

— dfy Jdf2 _ dilodﬁ df1 @ dfy _dfz
0—/7 / . (1.2)

1 fa fe N +1 f2 1 fi

The Lemma 1.4 follows from Equations (1.1) and (1.2). O



1.2 Weil reciprocity via iterated path integrals

Here, we present a proof of the Weil reciprocity law, based on iterated integrals and
bi-local symbols. This method will be generalized in the later Subsections in order to
prove reciprocity laws on complex surfaces. Similar ideas about the Weil reciprocity law
are contained in [H1], however, without bi-local symbols.

Let  be a rational function on a curve C' C P*, representing a uniformizer at P. Let

a; = ordp(f;).

and let
gi=x""fi.

Then P g p
dfi _  dv dgi

fi e g
Let of be a small loop around the point P, whose points are at most at distance € from

the point P. One can take the metric inherited from the Fubini-Study metric on P¥.
Put o = 0¢ in Lemma 1.4, then

Lcji? Ugcjf:%z'@/vcj{?:2wia2(a1AC?+L6;g;>.
LS%L—1%:2ﬂial<_a2[y?_/yCZ’E>.

From [H1], we have that

Similarly,

dfy . dfy (27i)?

li = . 1.3
lim e 5 102 (1.3)
Using Lemma 1.4, we obtain
dfy d , ,
ah o a2 _ 27i (a2 log(g1) — a1log(g2) + miajaz) ]g
o f2 f2

After exponentiation, we obtain
Lemma 1.5. With the above notation the following holds
1 [dh df2> 91 (9(112 )1 i < i >1
exp|o— | —o— | =)= (P) | =a = (-D)"*" "% (P) | Zar
p( [ FroT) = ome i) (@) = ol (@

Definition 1.6. (Bi-local symbol on a curve) With the above notation, we define a bi-
local symbol

ag as -1
(o £22 = (cnyme I ) (L(@)) | (1.4)

2 2



Let the curve C' be of genus g and let Py,..., P, be the points of the union of the
support of the divisors of fi; and fo. Let o1,...,0, be simple loops around the points
Py, ..., P,, respectively. Let also a1, f1,..., a4, 84 be the 2g loops on the curve C' such
that

771(07@) =< Ula'-'7Un7a1751a"'7anaﬁn >/N7

where § ~ 1, for

n g
:HWHO‘J’@

i=1 j=1

From Theorem 3.1 in [H1], we have

/aﬁalﬁlfj{;l dfy /dfl/dfz /d /66?11

Using the above result, we obtain that

i @ % 2 - dfl de
0= iR o SO m*;/m iR

Lemma 1.7.

where the sum is over simple loops o; around each of the points P;. Then we obtain:

Theorem 1.8. (Reciprocity law for the bi-local symbol (1.4)) With the above notation,
the following holds

H{f17f2}g =1
5

If we want to make the above reciprocity law into a reciprocity law for a local symbol
we have to remove the dependency on the base point ). This can be achieved in the
following way: In the reciprocity law for the bi-local symbol, the dependency on @ is

[151@a@ ™ - FQERFer T« (@) e feor s

= [1(Q)°f2(Q)° =1

Thus, we recover Weil reciprocity:

Theorem 1.9. (Weil reciprocity) The local symbol

a2

{f1, fa}p = (1) (P).

2

satisfies the following reciprocity law
[I{f f23p =1,
P

where the product is over all points P in C.

10



1.3 Two foliations on a surface

The goal of this Subsection is to construct two foliations on a complex projective algebraic
surface X in P*. This algebro-geometric material is needed for the definition of iterated
integrals on membranes presented in Subsection 1.4.

Let f1, fo, f3 and f4 be four non-zero rational functions on the surface X. Let

4
CUCLU---UC, = Idiv(f).

i=1
where we fix one of the irreducible components C. Let
{P,...,Py} =CN(CLU---UC,).

We can assume that the curves C,C1,...,C, are smooth and that they form a strict
normal crossing divisor on X, by allowing blow-ups on the surface X. For the second
type of reciprocity laws, where the product of the symbols is over all curves passing
through a point P, we require that strict transforms of the curves C, C,...,C, under a
single blow-up at the point P together with the exceptional curve form a strict normal
crossing divisor.
The two foliations have to satisfy the following
Conditions:

1. There exists a foliation F} such that
(a) F) = (f —v)o are the level sets of a rational function
f:X =P,

for small values of v, (that is, for |v| < € for a chosen €);
F] is smooth for all but finitely many values of v;

F) has only nodal singularities;

orde(f) =1;

R ¢ Cj, fori=1,...,M and j =1,...,n, where

{Ri,...,Ry}=CnN (D U---UDy)

and
FéZ(f)0=CUD1U--'UDm.

2. There exists a foliation Gy, such that
(a) Gy = (g — w)p are the level sets of a rational function
g: X — Pl
(b) Gy is smooth for all but finitely many values of w;

(c) Gy has only nodal singularities;

(d) g|c is non constant.

11



3. Coherence between the two foliations F’ and G-

(a) All but finitely many leaves of the foliation G are transversal to the curve C.

(b) Gy(p, intersects the curve C transversally, for i = 1,..., N. (For definition
of the points P; see the beginning of this Subsection.)

(c) Gg(r,) intersects the curve C transversally, for i = 1,..., M. (For definition
of the points R; see condition 1(e).)

The existence of f € C(X)* satisfying properties 1(a-d) is a direct consequence
from the following result, which follows immediately from (a special case of) a result of
Thomas ([Th], Theorem 4.2).

Theorem 1.10. Consider a smooth curve C in a smooth projective surface X, with
hyperplane section Hx. There exists a large constant N € N and a pencil in |[NHx]|,
given as the level sets (f —x)o of some rational function f such that (f —x)o is smooth for
all but finitely many values of x, at which it has only nodal singularities, and C' C (f)o.

Moreover, a general choice of g € C(X)* will satisfy 2(a-d) and 3(a-c). (For instance,
the quotient of two generic linear forms on P* restricted to C' will not have branch points
in {P}U{R;}.

It remains to examine property 1(e). The proof of Theorem 4.2 in [op. cit.] contains
the basic

Observation: The base locus of the linear system HY(Io(N)) is the smooth curve C
for N > 0. So by Bertini’s theorem the general element of the linear system is smooth
away from C.

Consider C C X. By the Observation, there exists F € H%(X,O(N)) such that
ordc(F) = 1 and (F) = C + D, where D is a second smooth curve on X, meeting C
transversally (if at all).

Claim: We may choose F so that condition 1(e) holds, that is, R; ¢ C; for each i,j,
where {R1,...,Ry} = CND. Equivalently, CNDNC;=0.

Proof. Define H(Io(N))"9 to be the subset of H?(X, Io(N)) whose elements F satisfy
ordc(F) = 1 and (F) = C + D as above. Assume that for every N >> 0 and F €
HO(I¢(N))9 we have DNCNC; # () for some particular j. If we obtain a contradiction
(for some N) then the claim is proved, since this is a closed condition for each j.

According to our assumption, (F) always has an ordinary double point at the inter-
section A := C'NC; # (. In the exact sequence

0 = HY(X, I3(N)) — H(X, Ic(N)) = HY(C, NG x (N)) — H' (X, IZ(N)),

the last term vanishes by ([GH], Vanishing Theorem B) for N sufficiently large. Hence,
every section over C of the twisted conormal sheaf N/, /X (N) has a zero along A = CNCj.
Next consider the exact sequence

0 — HY(C, Ia @ NG x (N)) = HY(C, NG x (N) = CI¥ — HY(C, Ia ® N5 x (N)).

12



The last term vanishes again by [loc. cit.]. Denote the third arrow by eva. Then we
can take a section of N, / (V) not vanishing on A simply by taking an element in the
preimage of eva(l,...,1). This produces the desired contradiction. O

Consider a metric on the projective surface X, which respects the complex structure.
For example, we can take the metric inherited from the Fubini-Study metric on P* via
the embedding X < P*. Let Ut,...,Uj; be disks of radii € on C, centered respectively
at Ry,...,Rp. Let

M
Co=C-JUs—{P,...,Pn}.
j=1

Definition 1.11. With the above notation, let F, be the connected component of

M
F - (U GQ(U§)> nE,
i=1
containing Cy, for |v| << €, where

Gowey = |J Gy

welUy

Lemma 1.12. With the above notation, for small values of |v|, we have that each leaf
F, is a continuous deformation of Fy = Cy, preserving homotopy type.

Proof. From Property 3(c), it follows that C' and D; meet R; transversally (if at all).
At the intersection R;, locally we can represent the curves by xy = 0. The deformation
leads to v — zy = 0, which is a leaf of F”, locally near R;. Consider a disk U of radius ;
at (z,y) = (0,0) in the zy-plane. Then for |v] << ¢; we have that U separates F), into 2
components, one close to the z-axis and the other close to the y-axis. We do the same
for each of the points Rq,..., Ry and we take the minimum of the bounds ¢;. Then F},
will consist of points close to the curve Cj. 0

1.4 Iterated integrals on a membrane. Definitions and properties

In this Subsection, we define types of iterated integrals over membranes, needed in most
of this manuscript.

Let 7 be a simple loop around Cy in X — Cy — (Uf\il Gg(U;))- Let o be a loop on
the curve Cy. We define a membrane m, associated to a loop ¢ in Cy by

me : [0,1> = X

and
Mo (s,t) € Fi(r)) N Gy(o(s))-
Note that for fixed values of s and ¢, we have that

Frrt)) N Gy(o(s)

consists of finitely many points, where F' and G are foliations satisfying the Conditions
in Subsection 1.3 and Lemma 1.12.

13



Claim: The image of m, is a torus.
Indeed, consider a tubular neighborhood around a loop ¢ on the curve Cy. One can
take the following tubular neighborhood:

U F,N GQ(U)

lv|<e

of 0. Its boundary is Fy;y NGy, where 7 is a simple loop around Cp on X — U, Ci—
Uy, Dy and |f(7(1))] = <.

We shall define the simplest type of iterated integrals over membranes. Also, we are
going to construct local symbols in terms of iterated integrals Iy, Io, I3, I4 on membranes,
defined below.

We define the following differential forms

dfi dfe

A@ﬂﬂﬂ<ﬁAh>@ﬂ

Wﬁzm%?ﬁ@@

3

and o df
— s [ 23 A4
B(s,t) =m ( 7 A 7, ) (s,t).

The first diagram

denotes

h5[41@w

to b

The second diagram

3] A

denotes

1
55/// A(s, 1) A b(s, t2).
0 0<t1<ta<1

Note that the iteration happens with respect to t; and t5. In other word,

// A(s, t1) A b(s, t2)
0<ti<ta<1

is a differential 1-form on the loop space of X (see [Ch2]). These differential 1-forms on
the loop space of X are closed, since dA = db =0 and A(s,t) Ab(s,t) =0.
The third diagram

14



t A b

S1 S92

1
13:// /A(Sl,t)/\b(SQ,t).
0<s1<s2<1 JO

And the fourth diagram

denotes

to B

3] A

S1 52

142// // A(Sl,tl)/\B(SQ,tg).
0<s1<89<1 0<t1<ta<1

The integral I, is a homotopy invariant function with variable the torus of integration
m. The proof of the homotopy invariance for iterated integrals over membranes, such at
14, can be found in [H4] and in more general form in [H5].

Local symbols will be defined via the above four types of iterated integrals. The
integrals that we define below, used for defining bi-local symbols, are a technical tool for
proving reciprocity laws for the local symbols. Bi-local symbols also satisfy reciprocity
laws.

Consider the dependence of log( fi(m(s,t))) on the variables s and t via the parametriza-
tion of the membrane m.

denotes

Definition 1.13. Let
li(s,t) = log(fi(m(s,1)))

We have Di(s,t) . Oli(s,1)
i\S, i\S,
dly(s,t) = =5ds + Lo
b(S,t) = dl3(87t)
A(s, 1) = 811(;;, 2 %éi’ D s A dt — alléi’ b alQé‘Z’ D as At (1.5)

0s ot ot Js

The above equations express the differential forms A, B and b is terms of monomials in
terms of first derivatives of Iy, l2, 3, l4. We are going to define bi-local symbols associated
to monomials in first derivatives of Iy, lo, [3, 14, which occur in

A(s,t), A(s,t1) Ab(s,ta), A(s1,t) Ab(s2,t), and A(s1,t2) A B(s2,t2)
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Definition 1.14. (Iterated integrals on membranes) Let f1,. .., fr+i be rational functions
on X, where the pairs (k,1) will be superscripts of the integrals. Let m be a membrane
as above. We define:

(a) IOV (m; f1, fo) =

_ /01 /01 (azlgz, t)d3> N <8lgéi,t)dt>

(b) 1(1’2)(771; f17f27f3) =

8l1(5,t1) 8[2(S,t1) > (alg(s,tg) )
= ds Adt; | A| ———==dt
///ogsgl; 0<t1<t2<1 ( ds oty ’ ! Oty 2

(¢) IZY(m; f1, fo, f3) =

Aly(s1,t) Ola(s1,t) ) <8l3(52, t) >
= dsi Adt ) AN ————=d
///o<51<52<1; 0<t<1 ( 0s1 ot o 0s2 *2

(d) 1(2’2)(m; f17f27f37f4) =

_ //// <al1(81,t1) alQ(Sl,tl)dsl/\dh) A
0<s1 <sp<1; 0<t; <t2<1 ds1 oty

0l3(s2,t2) Ols(s2,t2)
AN < D5y ot dsg A ditgy

Proposition 1.15. (a) I; = I(LY ( m; f1, f2) — I (mg fo, f1);

(b) Iy = 10D (m; f1, fa, f3) — IO )(m,f27f17f3);

(c) I3 = IV (m; fu, fa, f3) = 1@V (m; fo, f1, f3);

(d) Ii = I*9(m; f1,f2,f37f4) — 1@ (m; fo, fr, fs, fa) = I®D(ms fu, fa. fa, f3) +
12D (m; fo, f1, . f3);

Consider a metric on the projective surface X inherited from the Fubini-Study metric
on P¥. Let 7 be a simple loop around the curve C of distance at most € from C. We are
going to take the limit as € — 0. Informally, the radius of the loop 7 goes to zero. Then
we have the following lemma.

Lemma 1.16. With the above notation the following holds:

(a) d
lim 7 1)(m07 fi, f2) = (27”)R68£ L
fm Rl s
(b) (2i)2 df dfs [ dfx
e 2 3 1
hmI 2 (my, f1, fa, f3) = 5 Res o — Res f3 o A
(c) d dfy, d
liy 1Y (g, f1, fo, f3) = —(270) Res }1;2 ]{;1 és
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(d)

-\ 2
(27i) Resd—fQResd—f4 d—fl o %

2 f2 falo 1 3

Proof. First, we consider the integrals in parts (a) and (c), where there is integration
with respect to the variable ¢ in the definition of the membrane m. Let m(s,-) denote
the loop obtained by fixing the first variable s and varying the second variable ¢.Then,
there is no iteration along the loop m(s, ) around the curve C, for fixed value of s. Using
Properties 1(d) and e(b), the integration over the loop m(s,-) gives us a single residue.
This process is independent of the base point of the loop m(s,-). That proves parts (a)
and (c).

For parts (b) and (d), we have a double iteration along the loop m(s,-) around the
curve C, where the value of s is fixed and the second argument varies. After taking
the limit as € goes to 0, the integral along m(s,-), with respect to ¢; and t2, becomes
a product of two residues (see Equation (1.3)), which are independent of a base point.
That proves parts (b) and (d). O

hmI(Z’z)(ma'vflvaaf3af4) = -
e—0

2 First type of reciprocity laws

2.1 Reciprocity laws for bi-local symbols

In this Subsection, we define bi-local symbols and prove their reciprocity laws. Using
them, in the following two Sections, we establish the first type of reciprocity laws for the
Parshin symbol and for a new 4-function symbol. By a first type of reciprocity law, we
mean that the product of the local symbols is taken over all points P of a fixed curve C'
on the surface X.

Consider the fundamental group of Cy. We recall that Cj is essentially the curve
C without several intersection points and without several open neighborhoods. More
precisely,

Co=C—|JGu: | nC— (Ucy) nc.
j=1 i=1

where U7 is a small neighborhood of R; on the complex curve C. We recall the notation
for the intersection points

{P,...,Py}=CN(CLU---UCy),

{R177RM}:CQ(D1UUDWL)7

Let
Trl(CQ,Q) =< 0’1,...,O’n,a1,,81,...,ag,ﬁg >/N

be a presentation of the fundamental group, where
0 ~1,

for

6:H0i

=1 J
17

[aj, Bj].
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We are going to drop the indices ¢ and j. Thus, we are going to write P instead of
P; or R;j and o instead of 0;. Consider the definition of a membrane m,, associated to
a loop o, given in the beginning of Subsection 1.4. Let m,(s,-) be the loop obtained by
fixing the variable s and letting the second argument vary. Similarly, m,(-,t) denotes
the loop obtained by fixing the variable ¢ and letting the first argument vary.

Definition 2.1. Let ay = orde(fx) and by, = ordp((z~% f)|c), where x is a rational
function, representing an uniformizer such that ordc(x) = 1 and P is not an intersection
of any two of the components of the divisor of x.

It is straightforward to represent the order of vanishing as residues, given by the
following:

Lemma 2.2. We have

! / df 1 / df
ap = — — and by=— -
270 Sy (s, Tk 2700 g () Tk

Using properties 1(d) and 3(b), we should think of m,(-,t) and m,(s, ) as translates
of ¢ and of 7, respectively. Then the above integrals are residues, which detect the order
of vanishing. For example a; is the order of vanishing of fj along a generic point of C.
Then the following theorem holds, whose proof is immediate from Lemmas 1.16 and 2.2.

Theorem 2.3. (a)
(2mi) "2 lim I(l’l)(mg, fi, f2) = azby,

e—0

(b)

(27Ti)_2 hII(l) 1(1’2) (mg, fl, f2, fg) = (Wi)agagbl,
€—>

(c)

—as

exp (1) 2 lim IV (mo, f1, fo. f3)) = ({11, fs}3)

(d)
exp (2 lim [(2,2)(ma7f1,f27f3,f4)> = <{f17f3}§§) —o0s.

(27['i)3 e—0

Let us denote by « the loop «; and by 3 the loop ;. Then the following lemma
holds

Lemma 2.4. (a)
(27'['1')72 lg% I(Ll) (m[a,ﬁ] f17 f2) = O)

(b)
(2mi) 2 lg% 19D (my, 51, f1, fa. f3) = 0,

(c)
exp ((271'7:)_2 ll_l;r(l) 1(271)(m[a,m7f17f27f3)) = 1’
(d) )
exp ( lim 72 (my, g, f1, fo, f3, f4)> = L.

(27['i)3 e—0
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Proof. Tt follows from Lemmas 1.16 and 1.7. A more modern proof follows from the
well-definedness of the integral Beilinson regulator on Ky on the level of homology (see
[Kel].)

Definition 2.5. (Bi-local symbols on a surface) For a simple loop o around a point P
in Cy, based at Q, let

Log®)[fy, ..., fi+j]8,)’Q lim 149 (mg, f1,..., firg),

e—0

L2 f1, Lo IR = exp (@) 2 i 109 (mg 1, o, ) )

7

2 [fi fo o5 = exp ((2m0) 72 i 13D (o f1, fo. £3))

P2 fr. fou fu, File exp<2m lg%f(”(mmfhfz,fg,fz;))

The following reciprocity laws hold for the above bi-local symbols.
Theorem 2.6. (a) ZPLogll[fl,f ] p =0.

(6) T1p" 2 [fr. for fl G057 =
(c) Hp2l[f1,f2,f3]( e _
(d) HP22[f17f2’f37f4]C7p =1

Proof. Parts (b), (c) and (d) follow directly from Theorem 2.3 and from Weil reciprocity.
Part (a) follows again from Theorem 2.3 and the theorem that the sum of the residues
of a differential form on a curve is zero. O

2.2 Parshin symbol and its first reciprocity law.

In this Subsection, we construct a refinement of the Parshin symbol in terms of six bi-
local symbols. Using this presentation of the Parshin symbol, Definition 2.7 and Theorem
2.8, we prove the first reciprocity of the Parshin symbol (Theorem 2.9).

Definition 2.7. We define the following bi-local symbol

Prgp= ("1 for SIER0) (V20 £ IGR) (210 1 £l )
$ (20 for JBIGET) (B S FICET) (B2 1 f2] )
at the points P = P; € CN(C1LU---UCY,) and a fized point Q in C—CN(CLU---UC).

Using Theorem 2.3 parts (b) and (c), we obtain:
Theorem 2.8. (Refinement of the Parshin symbol) We have the following explicit for-

mula
P )

(P2 8) @

Pre, = (-1)
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where

and
K = ajagbs + azazby + azaiba + bibaas + babzay + bzbias.

Note that Prg p is essentially the Parshin symbol given in Definition (0.3). Recall,
the Parshin symbol is

{1 fos FsYop = (S0 (P22 17) (P).

The only difference between the two symbols is the constant factor in Prg p» depend-

ing only on the base point @ (the denominator of Prg p)- Rescaling by that constant
leads to the Parshin symbol.

Theorem 2.9. (First reciprocity law for the Parshin symbol) For the Parshin symbol,
the following reciprocity law holds

H{fb f27 f3}C,P = 17
J2

where the product is taken over points P in C N (CL U---UCy,). (When P is another
point of C then the symbol is trivial.)

Proof. Without loss of generality, we can assume that the divisor U?Zl |(fi)] in X is a
strict normal crossing divisor. The assumption can be achieved, first, by considering
successive blow-ups of the surface X to obtain a strict normal crossing divisor. Then we
can use the invariance of the Parshin symbol under blow-ups. Indeed, if J?_, |(fi)] is
a strict normal crossing divisor then a blow-up will change the parameters from (a;, b;)
to (a;,a; + b;) for i = 1,2,3. Note that the Parshin symbol is invariant under such
transformation. If we have two resolutions of singularities via blow-ups of X, X; — X
and Xo — X , we can take their fiber product X; xx Xo — X, which will be a third
resolution of singularity. Using the above change of coordinates we obtain that the
Parshin symbols on X; and on X; xx X, will be the same. Similarly, the Parshin
symbols on X9 and on X; X x Xs. Thus, the Pashin symbol is independent of blow-ups.

The reciprocity law for the bi-local symbol Prg follows at once from Theorem 2.6
parts (b) and (c). It is related to the Parshin symbol by the formula

{1 fos fstop = Prid (10 102 127) (@)

Now, we remove the dependence of Prg on the base point ). In order to do that, note
that

[1/1(@" = g1 (@%r .
P

Here g1 = 7% f;, where x is a rational function on the surface X, representing an
uniformazer at the curve C, such that the components of the divisor of x do not intersect
at the points P or ). Moreover,

Dy = (2mi) 2 (Logl’l[fz,fg]ﬁi)"? - Logl’l[fg,fQ]g)’Q>
20



by Theorem 2.3 part (a) and Proposition 1.15 part (a). Using Theorem 2.6 part (a), for
the above equality, we obtain
> D=0
P

Therefore,
[[n@P =1
P
Similarly,
[[92(@" =1and [Jgs(@)" =1,
P P
where g = 7% fi. O

2.3 First 4-function local symbol and its reciprocity law

In this Subsection, we define a new 4-function local symbol on a surface. We also express
the new 4-function local symbol as a product of bi-local symbols (Definition 2.10 and
Proposition 2.11), which serves as a refinement similar to the refinement of the Parshin
symbol in Subsection 2.2. Using the reciprocity laws for bi-local symbols established in
Subsection 2.1, we obtain the first type of reciprocity law for the new 4-function local
symbol (Theorem 2.13).

Definition 2.10. We define the following bi-local symbol, which will lead to the 4-
function local symbol on a surface.

PR = (11, for foo SI90) (2111, S Fis FI09) 7
(220 fiFo D) (21 i fan D)

Using Theorem 2.3, part (d), we obtain:
Proposition 2.11. Ezxplicitly, the bi-local symbol PRgP s given by

(faz >a3b4—b3a4 ( ag )a3b4—b3a4
1 1
a1 af

2 2

a4 a1ba—biaz (P) ' a4 ai1ba—biasz
() ()
4 4

PRE , = (1) @[ (2.1)

where
L= (a1b2 — agbl)(a3b4 — a4b3).

Definition 2.12. (4-function local symbol) With the above notation, we define a 4-
function local symbol
a2 azbs—bzay
)L < 51)

<fﬂ4 )albz—bum (P).
3
a3

4

{flanaf37f4}87)13 = (—1
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It is an easy exercise to check that the symbol {fi, f2, f3, f4}8)P is independent of
the choices of local uniformizers. See also the Appendix for K-theoretical approach for
the 4-function local symbol. Note that the relation between the bi-local symbol PR8 P

and the local symbol {f1, f2, f3, f4}g,)13 is only a constant factor depending on the base

point (). There is a similar relation between the bi-local symbol Prg p and the Parshin
symbol { f1, fa, f3}c,p-

Theorem 2.13. (Reciprocity law for the first 4-function local symbol) The following
reciprocity law for the 4-function local symbol on a surface holds

H{fl7 f27 f37 f4}(clv7)P =1,
P

where the product is taken over points P on a fixed curve C.

Proof. Without loss of generality, we can assume that the divisor U?Zl |(fi)] in X is
a strict normal crossing divisor. The assumption can be achieved, first, by considering
successive blow-ups of the complex projective surface X to a obtain strict normal crossing
divisor.

Similar to the Parshin symbol the 4-function local symbol is invariant under blow-
ups. Indeed, if (Ji_, |(f;)| is a strict normal crossing divisor then a blow-up will change
the parameters from (a;, b;) to (a;,a; +b;) for : = 1,2,3,4. Note that the first 4-function
local symbol is invariant under such transformation.

Note also that both a torus of integration and the two foliations can push-forward
with respect to a blow-up map. That allows to transfer analytic tools to a general
complex projective surface.

Using Theorem 2.6 part (d), we obtain that the bi-local symbol PRg p satisfies a
reciprocity law, namely, 7

H PRE , = (2.2)

where the product is over all points P in CN (CyU---UC,,). In order to complete the
proof of Theorem 2.13, we proceed similarly to the proof of the first Parshin reciprocity
law. Namely,

Hg Jealastameats) — g,(Q)e2 Zop wsbimaibs — ()"0 = 1, (2:3)

where g1 = £~ f1 and x is a rational function representing an uniforminzer at the curve
C, such that the components of the divisor of x do not intersect at the points P or Q.
The last equality of (2.3) holds, because

ashy — asby = (270) 2 (Log" [, fald? = Log"' 1. fi]E7) = 0

and
S (2mi) 2 (Log™ [fa, Sl — Log™ [fa, fsls) =0,
P
by Theorem 2.3 (a) and Theorem 2.6 (a), respectively. O
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There is one more interesting relation for the 4-function symbol, whose is a direct
consequence of the explicit formula of the symbol.

Theorem 2.14. Let

Rijk = {fis 5, s ik e p-
Then R;ji; has the same symmetry as the symmetry of a Riemann curvature tensor with
respect to permutations of the indices, namely

Rijii = —Rjitt = —Rijik = —Rpiij-

3 Second type of reciprocity laws

3.1 Bi-local symbols revisited

In this Subsection, we define bi-local symbols, designed for proofs of the second type of
reciprocity laws for local symbols. These bi-local symbols also satisfy reciprocity laws.
Using them, in the following two sections, we establish the second type of reciprocity
laws for the Parshin symbol and for a new 4-function new symbol. By a second type of
reciprocity law, we mean that the product of the local symbols is taken over all curves
C on the surface X, passing through a fixed point P.

Let C4,...,C, be curves in X intersecting at a point P. Assume that C1,...,C), are
among the divisors of the rational functions fi, ..., fa. Let X be the blow-up of X at the
point P. Assume that after the blow-up the curves above C1, ..., C, meet transversally
the exceptional curve F and no two of them intersect at a point on the exceptional curve
E.

Let D be a curve on X such that D intersects E in one point. Setting

P, =EnCy,
where C}, is the strict transform of C} under the blow-up, and
QR=EnND,
Definition 3.1. We define the following bi-local symbols

B[, .,fHJ]Ck =9 [f1,. . "fi+j]§51?13(,:)'

Theorem 3.2. The following reciprocity laws for bi-local symbols hold:

(a)
[1"200 fo eGS0 =1
Ck
(b) )
H2’1[f17f27f3](c%}313 =
Ck
(c)
H2,2[f17f27f37f4]gk)7£ =
Ck

where the product is over the curves C, among the divisors of at least one of the rational
functions f1,..., fa, which pass through the point P.
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The proof is reformulation of Theorem 2.6, where the triple (C, D, P) in the above
Theorem correspond to the triple (P, Q,C) with P = C,NE and Q = DN E in Theorem
2.6, where the curve C in Theorem 2.6 corresponds to the curve E.

3.2 Parshin symbol and its second reciprocity law.

In this Subsection, we present an alternative refinement of the Parshin symbol in terms of
bi-local symbols (Definition 3.3). This implies the second reciprocity law for the Parshin
symbol, since each of the bi-local symbols satisfy the second type of reciprocity laws (see
Subsection 3.1).

Definition 3.3. We define the following bi-local symbol, useful for the proof of the second
reciprocity law of the Parshin symbol

Pr8p = (211, for SA3R) (2100 for UER) (M1, 1, £AERT)
< (P10 L IR (3110 f G ) (P18 1 2DERT)
Let P=CNE,Q=DNE. Then
Prig = PT‘ng

Similarly to the proof of Theorem 2.9, we can remove the dependence of the bi-local
symbol P'r pon the base point Q.

Definition 3.4. The second Parshin symbol { f1, fa, fg}(g)E is the symbol, explicitly given

by
9 -
{1 fo 333 = (0% (fP 122 127) (P),
where
| 2 c3 _| ¢ a _ | e
D]. - d2 d3 9 D2_ d3 dl 9 D3_ dl d2
and

K = cicads + caczdy + cacida + didaca + dadscy + dsdyca,

with ¢, = ordg(fx) and d; = ords((y~° fr)|E). Here y is a rational function representing
an uniformizer at E such that the components of the divisor of y do not intersect at the
point P.

Proposition 3.5. The second Parshin symbol is equal to the inverse of the Parshin
symbol. More precisely,

{flanafS}g)E = ({f1, fo, f3}ep) ™!
Let
a; = orde(f;)
and
bi = ordp((z™" fi)lc),

where x is a rational function representing a uniformizer at C, whose support does not
contain other components passing through the point P.
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Lemma 3.6. With the above notation, the following holds
OrdE(fi) =c =a; + bi.

Proof. We still assume that after the blow-up the union of the support of the rational
functions fi, fa, f3 have normal crossings and no three curves intersect at a point. Before
the blow-up, let C1, ..., C, be all the components of the union of the support of the three
rational functions that meet at the point P. And let E be the exceptional curve above
the point P. Then for C' = C, we have

bi =Y _orde,(f)
=2

and

ordp(fi) =Y _ordg,(fi).
j=1

That proves the Lemma. O

Proof. (of Proposition 3.5) Consider the pairs (C, P) on the surface X and (E,C) on
the blow-up X. Then by the above Lemma, we have

R by S EE N

0
1 1
the Parshin symbol is sent to its reciprocal when we change the variables by a matrix

] . Also

The Parshin symbol is invariant under change of variables given by [

[ (1) (1] ] . That proves the Proposition. O

Theorem 3.7. (Second reciprocity law for the Parshin symbol) We have

H{f17f27f3}C,P == 17
C

where the product is over the curves C from the divisor U§:1 |(fi)l, which pass through
the point P. (For all other choices of curves C, the Parshin symbol will be equal to 1.)

Proof. We can use Proposition 3.5 and the first reciprocity law for the Parshin symbol
given in Theorem 2.9. Then Theorem 3.7 follows. O

3.3 The second 4-function local symbol and its reciprocity law

In this Subsection, We define a second type of 4-function local symbol (Definition 3.10),
which satisfies the second type reciprocity laws. By a second reciprocity law, we mean
that the product of the local symbols is taken over all curves C' on the surface X,
which pass through a fixed point P. The 4-function local symbol has a refinement (see
Definition 3.8, which provides a proof of the second reciprocity law (Theorem 3.11).
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Definition 3.8. We define a bi-local symbol, useful for the second reciprocity law for a
new 4-function local symbol. Let

PREp = < [f1: f, f3, fa] 2)ED> ( f1,f2,f4,f3] @, D)_l X

7 7

( [f2, f1. 13, fa) & 2 D) ( [f2, f1. fa, f3) & @ D)~

Let
L= (Cldg — ngl)(63d4 — C4d3),

where

c; = ordg(fy),
di = ordp((z~" f;)|E),

for a rational function x, representing a uniformizer at F, whose support does not contain
other components passing through the point P=EnC.

Lemma 3.9.
Fe2 cgdy—cads -1 o2 c3dy—cads
1T1> ~ Tl)

2

D _ L
PRCvE - (_1) i4)61d2—62d1 (P) ( C4>Cld2—62d1 (Q)’
3
c3
4

(%5

€3

s |
sl |
=

where Q = DN E.
It follows directly from Equation 2.1 and Lemma 3.6.

Definition 3.10. The second 4-function local symbol has the following explicit represen-

tation:
agtby \ @3ba—bzas
1
L ay+by
2
0 | e (P)
3
(ﬂ“%)

Theorem 3.11. (Reciprocity law for the second 4-function local symbol) We have the
following reciprocity law

-1

{f17f27f37f4}(02,)P =

H{f17f2>f3af4}g)]3 =1
c

where the product is over the curves C from the support \Ji_, |(fi)|, which pass through
the point P.

Proof. Without loss of generality, we can assume that the the divisor U?Zl |(fi)] in X is
a strict normal crossing divisor, where 7 : X 5 Xisa single blow-up at the point P.
For any complex projective surface X we can blow-up at a point P € X and use the
first 4-function local symbol with respect to the exceptional curve. See Lemma 3.9 for
comparison between the first and the second 4-function local symbols and the Remark
after Theorem 2.13 for the first 4-function local symbol on a general complex projective
surface.
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Using Theorem 3.2, we obtain a reciprocity law for the bi-local symbol PRg)LVD.

Multiplying each symbol by the same constant, depending only on @, we can remove
the dependence on (). Explicitly, the separation between the dependence on D and the
second 4 function local symbol are given in Lemma 3.9. Then we can use Lemma 3.6
in order to express the coefficients ¢; and d; in terms of a; and b;, which implies the
reciprocity law stated in the Theorem 3.11. ]

A A K-theoretic perspective on the 4-function symbol

Ivan Horozov and Matt Kerr

In this Appendix, we will give an alternative construction of the 4-function local
symbol (valid up to sign) using Milnor K-theory and the Tame symbol. This leads to a
complementary proof of the reciprocity laws. To begin, we shall recall the K-theoretic
approach to the Parshin symbol (Definition 0.3) and its reciprocity laws, due to Kato
[Ka].

Preliminaries on the Tame symbol

For a field F, let Sp+ denote the set of elements of F*. The n'" Milnor K-group KM (F)
of F is the quotient of the abelian group ®"Z[Sg+| by the subgroup generated by all
permutations of

(@ - Qap+fiRa® - Qa, —a1f1 Ras® -+ @ ap,

(i) @ - Qa,+a®a; ® - ® oy, and

(i) y@(1l—a1) Qa3 ® -+ ® ay,.
We shall write the resulting abelian group multiplicatively, as products of Milnor symbols
{ai,...,a,} (= image of @1 ® - -+ ® v, in the quotient). So for example (n = 3), by (ii)
we have {aq, ag, ag}{ag, a1, a3} = 1. An easy consequence of (i) is that {ay,...,a,} =1
if any a; = 1. We remark that K}!(F) = K5(F), and K (F) = K (F) = F*.

Specializing henceforth to the case F = C(X), for X a smooth complex projective
variety, we shall use the notations: (f) = (f)o — (f)eo € Z'(X) for the divisor of a
function f € C(X)*, where (f)o and (f)oo are effective; | Z| for the support of Z € Z1(X);
x € X! for a point of codimension 1; and a bar for Zariski closure (for instance, 7).

Let &€ = {f1,..., fn} € KM(C(X)) be given. One can show (cf. Prop. 1.2.12 of [Ke2])
that £ may be expressed as Hf\il{gﬂ, ..y gin ™, where the {g;;} C C(X)* satisfy

COdimX(i) ﬂ |(gij)6(j)’ > |J| (A1)
JjEJ
for each ¢ € {1,..., N}, multi-index J C {1,...,n}, and function € : J — {0,00},
and where X(;) := X\ U?Zlgzgl(l). The point is that we may decompose an arbitrary
Milnor symbol £ into a product of better behaved symbols, within each of which we have
control over intersections of divisors of functions away from the locus where one or more
functions are 1.
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Now fix a point x € X! (of codimension 1), and write C(x) for the residue field. The
pullback of a function g € C(X)* with ord,(g) = 0 will be denoted by g(z) € C(x)*.
The Tame symbol is a homomorphism of abelian groups

Tame, : KM (C(X)) - KM, (C(z)), (A.2)

which we shall define on an arbitrary & = {fi,..., fn} by defining it on the factors
{gi1,- ., gin} described above. Namely, for each such factor (i.e. choiceofi € {1,...,N}),
there are two possibilities: either (1) Z is contained in the closed subset X \ X;) of X;
or (2) we have z € X%Z.). In case (1), or if (in case (2)) ord,(gi;) = 0(Vj), we set
Tame,{gi1,...,9in} = 1. Otherwise, by (A.1) there is exactly one j € {1,...,n} such
that ord,(gi;) # 0; denoting this by j(7), we set

— —1)7@®or, o
Tame, {git,- - - Gin} = 1901(2), -, Gij@)s - - - » Gin(2) } T 700050 (A.3)

One may check that relations map to relations, so that (A.2) is well-defined. More-
over, given y € X2 (of codimension 2), a short computation using (A.1) and (A.3) shows
that the composition

KM(C(X) T @, oo KM (C(2) =25 KM, (C(y)) (A4)

n

is trivial. Finally, if Z is the proper transform of Z under a blow-up X LA X, then
C(x) = C(7) identifies Tamez "¢ = Tame,&.

We remark that Prop. 1.2.12 of [Ke2] relies on the Nesterenko-Suslin-Totaro result
KM(C(X)) = CH"(Spec(C(X)),n) together with Bloch’s moving lemma (cf. [op. cit.],
Cor. 1.2.6), which also gives the well-definedness of (A.2). Once one has used this to
rewrite &, triviality of (A.4) is nothing but the statement that 9od = 0 in Bloch’s higher
Chow complex. The triviality of (A.4) may alternatively be deduced from the Gersten
sequence for Milnor K-theory (proved by Gabber; cf. §6 of [Ro]).

We also note that a direct formula for Tame,{fi,..., fn} is known, cf. §1.2.3 of

ordg (f2)

[Ke2]. For n = 2, this is (—1)°"d=(/1)ordz(/2) <;§)rdx(f?)> (x); if n > 2 and ord,(f;) = 0 for
2

j > 2, then Tame,{f1,..., fn} = {Tame,{ f1, fo}, f3(z),..., fu(z)}.

Alternate description of the Parshin symbol

Henceforth we shall take dimc(X) = 2. Let € X! be a point of codimension 1, C' be
the normalization of the complete curve z, and P € C(C) be a (closed) point on C.

Definition A.1. Pc p is the composition

KM (C(X) 222 Ky(C(C)) 222 . (A.5)
Clearly Pc,p is invariant under blow-up, when Z is replaced by its proper transform.
The first reciprocity law [ pec(c) Pe, p{f1, f2, f3} = 1 follows from Weil reciprocity, and
the second law [Jo(cysp Pe,p{f1, f2, f3} =1 from (A.4). Alternatively, after a series of
blow-ups one has that U|(f;)| is a strict normal crossing divisor, with only ¢’ and C”
through P’. Then the second reciprocity law follows from the special case
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Pcr pr{fi, f2, f3} = (Pc/',Pf{fbfz,fs})fl (A.6)

of (A.4) together with Weil reciprocity on the irreducible components of the exceptional
divisor.

To check that Pc p is the Parshin symbol (0.3), it will suffice to restrict to the case
where only two of the |(f;)| contain P, by (A.1) and the fact that both symbols are
homomorphisms. (This means that both annihilate relations (i)-(iii) above for n = 3.
This is true of Po p by construction, and is an easy explicit check for (0.3) which we
leave to the reader.) Moreover, we may assume U|(f;)| is a strict normal crossing divisor,
due to invariance of both under blow-up.

Let U 5 P be an analytic open neighborhood with U N (U, |(f;)|) = U N (C U "),
and z,y € C(X)* be such that (z)|y = CNU and (y)|ly = C'NU. Then for i =1,2,3
we have f; = x%ybg; where g;|y € O*(U); the above assumptions give a; = b; = 0 for
some j, say j = 3. We compute Pc p{fi, f2, f3} =

= TamepTamec{z¥y" g1, 292" o, f3}

,f3|c}
c

al

a
= Tamep {(_1)alazybla2—bza1 ng
2

— fg(P)a1b2_a2b1

which coincides with (0.3). The reader may easily check the cases j = 1,2.

The K-theoretic 4-function local symbol
Turning to our main subject, let z, C', and P be as above.

Definition A.2. Q¢ p is the composition

Ka(C(X))%2 228 (C(0))52 — Ka(C(C))™% ¢, (A7)

Again, invariance under blow-up follows from the definition, and the first reciprocity
law from Weil reciprocity on C. On the other hand, the second reciprocity law fails
dramatically for Q¢ p, even in the setting of (A.6) above.

Example A.3. Let X = P? with coordinates [Xq : X1 : X, and put z = %,y = %

on U =X\ {Xo =0}. Working on U, set C = {y =0},C" ={x =0}, fi =, fo =
—ay, f3 = _%7]04 =Y, with auﬁ € C*. Then TameC{f17f2} =, Ta’meC’{flufZ} = ;7;7
Tamecd f3, fa} = —%, Tamec{fs, f1} =y~", and so

Qc.p ({f1, fa} @ {f3, fa}) = Tamep {x, —Z} =p

Qcr.p ({f1, f2} ® { f3, fa}) = Tamep {;;jyl} .

have no relationship whatsoever.
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To compare Q¢ p with the 4-function local symbol, invariance under blow-up again
allows us to restrict to the strict normal crossing divisor setting. As above we write

fi= a:“iybigi, and compute Qc,p ({f1, f2} ® {f37 f4}) =

= Tamep{Tamec{fh fa}, Tamec{ fs, fa}}

ai, b1

= Tamep{Tamec{xy" g1, z* 2g2},Tamec{:na3yb3g3,$a4yb4g4}}

— Tamep {(_1)a1a2wa1b2a2b1 (91’0)@ 7 (_1)a3a4xa3b4fa4b3 (93|C)a4 }
(g2lc)™ (9alc)?s

_aias [ (91(P)® (a3bg—asb3)

e (—1>(a1b2_a2b1)(a3b4—a4b3) {( 1) 1a2 ((QQ(P))G )}
asa Pyyas \ ) (a1b2—azb1)

(o (28}

1
( 1)b1a2a3a4+a1b2a3a4+a1a2b3a4+a1a2a3b4{fh f2, ]037 f4}(C,)P
This motivates the fOHOWiIlg

Definition A.4. For any f1, fa, f3, f4 € C(X)*, we set
K1f1, o f3, f)0p = Qerp (L1, fo} © {f3, fu})
(f1,f2,f3,f4)g7)p = K[f17f2,f3,f4]8,)p/ {f17f2,f3,f4}g,)p-

In light of the above computation and the properties of X[, | | ]8)13 and {, , , 8)13, we
have
Proposition A.5. The symbol ( , , , )(c%)P is invariant under blow-up, takes values in
{1, -1}, and satisfies the first reciprocity law. It is given by

(fl f2 f3 f4)CP _( 1)61a2a3a4+alb2a3a4+a1a263a4+a1a2a364 (AS)

where ap = ordo(fx) and by, = ordp((x~% fi)|c). Here x is a rational function repre-
senting an uniformizer at C such that P is not an intersection point of the irreducible
components of the support of the divisor (x).

Proof. Validity of (A.8) in general follows from the strict normal crossing divisor case
(the computation above) and invariance under blow-up. O

A direct proof of ] PeC((C)( 11, f2, f3, f4)8)P = 1 may be obtained from the following

observation. For given f, and C, aj is constant on C. Setting wy = ( akd—w + Cﬁf—:) ‘C

gives by (P) = Resp(wg), so that (using (A.8))

(f1,f2,f3,f4)8)p= exp (3 (a1a2a3Resp(ws) + azazasResp(wr)+

+azaga; Resp(wse) + agaiagResp(ws)))

The first reciprocity law then follows from the fact that the sum of residues of each wy
on C'is equal to zero.

This leads to an independent proof of Theorem 2.13, using the reciprocity laws for
K, ]g)P and (, , , )( ). In our view, both proofs are of conceptual importance. In
particular, the proof in §2 seems promising for the general prospect of building symbols

satisfying reciprocity laws in higher dimension from bilocal symbols.
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Analogues of the second 4-function local symbol

Now we proceed toward an alternative proof of the second type of reciprocity laws for
the new 4-function local symbol.

Let E be the exceptional curve for the blowup of X at the point P. Let C be the
irreducible component sitting above the curve C in the blow-up. We define P = C N E.
Similarly to the Proof of Proposition 3.5, we obtain

o3 1300 = (U P B 1Y 05)

for the 4-function local symbols. Similarly we define

-1

(oo for fs F)Ep = (U1 foo f, )05 (A.9)
for the sign and )
KU for S G = (5 foo S, 1110)) (A.10)

for the K-theoretic symbol.

Proposition A.6. For the sign and the K -theoretic symbol we have a second type of
reciprocity laws.

H(f17f2’f3’f4)(62')P =1

C
and

I X1, fou f3, 18 = 1,

c

where the product is taken over all curves C, passing through the point P. Here we
assume that the union of the support of the divisors \Ji_, |div(f;)| in X have normal
crossings and no two components have a common point with the exceptional curve E in
X above the point P. We denote by X the blow- up of X at the point P.
Proof. For the K-theoretic symbol we have

-1

T “Ur fo fo 2 = [ TT ¥ fos fo 1105 | =1

c P

The first equality follows from the definition of X [f1, f2, f3, f4] Cp and the second equality
from Definition A.2 and Weil reciprocity on F. O

Proof. (an alternative proof of Theorem 3.11) We have the following equalities

[{5. 2. f37f4}g)p =11 “ir. f27f3,f4]g)pH (f1, f2, f37f4)g)p =1
c c c

The first equality follows from Definition A.4 and Equations (A.9) and (A.10). The
second equality follows from Proposition A.6. O
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