Ki“d of elliptically fibered K3 surfaces:
a tale of two cycles

Matt Kerr

Abstract We discuss two approaches to the computation of transcendental
invariants of indecomposable algebraic K; classes. Both the construction of
the classes and the evaluation of the regulator map are based on the ellip-
tic fibration structure on the family of K3 surfaces. The first computation
involves a Tauberian lemma, while the second produces a “Maass form with
two poles”.
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By a seminal result of Chen and Lewis [CL], one already knows that (for fixed
lattice L) on a very general L-polarized K3 surface X, the indecomposable
K -classes proliferate like loaves and fishes to span Htlr’l(X ,R) under the
real regulator map. However, things in general are not settled for ever: the
literature lacks a large class of concrete, nontrivial examples occurring in
modular families (with the possible exception of Collino’s examples obtained
by degenerating the Ceresa cycle [Co]'). The most natural source of such
examples should be cycles supported on singular fibers of Kodaira type I,>1
in torically-induced or Weierstrass-type internal fibrations. In this paper we
consider two families of higher Chow cycles of this type, and investigate
properties of the transcendental functions produced by the real regulator
map (and a variant reviewed in §1).

Department of Mathematics, Campus Box 1146, Washington University in St. Louis, St.
Louis, MO, 63130, USA; e-mail: matkerr@math.wustl.edu

! Though presented on Jacobians of genus 2 curves, these can be transferred (using a
correspondence) to the corresponding family of Kummer K3 surfaces.
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The first cycle is on the family of H @ Eg @ Eg & (—12)-polarized Kum-
mer K3’s studied by Beukers, Peters and Stienstra [BP, Pe, PS], which is
parametrized by I'(6)*1%\$). By representing it as a family of toric hyper-
surfaces, one may produce an elliptic structure by restricting a fibration of
the ambient toric Fano threefold constructed by appropriately “slicing” its
reflexive polytope [AKMS, Ro]. In the spirit of mirror symmetry, we perform
a power series computation of the transcendental regulator for our cycle (§2,
with a technical detail resolved in §4). For our second example, we revisit the
computation of [CDKL] for the Clingher-Doran M := H & FEg & Eg-polarized
2-parameter family of K3’s, and prove the results (partially described there)
relating the real regulator to higher Green’s functions and the thesis of A.
Mellit [Me].

While neither wise nor foolish, nor meriting any superlative degree of com-
parison, we hope these constructions lead to something far, far better (or
just more general). The author would also like to thank Chuck Doran, James
Lewis, Greg Pearlstein, Duco van Straten, and Stefan Miiller-Stach for dis-
cussions related to this paper, and to acknowledge partial support from NSF
Standard Grant DMS-1068974. We are especially grateful to Adrian Clingher
for supplying Remark 3.8.

1 Real and transcendental regulators

We shall introduce only the groups and maps we require; for a more general
treatment of cycle maps see Lewis’s lectures in this volume [Le] (or §1 of
[DK]). Let X be a smooth K3 surface over C, and consider the abelian group
of “empty rational equivalences”

(finite sums)

e L la; €Q, Dy € X curves, f; € C(Dj)*;
ZQJ.(fJaDj) J andj qu(zj)*((fj)g o J

((f,D)+ (9, D) = (fg,D))

Ki(X):=

where ¢ : Dj — X is the composition of the inclusion of the curve with its
desingularization. Algebraic K7 is the quotient by Tame symbols

Ki(X) == Ki(X)/ Tame{K»(C(X))},

with Q-coeflicients understood (here and throughout). There is a “formal”
(but always zero) fundamental class map

: Ki(X)— Hg>'(X) == F?H*(X,C)n H*(X,Q) = {0}

which is “computed” by sending
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Q7= 55 q;05). % € FPD3(X)

Z:Zq](f],Dj) — T, — 2 J il I{é_ 73 (x)
z:=220;(1)+(f; (R7)) € Zi,(X)

Vanishing of Hg*!(X) implies the existence of a (2,0) current and piecewise

C*° chain 2p2(x)
= e FD*(X N7 =d=
IeC2 (X) } such that {TZ:()F .

top

The Abel-Jacobi map

H2(X,C) . {FUH3(X, )}

" H?9(X,C) 9 H2(X,Q) Hy(X,Q)

AT Ki(X) = J*HX)

is the basic invariant, and a special case of the arithmetic Bloch-Beilinson
conjecture says it should be injective. Writing log™ (+) for the (discontinuous)
branch with imaginary part € (—, 7] (thought of as a O-current), and 4.,
for the current of integration over a chain, AJ is induced by

- 1 _ _
Z — Ry ::%qu(zj)*log (fj) —Z +6r € D*X).

Rz

To spell this out, evaluating the R, against a d-closed smooth test form
w € F1A%(X) gives

AI2)@) = 5= g /D (log™ (f;))i5e + /F w,

where I is defined “up to a cycle”.
Now the group which interests us is the indecomposables

Kind(X) := K;(X) /image (C* ® Div(X)) ,
and it is conjecturally detected by

AT : KM(X) - {F'H2(X, (C)}V/Hy(x, Q).

Since AJ is hard to compute, one tends instead to compute one of two “quo-
tients”. The so-called transcendental regulator

v Kind(X) {QZ(X)}V/image {H(X,Q)}
is given (on w?? € 22(X)) by

U (Z)(w*0) = / w0,

r
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Since image{ Hi"(X,Q)} is intractable for fixed X (except for Picard rank
20), this is primarily of use variationally: if X} is a family of K3 surfaces over
a Zariski open U C P!, carrying

e an algebraic family of cycles Z;, € Ki"(X,),

e asmoothly varying (but possibly multivalued) family of chains I} as above,
and

e an algebraically family of holomorphic forms w; € 22?(X;) with Picard-
Fuchs operator Dy annihilating its periods,

then
D, / w, € Ct)
r,

is an invariant of {Z;} [DM, Thm. 3.2]. We will compute this “inhomogeneous
term” for the cycle in §2, with a small caveat (cf. Remark 2.6).
For the real regulator
i 1,1 v
re KP(X) = {H(XR))

which is really the imaginary part of AJ, the main difficulty is in producing
appropriate test forms. It is defined by

@) =2 [ Rr = T [ ol

on 2-forms wr which must be smooth, real, d-closed, of pure type (1,1), and
orthogonal to H;i;' This approach is applied to a family of cycles in §3.
In both cases, the cycles of interest arise from an elliptic fibration of X

p <+ 0,00
XDD«—]P%

\ 3
P! 5 {to}

with a nodal rational (Kodaira type I;) fiber. The class of (22, D) € Ki"d(X)
is independent of how we scale the coordinate z; it depends only on a. The
primitive class associated to such a fiber, defined up to sign, is the one
with |a| = 1. Note that its construction requires normalizing D, which can
have implications for its minimal field of definition (or its monodromy). It
has been known for a long time that similar constructions on I, fibers in
modular elliptic surfaces have trivial class in Ki"d, being in the Tame image
of Beilinson’s Eisenstein symbols [Be2]. More recent work of Asakura showed
that this is not so on elliptic “Tate surfaces” [As], but did not compute the
regulator. We defer to [CDKL] for further discussion of the context for these
computations; our personal interest lies in the novel relationships between
geometry and arithmetic they uncover through transcendental means.
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2 The Apéry family and an inhomogeneous
Picard-Fuchs equation

Our first “mathematical short story” begins with the Laurent polynomial

(u—1Dw—-1)(w=1)(1—-u—v+uv —uvw)

d(u,v,w) ==

and the toric threefold P attached to its Newton polytope

A

(whose singularity corresponding to the [ ]shall not trouble us). The minimal
resolution X; of the Zariski closure of {1—t¢ = 0} in P4 defines a K3 surface
for t ¢ {0,(v/2 £ 1)* 00} =: £, which has Picard rank 19 for general ¢ and
is birational to the family considered in [Pe] (cf. [DK]). We shall work with
t # 0 small, for which the singular fibers of the internal elliptic fibration?

7 X; — P!

(w,v,w) —» w

have Kodaira types

|w=]0]1[oo|w(t)|3 more near oo
|type|]i“|l5|lg| I | 3 more Iy’s |

More precisely, a computation shows that the I; fibers occur at the solutions
of

0 = (t*)w* + (3% — 2t*)w® + (¢ + 5t + 3t)w? + (—8t* — 20t + 1)w + (16¢), (1)
all of which but

w(t) = —16tH (t) := —16t{1 + 20t + 456t> + 11280t + - - - }

2 In the setup of [AKMS], 7 is induced by slicing A horizontally. This suggests a signif-
icant generalization of the computation carried out in this section. Also note that this
particular w has Mordell-Weil rank 1.



6 M. Kerr

are large (and asymptotic to —t=! + 3¢5 9¢~3 + ... for j = 0,1,2). With
our running assumption of “t small”, w is of course 1-to-1.

Remark 2.1. Globally speaking, (1) tells us how singular fibers swap and
collide; taking the fixed fibers into account, a resultant calculation shows
that all collisions occur for t € L' := L U {1, i—g .

On the family of K3 surfaces {X;}, let ¢; represent a family of topological
2-cycles with class in H?.(X;) and vanishing in homology at ¢t = 0, where
X, degenerates® to X = PA\(C*)3. Its class is invariant about ¢ = 0 and
unique up to scale; we fix this by saying that its image under the map T'ube :
Hy(X:) — H3(Pa\X:) is the class of the torus |u| = |v] = |w|] = 1. We
shall also need relative vanishing cycles for the internal fibration. Similarly,
for w close to 1, we let ¢, ,, denote a family of 1-cycles on the elliptic curves
Xt = 7 (w) vanishing in H;(X;); and let it also denote the multivalued
family resulting from their topological continuation. The link between these
cycles is via the Lefschetz thimble

dst,wo = U Prw € C?op(Xt)’

—
wel.wg

which has monodromy @ ., — Pt w, + ¢ as wy goes about the unit circle
counterclockwise. (Here, “¢,” is to be understood up to coboundary.) That
wp is going around both 0 and w(t) is what is important here; that X, ; is
singular is not an issue. The monodromy is the same on circles of radius less
than 1 and > w(t).

Let Z; € Ki*(X;) be the primitive class supported on X w(t), and note
that I} := &) bounds on Tz,. Over P\ L', the continuation of Z; has
significant monodromy, which can be eliminated by lifting to (the preimage
of P!\£L’ in) a double-cover of the curve (1). However, as long as ¢ remains
small, we need only that Z; has no monodromy about ¢t = 0; one way to
see this is by a limiting argument, cf. Remark 2.5 below. For the family of
holomorphic 2-forms, take

1

1
wy := — Resx,w; := —Resx,

d d d
_ du p oy du
21 211

T t6(u,v,w)

and write also

1 1 du A dv
= —Resx, ,@tw = =——R S THE
Whw 1T o Y Xt 1T g ESXw § T to(u, v, w)

Then we are aiming to compute

3 This degeneration is not semistable, which can be fixed by blowing up the components
of Xy at a few points; this need not trouble us.
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1w du p dv dw
w(Z = =— T to(uow) | w
( t)(wt) /!;t,w(t) W 271 1 </u|—|v—1 1- t¢(u,v,w) w

in terms of power series in t.
Fix real numbers 0 < n < o <« 1. We will study the behavior of the
(singular, multivalued) functions

- log(t
v(t, to) ::/q5 wr, Pt tg) :=v(t,ty) — §7(ri0) / Wy
Pt

t,w(tg)

on the set
S:={lt| <a+n} x{a—n<lto| <a+n}cC

For fixed t, the previous remarks on @, ,,, imply that ©# has no monodromy
in ¢p about a circle of radius > |¢|. For fixed ¢, U (or ) has no monodromy
in ¢ about circles of radius < |tg|, while remaining finite as ¢ — 0; and so we
may write (uniquely)

Dt to) = Y An(to)t™ for [t] < [to.
n=0

As w — w(t), [

Pt,w
w(t)), which translates to (wo—w(t)) log(wo—w(t))-type behavior for [,  w;
t,wq

wyiw 1S asymptotic to (a constant multiple of) log(w —

and thence to (tg — t)log(tg — t) for U (or v). More precisely, we must have

on S
v(t,to) = {(t —tg)log (; - 1) } Fo(t, to) + Go(t, to) (2)

and (therefore)

t
(Stﬂ(t,to) = IOg <t - 1> F(t,to) + G(t,to) (3)
0
where F,G, Fy, Gy € O(S) and 6; := t%.
Clearly, the function we must compute is v(t) := v(¢,t). By the above
formula, at least on the annulus A := {a —n < |to| < a+n}, 2(t) = v(t,t)
is monodromy-free about 0.

Lemma 2.2. 7(t) extends to a holomorphic function on the disk D = {|t| <
a+n}, and so is representable by power series on A, viz.

oo
p(t) = vmt™.
m=0
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Proof. Since the family {Z;} extends to a (global algebraic) higher Chow
cycle on a cover of the total space Uiepr\ o X¢, the associated higher normal
function is admissible on D\{0}. (See for example [BPS].) One easily deduces
(as in the proof of Prop. 5.28 in [SZ]) that its period v(¢), and hence #(t), is of
the form 3  fa q(t)t*log?(t) on D\{0}, where a € QN [0,1), ¢ € Z>0, and
faq € O(D). Any function of this form with no monodromy is in O(D). O

The proof of the following key “Tauberian lemma” is deferred to §4:
Lemma 2.3. Y 07 A, (£)t" converges uniformly on {|t| = a}, to i(t).

The computations below will show (without using Lemma 2.3!) that the
2, are given by Laurent series on A with poles of order n. Assuming this,
we may apply Cauchy’s theorem and Lemma 2.3 to obtain

~ N
1 t A, ()"
= — fn(+)1 dt = lim %dt
2 [t|I=a t N—o00 lt|=a t
N 0o
= leéo; (2 (1)1, = go (2 (£)E"],,

= Ry (4)

where [-],,, takes the m'" power series coefficient. (Notice that a corollary here
is that the last sum itself is convergent.) This will justify the rearrangements
we perform below.

Fix wy € D} (i.e. 0 < |wp| < 1), and assume ¢ # 0 is “sufficiently small”.
Then we have

/ " 5 Z,/w" 1 / dlogu A dlogv \ dw
= s —_— _— _— =
® ' 1 (271)? Jiu)=joj=1 1 — to(u,v,w) | w

o '/111;0 Z t"(ww; )" [(u - D" -=1)"1—-u—v+uw —uvw)"” dw

unvm™ } (0,0) W

t,wo

n>0

where []() takes the coefficient of u%v°, which in this case equals

e (1

With this substitution, the above integral

S S ()Y

n=0 k=0
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-m3e S Q) =

kot =
k;u

oo n n 2 n+k 2
+ 2milogw t"
gwod "> ()
n=0 k=0
in which we recognize the sum in the second term as > > t"[¢"]) =
1
@ri)? Jp, Wi
Having carried out this calculation, the result can be continued in ¢ to [¢| <
lw™*(wo)| as [, w is holomorphic there. We conclude that for (t,t9) € S
,wg

with [t| < |to],

ZN/(t,to) L _ 10gt0 / ws
Pt

; ; Wt .
2mi 2 ), s (2mi)2

tn

00 n . 9 1pl—kl—k C—k_ iye—k
-y Xli=o (D)) 16 to H(to) —(-1)
n=0 +> k=0 (n) (Hk) log(—16H (o))

and the term in braces is our ﬁ%{n(to) from above. Interpreting powers
and log of H(tp) as power series in tg, the claim below Lemma 2.3 is now
verified. We may summarize what has been proved by saying that o(¢) may
be computed by substituting tg =t in the last sum and rearranging by power
of t. Each coefficient becomes an infinite series (due to the terms with k& > ¢)
whose convergence is nontrivial and guaranteed by the preceding argument,
as is the convergence of the resulting power series for small ¢. See Remark
2.6 below for the precise domain of convergence.

Performing this computation — that is, applying (4) — we find the first few
power series coefficients:

277, 2

216 — Zmn

n>1

(2n>2

vy 1703 (2”) 25902 — 258n + 64
+73log 16 — 8
omi 4 0% Z 167 (n—2)(2n — 1)2

In particular, we recognize* the first of these as %G, where G is Catalan’s

k
constant ), -, %; one naturally wonders if the others hold arithmetic

4 cf. (for example) [DK, (6.15)ff]
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interest. The sought-for function is, of course,

v(t) Ym .m logt /
B N Iy .
D D (2ri)? J,, "

m>0

The log term can be removed by tweaking our choice of I" by a cycle (and
hence v by a period); this will simplify the computation with Dpp. Using
results from [Pe], one can compute the periods of integral cycles ¢, &, n (sent
by monodromy about t =0 to ¢, £ — 12¢,1n 4+ £ — 6 resp.) to be

/ wi = (2m)?{1 + 5t + 73t* 4 1445¢° + - - - },
Pt

log t
/ wp = 42045/ wi + (2mi){—144t — 252062 — - - -},
&t v Pt

log?t log ¢
/wt:6%/ wi+ B2 [, 86412 — 2592043 — - -+ |
e (271) o 21 J o,

the coefficients in the first of which are just [¢"]). Replacing I} by I =
I+ %{t, changes 5= to
D(t) v(it) 1 1

A, - — AL DBt
omi  omi | 122mi Jo, " e

where A = 2%, B = 7L —12.

2me)? T
Using [op. cit.], one finds that the Picard-Fuchs operator killing periods of
wy 18

o= (12 — 34t +1)63 + 2t(t — 17)67 + 3t(t — 9)6; + t(t — 5).

Applied to our “higher normal function”, this gives

~

( gFﬁ :> w L:(B—5A)t+h.o.t.

PEomi
where ) )
_ ) ()
B-54 = 10+5n§>:1 T —20;m

(2n?

= 10+5 —— > 0.
gl(ﬁnn( n+2)

So ¥ is not a period, and we conclude

Theorem 2.4. For very general t, (the continuation of) Z; has nontrivial
ind

class in Ki™*(Xy), detected by the transcendental regulator.
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Remark 2.5. The I fiber X; ,,(;) supporting Z; limits, as ¢ — 0, to the nodal
rational curve Y = {16uv = (u — 1)?(v — 1)?, w = 0} C Xo. It follows that
Xiwt) admits a normalization over C[[t]], justifying the statement that Z,
has no monodromy about 0.

In fact, Z; itself limits to a class Zy € H3(Xo,Q(3)) in motivic cohomol-
ogy, and one can use this give an alternative proof of Z;’s nontriviality. More
precisely, in the sense of [DK, sec. 6] Zy belongs to W_sH3 (X0, Q(3)) =
CH?(Spec(C), 3) = Kind(C) with AJ map to C/Q(2). Now the tangent vec-
tors of Y at the singularity (u,v) = (=1, —1) have slopes 4, which implies
that ¥ admits a normalization — and hence that Z; is defined — over Q(3)
(but not Q). By Beilinson’s variant of Borel’s theorem (cf. [Bel, Ne|, and
especially [DK, Prop. 6.2]) AJ of any cycle in Ki*4(Q(4)) has imaginary part
a rational multiple of G.

With our choices above, AJ(Zy) must match up with lim; ,o 2(¢) (cf. [DK,
Prop. 6.3]). In a different guise, AJ(Zy) has been computed in [Ke, sec. 4]
and comes out to exactly 16¢G. This proves immediately that © cannot have
been a period, and satisfyingly explains the presence of %G = % as the
leading coefficient above.

Note that the computational method really requires little more than know-
ing ¢, w(t), and Dpr, and is likely to work in greater generality than the
approach outlined in the last Remark. For instance, uncovering Zj in general
could require a nontrivial moving lemma calculation, and even here we did
not discover Zy until the presence of G in 7y suggested it.

Remark 2.6. Because there are no collisions of internal singular fibers until
to = (V2 — 1)*, Z; remains well-defined and () = ¥(Z;)(w;) monodromy-
and pole-free on Dy,. Since Z; (hence ) has monodromy about tg, this is
precisely the radius of convergence of > v, t"™.

The monodromy of {Z;} means that the “inhomogeneous term” DgLp is
algebraic rather than rational in ¢. It becomes single-valued upon pullback
to the double cover of (1) which makes {Z;} globally well-defined (so that
monodromy of the pullback of ¥ is by periods alone). It was pointed out by
D. van Straten that the curve (1) is in fact rational; it is not known whether
this is so for the double cover.

3 M-polarized K3 surfaces and a higher Green’s
function

The cycle whose real regulator we shall study appeared in §6 of [CDKL],
and we shall preface our second tale with a review of that construction,

5 where G is incorrectly identified as a transcendental number; that is the conjecture, but
its irrationality is still unproven. This has no bearing on nontriviality of 16iG modulo

Q(2).
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starting with a brief summary of material from [CD]. Let E), for each
A € P1\{0,1, 00}, denote the Legendre elliptic curve {y2 = z(z — 1)(z — \)}.
Given (a,b) € C?, the minimal resolution of

( 1 1
{YQZ — (4u® = 3au — D)W?Z — —Z*W — 5W3 = 0} CPYy.paw X Py,

2
defines a K3 surface X, of Shioda-Inose type: that is, its Hodge structure
H2.(X,p) is integrally isomorphic to HZ.(Ey, x Ey,) for certain Legendre
parameters A1, \o. It turns out that these must satisfy j(A1)j(\2) = a?,
J(A1) +j(A2) = a® — b + 1. The natural Weierstrass fibration 6 : X, , — P,
has an I, singular fiber over © = oo, which gives the generic Picard rank
18. However, for a K3 we must have deg(f.wx, ,/p1) = 2, which implies the
presence (for generic a, b) of 6 additional singular fibers, each of type I;. Our
cycle Z,, € K md(Xa’b) will be the primitive class supported on one of these,
ignoring for the moment which one, as well as issues of sign and monodromy.

One of the achievements of [CD] was an explicit correspondence inducing
the isomorphism of Hodge structures above. To produce this, notice that the
I}, embeds a Dy lattice in H?(X,,Z). This implies the existence of two
sections of 6 with 2-torsion difference, translating by which gives a Nikulin
involution A. This involution has a fixed point (the node) on each I; and
2 fixed points on the Ij,, from which one deduces that that the minimal
resolution of X, /N has one I} and 6 I fibers. This Kummer surface, which
we denote Ky, »,, fits into a diagram of the form

K K (5)

X E,\2
/( 1d) resy %ﬂve /N

/\1,)\2 )\17)\2

By, Xap

xR

P! P!

— where for the moment we think of (a,b) and (A1, \2) as fixed and very
general. Explicitly, Ky, », can be given as the minimal resolution of Ky, », :=

{UPX1Xo = (X1 = V)(X1 = MV)(X2 = V)(X2 = \V)} € Py, xpv)s
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. . 2 X7 Ny _y2. ;
and the elliptic fibration p by [} 7 =+ =XV V2 XX, in
terms of which the I, fibers lie over 1, %, %27 ﬁ, %, ’\){;&22 and the I
fiber over oo.

The cycle Z, is taken to lie on the I; fiber over £~!(1). With the aid of

the diagram

genus 6

contract

TE: one
v
D,
o C, 1z,
5 ODP wicoord. w/coord.
10QP % 2
| \l
8 (1)

of curves (rational except for Dy and D;) in the top half of (5), we may
construct classes in K1 of Ky, , and Ey, x E), with the same real regulator

class as Z, ;. Indeed, noting that
(7). {(Ch,21) + (Ca,22)} = Zaw,

we can set

3 = (1)« {(C1, 21) + (Ca, 22) } = 5 (m1)w {(D1, 21 0€) + (Ca, 23) }

N |

and W), x, = 3(m2)s {(D1, 21 0 &) + (Ca, 23) }. Explicit normalization of Cy
(or rather its image Cy in Ky, ,) shows that 3»,., has + monodromy in

A1(A2—1)

(S p e Note that this function is constant on the diag-

accordance with

onal.
For our test form, we now let®

wry =R {dwl A (CMZ)} € AM(Ex, x Ex,).

Y Y2

The maps m;, 7, are isomorphisms on HET’Q, and we denote also by [wr]k,
[wr]x two more classes, in Htlr’)lR of KCx,,x, resp. Xg 1, such that all three agree
under pullback to K A1, ,\271@)\1’ A, Since AJ commutes with pushforward, we
have 7(Zap) {lwrlx } = r(3x 20) {{wrlc} = r(2Wx, 2,) (wr) =

6

we will usually drop the subscript A
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1 * % 1 * *
ROw) = 5 [ (gl o iy, won = 5 [ toglalé (b, miwn). (6)
1 1 v~

€DL1(CY)

At this point, it is convenient to specialize to the Picard rank 19 locus A\ =
A =: \, along which the collisions of singular fibers do not affect p~*(1); this
eliminates the monodromy in 3, hence that in R. Writing z = x + iy = re'?,
the computation of (6) carried out in [CDKL] specializes to

_ z+i| B(2)\@) o
ROV = R\, A) = 4\/\+1|8‘E/ | A e (0
where

P\(z):= (A2-X—-1)z2*+222 —|—(/\3 2/\—|—1)

Qa(z) = (NP =2A2-2X+1)z* +222 + ()\2 1)

Sx@z) = (Z - N1 -2 (Z+1) (- (1+A1- /\2))><
X (T+A=2A)22 = 1) (2" + (M =302 +1).

An analytic argument [op. cit.] is required to show that limy_,1 R(A, A) agrees
with”

i\ rsin ¢

N=-16 [ — 1=
R(1) 6/]?1 ‘Z2+1||22_1‘2dxdy<0, (8)

whereupon we have

Theorem 3.1. For very general (a,b) resp. (A1, A2), (the continuation of)
Zap T€SP. Inynes Wy, 18 real-regulator indecomposable.

We now turn to the magnificent properties of the function R. More pre-
cisely, writing

d d
FO\) = z/E f A <;> o= ;jﬂ(*;) e AVN(Ey x By),

and A: I'(2)\$ = P'\{0, 1, 00} for the classical elliptic modular function, we

will study
AT
W(r) = m =7 (W) (M)

for 7 € $. As pointed out to the author by C. Doran, some of the general
results below have also appeared in A. Mellit’s thesis [Me]; we expect that a
simple exposition of these matters is nevertheless of value.

Denote by £& = $ the family of elliptic curves with fibers 7=1(7) =

71'(2) . . .
C/7(1,7), by £@ " § its fiber-product with itself, and by &y resp. 51(12)
the restrictions to an analytic open neighborhood U in any fundamental do-

7 since

22— 1| for z near +1, this clearly converges.
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main for a congruence subgroup I' C SLs(Z). Let 2 denote a (complex-
) analytic family of Ki-cycles on the fibres of 7(2). We may regard this
as an “analytic higher Chow cycle” on 51(]2) — that is, as a formal sum
> qi-(F;, S;) of surfaces paired with meromorphic functions F; on their ana-
lytic desingularizations, with sum of divisors > ¢;(F;) = 0 in 5(82 ). Therefore,
ry =y g;log|F;|0s, makes sense as a (1, 1) normal current on 8[(]2), of inter-
section type with respect to the fibers; likewise for the closed (2,1) current
29 = (2mifdy =) > qi ‘gi ds, -

Write 7 = X +4Y. Let 2 = = + iy resp. 21, 22 be the usual coordinates
(modulo Z(1, 7)) on fibers of 7 resp. 7(?). By abuse of notation, we have

. dzy Ndzy + dzy N dze (9)
Nr = 1y

which is in general I'-invariant, and in case I' = I'(2) matches up with the
form 7y, under the isomorphism (7(?)~1(7) = (Ej(,)*2. We shall denote
by HE ), HPE) the C relative cohomology sheaves on U, and by L* the
Leray filtration on C* forms Ak(é’[(f)). Calling a € L* AF (5,82)) 7 _closed if
do € L% we have natural maps

[ Lo A™(ED) . — AY (U HT)

to cohomology-sheaf valued forms.

Lemma 3.2. There exists a smooth form 7 € Al’l(é}(]z)) pulling back to n;,
on fibers, and satisfying:

(i) [0} € AN (UM

(ii) (07 € AU HE); and

(iii) 00f = 5557 A dr A\ d7.

Proof. Consider the C*° uniformization F': U x (C/Z(1,1)) =, &y given by
F(r,w) := (1, R(w) + 78(w)). According to the easy pullback computation

F* (dz - %?T)dr) = R(dw) + 7S (dw),

dz = dz — %dr € AM9(&y) is smooth and well-defined on &y (whereas

“dz” is not), while pulling back to dz on fibers. We compute

~  dz—d z—Z _
d(dz)z = /\dT—Fde/\dT,

from which it follows that

—  dzndr -~ dznd _z dzAd
adz) = R jdey = BTy ETE gendr = 0T

T—T T—T (t1—17)2 T—7
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_ dzndr
R

and then (by conjugation) 8(@)
Swtiching to 51(]2), since

i&\z/l /\ig +$1 /\3\22
2 T—T

i =

pulls back to i, on fibers, it is vertically closed. More concretely, we easily
compute

oy N dz o dmnde
O =i L0022 fgr o G = L0022 g
(t—7)2 (t—17)2
which gives (7)-(%) . At this point, (i) is easy and left to the reader. O

The next few Lemmas deduce properties of the function

T(r) == R(Y:) (1) = i (ry A7)
on U; of course, we have the case 9 = W|y and T = ¥|y (and ' =I'(2)) in
mind.
Lemma 3.3. We have Apy,Y = =21, where
0 0
Apyp = —Y2A = —4Y? — —
hop o7 or

is the hyperbolic Laplacian.

Proof. We shall use the fact that the pairing
7P DYYER ) v @ LAYHED ) 2.0 — DOL(U)

factors, via [ ],{JO} ®| ]{Ul}, through D°(U; H;};)@AO’I(U; 7—[717’(12) ). In particular,
any components of type AM9(U; 7—[2’<22)) in the right-hand factor are killed. (A
similar observation applies to £1A2’1(5((]2))ﬂ(2>_01.) Moreover, ry belongs to
the left-hand factor, with d[ry] = %()'@ + %Q’m

From Lemma 3.2(ii), we have

_ _ 1— _ 1 __
5T = 37D (rgy A7) = m? (z% A ﬁ) + 7 (ry A7) = 5 (2 1)
Since 8[@] =0,
_ 1 __ _ _
00T =~ (2 A 077 ) = 7 (ryy 1 007) = i (Dl 1 7))

which by Lemma 3.2(i),(iii)
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= 1 T
=7 (ry A 0OR) = mﬂ'i ) (rg AR)dr NdT = ﬁdT AdT.

O

Lemma 3.4. Let 19 € U be a CM point (i.e. quadratic irrationality), so
that m=1(1) is a CM elliptic curve. Assume that ), is defined over Q.
Then Y (7o) is of the form Y. QlogQ (i.e., is a sum of algebraic multiples of
logarithms of algebraic numbers).

Proof. On (7(2))_1(7'0) =: Ey x Ey, write ©1 = Ey x {0}, D2 = {0} x Ey,
D3 = Ap,, and D, for the graph of multiplication by 7y. The presence of D4
makes H'1(Ey x Ey), and thus [n,,], algebraic. In fact, a simple computation
shows that

Ny = 109, + a2dn, + 05351)3 + a4,

-X
in HY, with o 1= 1550 gy = [T | °,oz3::2)§/°,

7 oy := —1 (all obviously
in Q(3(7p))). We may assume (by Bloch s moving lemma [Bl]) that 9,, =
> :(gi, D;) with D; and g; Q-rational, and such that D; intersects D ;j properly

(with multiplicities all 1) away from |(g;)|. This yields immediately 7'(7y) =

@To 7770 ZZO‘J/ 10g|91|5®

i j=1

=Y. > ajloglgp)l,

i,j pED;ND;

with g;(p) € Q. O

Next, we allow ) to fail to be a cycle over a point 7 € U; that is, suppose
that the l-cycle C := > ¢;(F;) is supported on (77(2))71 (7). We say 92 is
singular at 7.

Lemma 3.5. If 7 is a CM point, then either (i) T is smooth at 7 or (ii)
T ~ clog|r — #| as 7 — %, for some ¢ € Q(I(7))". If # is not a CM point,
then the singularity is apparent; that is, T remains smooth at 7.

Proof. Since Y q; [ s _In7| is bounded by a constant and F;|; depends al-
gebraically on 7, T'(7) = > ¢ fs (log |F;|+|)n- (resp. g—T) is bounded by a
multiple of log |t — 7'| (resp. —) As in the proof of Lemma 3.3, we have

or = 77r£2) (Q’@ A 77), but 9[2y] = —2midc instead of 0. Hence
- 1 __
09T =~ (rzg_j A 877) . 77&2) YY)

T
= 5y2 o5 dT NdT — Ticdgsy,
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where ¢ := [, 7 belongs to Q(3(7)) by the proof of Lemma 3.4 if 7 is CM.

From Apyp (Y — clog|T — 7]) = =27 it now follows that %ﬂffﬂ — 0.
g|T—7]
If 7 is not CM, or if ¢ = 0 above, then [C] extends to a section of H:r’(lz) al’

indeed, C = M- (77(2))71(?) for some surface M = >~ ¢jM,; C SI(JQ). Subtract-
ing the decomposable cycle > ¢..(T — 7, M;) from 2 (and applying Bloch’s
moving lemma to make it properly intersect the fiber (W(Q))il(?)) removes
the singularity without affecting 7. O

Finally, let 5}2) % X(I') be Shokurov’s smooth compactification [Sh] of
the Kuga modular variety I'\E®) — Y(I'). (In case I' = I'(2), it has fibers
E\xEy for A € Y(I').) Consider a (higher Chow) precycle ) = 3 ¢;.(F, Si)
on 5}2), with “boundary” 3 ¢;(F;) supported on 7~1(Z) for some finite set
Z C X(I'). Let np be the (nonholomorphic, real) section of the logarithmi-
cally extended Hodge bundle ”H}rle — X (I') provided by (9). Asymptotics of
Tr(x) := r(Yr.)(nre) at points in = NY(I') are clear from Lemma 3.5, so
let k € X(IN\Y (") be a cusp (with local holomorphic coordinate g).

Lemma 3.6. (a) |Yr| is bounded by a constant near k. (b) If kK ¢ =, then
this bound is improved to a constant multiple of ﬁ\ql'

Proof. Assume for simplicity x is unipotent, so that 5}1) has a Néron N-
gon over ¢ = 0. Writing w, for a local generator of the extended relative
canonical sheaf, log|q|nry = R(wg,1 A Wg,2) limits to a nonzero homology
class on 7 1(k). If & ¢ =, then r(2r) restricts to a cohomology class on
771 (k), which pairs with the former to give a (finite) number. Dividing by
log |g| gives (b). For (a), the beginning of the proof of Lemma 3.5 shows that
when z € =, the bound is worse than that in (b) by a factor of log|q|. O

For our purposes, a higher Green’s function G(7) of weight 2k and level I’
on $) will be defined by the following properties:

G is smooth and real-valued on $° := H\{I.7} for some 7 € H;
G is I'-invariant;

AnypG = k(1 — k)G (on $H°);

G tends to zero at all cusps; and

G(1) ~ clog|r — 7| (as 7 — ) for some ¢ € Q*.

Uniqueness is clear given ¢, k, 7, I': the difference of two distinct such func-
tions would be a Maass form with eigenvalue —2, which is impossible since
Anyp is a positive definite operator. Existence is explained in [Me].

Under the conditions that 7 is CM and Sax(I") = {0}, Gross and Zagier
[GZ] conjectured (roughly) that

for any CM point 19, G(7g) is of the form Z@log Q. (10)
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(Clearly, its validity is independent of ¢ € Q*.) Mellit was able to prove this
for the case k =2, 7 =i, I' = PSLy(Z) using the above ideas together with
an explicit family of cycles. Noting that S4(I'(2)) = {0}, AM(1 4+ ¢) = —1 and
A(HE) = 2, our cycle leads to another case:

Theorem 3.7. ¥ is a Q-linear combination of two higher Green’s function of
weight 4 and level I'(2) with 7 = 1+ and %; moreover, it verifies conjecture
(10).

Proof. This follows from Lemmas 3.3-3.6, once we verify that 20 extends
to a cycle on 5}2)\7?_1({—1,2}) 5 X(I')\{-1,2}.8 Equivalently, we may
check this for 3 on the (1-parameter) Kummer family, for which the following
analysis on the singular model Ky » will suffice. Referring to (6) and (7), the
function on the nodal rational curve C; C Ié,\ » C P? whose zero and pole
cancel at the node is z; = ;—f; By a computation in [CDKL], C’l is a double
cover of a rational curve with parameter

1— 222
= 11
YT (11)
in terms of which its equation is

U?(u? + M+ 1)2 = Vw4 1)% (u+ N (Au + 1). (12)
We need to determine the values of A for which (12)vacquires a component

where 21 = 0 or 0o (& z2 = —1), i.e. where 3 := (21,C1) has boundary.
Inverting the parameter (11) to 22 = %, this happens when A\ = —1,
and also if (12) has a component with w = —1, which occurs when A = 2.

(In spite of singular fiber collisions or degeneration of the K3 at A = 0,1, 0o,
the cycle extends.) It follows that 3 has boundary only at A = —1,2. In fact,
z1 limits to both 0 and oo on components of C, in each case, and so the
boundary cannot be corrected by adding a decomposable cycle. O

So for example this shows that ¥({s) = R({s)/f({s) (made quite explicit
by (7)) satisfies (10). More generally, one might optimistically view (10) as
predicting (for each k, 7, I" as above) the existence of a family of indecompos-
able K-classes. The moral of this story is perhaps that (generalized) algebraic
cycles are far more ubiquitous, and useful, than the Hodge or Bloch-Beilinson
conjectures would suggest on their own.

Remark 3.8. In fact, we can say precisely what the linear combination in
Theorem 3.7 is. A computation by A. Clingher [Cl] shows that there is a

rational involution of the family {/Cy x}xepr over A — 1 — A sending the al-

ternate fibration p — lzfiix‘;p (hence p~1(1) — p~1(1)) and restricting to

8 It is possible, but tedious, to instead check the asymptotics for ¥ at 0, +1, 2, oo directly
from the formula (7), cf. the appendix to section 6 of [CDKL].
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the identity on K1 1. Since the cycle family {31} is preserved by this invo-

lution, ¥ is invariant under \ <+ 1 — ), and so we get that the Q-coefficients
of log |\ + 1| and log |\ — 2| in ¥ are equal.

4 Proof of the Tauberian lemma 2.3

Though we could not find this result in the literature, what follows makes
substantial use of ideas from [Ko]. We will give a fairly detailed proof, since
those working in cycles may not be familiar with this part of complex analysis.
We retain the notation of §2; with « fixed throughout.

Since F, G, Fy, Gy are holomorphic on §, they are uniformly continuous
there, hence also in

S :={(t,t0) € S|lto| = @, |t| < a}.

It is clear from §2 that # is (uniformly) continuous on S. Defining also

Sy = {(t,to) eS

t
|t0|:a7 — € [Oal]}v
to

we have So C S C S.
We work first on Sp, writing t = Bty (8 € [0,1]) with ¢y = ae™o. Set

V(B,Xo) =7 (50[61')\07 aei/\o) ’

an(No) = A, (e)ame™ o and sy (Ng) := Zﬁ;o an(No), so that V/(3, Ag) =
Yoo o an(Ao)B™ for B € [0,1). We will show that as N — oo,

sn(Ao) converges uniformly to V(1, Ao) (13)

in Ag. On {|t| = a}, #(t) = V(1, Ao) and Efj:o A, (8)t" = sy (Ao), so (13) is
equivalent to Lemma 2.3.

The first step is to break this problem into three pieces ((7)-(¢ii) below).
Using? 1 — 3" < n(1 — ) for g €[0,1],

N o)
lsv(Xo) = V(B o) = D an(o)(1 = B") = Y an(o)s"
n=1 n=N+1
N 1 e’}
<D n(=B)lano)l+ 5 D nlan(do) B
n=1 n=N+1

9 To see this, examine the function (n — 1) — ng + 8".
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N
=B Inan(Xo)| + ﬁ sup |[na, (o),

n>N

and so

N
1 1
)=V (1=-— A < — na,(Ao)| + sup |na,(Ao)| -
~(Ao) ( I 0>‘ Nn§:1| (M) n>%| (M)

Noting V(1,X9) = 7 (ce™**, ™), we therefore have the bound

|sn(Ao) — (to, to)|

N()\o)—V(l—]1],)\())’—#‘1/(1—;77)\0) SV (1= )

1
a0 + s ) v (1= ) - V)

IN

(14)

1
N

e (i) (idi)

To prove (13), we need to bound (%),(4¢),(i4¢) uniformly in ¢ (by taking N
sufficiently large). In fact, (#i) is obvious by uniform continuity of V' on Sy,
and so we turn to (4i).

Now 0;0(t,tg) = Yo onUn(to)t™ in S for |t| < [to|; moreover, for fized
to with |tg| = «, the function §;7(¢,t0) on {|t| = a} is both L' and L? (as
log, log? are integrable). Working on S, with t = vty = ftge™* = fae!M o)
(lv] £ 1), we now define

Vi(, A0) = (6:7) (yae™, ae™),
which for |y| < 1

= Z nan(Ao)y
n=0

By the Cauchy integral formula, for 0 < |8] < 1,

1 (6tﬂ)(t7t0)
(o) = 27rz‘/|t| T

1 [T (67)(Btoe™, to) . i(A+Xo)
= 2mi |, (Baciomonyer P

— g | V(BN ) e (15)

27Tanﬁnezn)\g

For fixed (small) € > 0, the reader will readily verify that
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€

lim log(e™ — 1) —log(Be™ — 1)| dA = 0.
B—=1— J_¢

In conjunction with (3), and the uniform continuity of Vi(, ) (in 7) on
{I7] < 1}\{arg(y) € (—¢, €)}, this implies

T

lim [Vi(e™, Ao) — Va(Be™, Ao)| dA = 0.

B—1— J_

Therefore, taking the limit of (15) as 5 — 1, we obtain

. 1 [ . .
na,(Xo) = 2y (to)ae™ = %/ Vi (€, Xo) e dA (16)

—1T
and then

nan (Ao +6) — nap(Ao) = %/ (Vi (6, 20 +6) = Vi (6, 00) } e~ dA

= % /7r {(&ﬁ) (eiA ) aei()\a+5)7aei(/\o+5)) ) (e“ 'aeiku’aeiko) } e~y

log(e?™ — 1) | F (aetPo+A+8) 4ei(Xo+d8)) _ F aci(>‘0+>‘),aci>‘0)] .
= — TImAGA.
on Jom + [G (aei<xo+/\+6), (,ei(AOJré)) _a (aei(AOJrA)’ aei)\o)} ¢

By uniform continuity of F' and G, the differences in square brackets can be
bounded < e by taking § sufficiently small. Together with L' integrability
of log(e* — 1), this gives (uniform) continuity of a,(\o). Similar reasoning
shows that ["_|Vi(e™, )\0)|2 d)\ is (uniformly) continuous in Ag.

As Vi (e, \o) is L?, Parseval gives

1

0o 1 T .
> Inan o)l = 5o [ Ve o)
n=0 -7

The right-hand side minus the N** partial sums of the left yields a decreasing
sequence of continuous, non-negative functions limiting to 0 pointwise. A
standard argument using compactness of the circle shows this limit must be
uniform. This proves that

[na,(Ao)| — 0 uniformly in Ao,

which takes care of (14)(i7).

To treat (14)(¢), let € > 0 be given, and let N € N be such that n > N
= |na,(Ao)| < § (VAo). For all n < N (and hence for all n), there exists
M € N such that [na,(Ao)| < M. Now, taking m > 22 we have
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m N m
1 € 1 1
— Z |na, (Xo)| < 2 WM Z nan(Xo)| + — Z [nan,(Xo)|
n=0 n=0 n=N+1
cEL¢€
AT
2 2

uniformly in Ao, which completes the proof.
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