NOTES ON THE REPRESENTATION THEORY OF SL,(R)
MATT KERR

ABSTRACT. Introductory notes with a view toward recent work on auto-
morphic cohomology, covering: (1) finite-dimensional irreducible represen-
tations; (2) parabolic induction and principal series representations; (3)
Eisenstein series; (4) modular forms; (5) cuspidal automorphic forms; and
(6) automorphic cohomology. The two appendices treat supplementary top-
ics: (I) L?(SL2(R)) and discrete series representations; and (II) Poincaré

series.

INTRODUCTION

What follows is an expanded writeup of my talks at the NSF/CBMS work-
shop on “Hodge Theory, Complex Geometry, and Representation Theory”
(Fort Worth, TX, June 18-22, 2012). Two major themes of this meeting were:

(a) the use of representation theory to study the complex geometry and auto-
morphic cohomology of arithmetic quotients I'\D = I'\G(R)/H of generalized

period domains (arising from Hodge theory); and

(b) the use of arithmetic geometry of such quotients I'\ D — particularly non-
algebraic ones — to attack the Langlands program for automorphic represen-
tations.

From either perspective, a central role is played by the decomposition of the
space °A(G, T") of cuspidal automorphic forms into irreducible submodules, and
the computation of certain Lie algebra cohomology groups of these submod-
ules. This connection was described at length in the lectures of P. Griffiths at
the workshop, and is exploited in [Ca, GGK, Ke] for Spy, SU(2, 1), and groups
of higher rank.

Though the portion of automorphic representation theory involved is rela-

tively small, and (so far) limited to the archimedean setting, it is challenging
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2 MATT KERR

for a researcher starting from the Hodge-theoretic side to build the required
intuition, particularly for the concrete computations underlying the abstract
classification results. These notes are intended to help with that process, by
telling the whole story in the simplest nontrivial case (i.e., SLs), starting with
finite-dimensional representations (§1) and modular forms (§4) and showing
how infinite-dimensional (§2) and automorphic (§5) representations grow out
of them. (After §2, the discussion is limited to the discrete and principal
spherical series.) We explain how Maass forms (§5) and Eisenstein series (§3)
enter, and continue with a discussion (§6) of n-cohomology (which, while sim-
ple, may be particularly useful). This is the material which was treated in my
CBMS lectures. The two appendices (§§7-8) explain an alternative approach
to discrete series representations via L?(G), and how this story ultimately gets
related back to that in §5.

We have chosen to concentrate on developing the material in what we hope
is an intuitive and approachable manner, rather than on technical precision
and completeness (for which the reader may may consult the many excellent
references). Nontrivial but straightforward exercises are included in every
section, to engage the reader in some of the computations. These notes are
based in part on a set which was prepared by the author as a warm up to
the joint writing of [GGK] with Griffiths and Green. That set, which is in
some ways more extensive and contains solutions to many of the exercises, is

available upon request.

Remark. As suggested by the title, and in the interest of keeping the abstrac-
tion in these notes to a minimum, we have suppressed any discussion of auto-
morphic forms on the adele group SLy(A). The reader should be aware that
what are here called “automorphic representations” are only the archimedean

components thereof.

Acknowledgments: We thank Phillip Griffiths for his comments on an earlier
version of these notes, Wushi Goldring for a helpful conversation, the anony-
mous referee for corrections, and the NSF for partial support under the aegis
of Standard Grant DMS-1068974.
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1. IRREDUCIBLE REPRESENTATIONS OF sl,

Definition 1.1. A Lie algebra (over a field IF) is a vector space g (over IF) with

an antisymmetric bilinear form [, | : g X g — g satisfying the Jacobi identity

[z, 9], 2] + [[y, 2], 2] + [[2, 2], 4] = 0.

Example 1.2. (a) For any vector space V, take g := End(V) and [z,y] :=

Ty — Y.
(b) Inside End(R?), we have

10 01 0 0
SZQ,R::<Y7N+’N_>::<(O —1)’(0 0)’<1 0)>

with [Y, Ni] = 2N, and [N,,N_] =Y.

Definition 1.3. A representation (V,p) of g is an F-linear map g % End(V)
such that

p([z,y]) = [p(x), p(y)]-

(i.e., a morphism of F-Lie algebras).

Exercise 1.4. Check that the Jacobi identity implies that
ad : g — End(g)
x [z, -]

is a Lie algebra representation.

Example 1.5. Given a finite-dimensional matrix Lie group G (over R or C)
with identity idg, consider the tangent space g = Lie(G) := Tiq,G. Writing
U, € Aut(G) for conjugation by ¢g and Ad(g) := d¥, € Aut(g), one defines
ad : g — End(g) as the differential of Ad : G — Aut(g). From e“eVe e~V =
idg + €*(ry — yx)+higher-order terms, it follows that [z,y] := (adx)(y) =
xy —yx, from which the Jacobi identity is immediate — making g a Lie algebra.

If G is connected and simply-connected, and V' is finite-dimensional, then there
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is a one-to-one correspondence

representations exp(z)rexp(p(z)) representations
(1.1) s End(V) (C* homomorphisms)
: n
P9 (dmiag m:G— GL(V)

Now the left-to-right part of (1.1) does not apply directly to SLy(R), which
(unlike, say, SL2(C)) is not simply connected. However, there is an easy “fix”:
any complex representation of sly g may be bootstrapped up to a representation
of slyc = slyr@i-slyg. Applying (1.1) gives a representation of SLy(C) which
we may restrict to SLy(R), recovering a 1-to-1 correspondence between finite-
dimensional representations of slog and SLs(R). Call this (1.1)*.

Let p: g = slog — End(V') be a Lie algebra representation. Diagonalizing
p(Y) produces a decomposition

V=@V :=DE(rY)
jeJ jeJ
into eigenspaces called “weight spaces”; let n := max(.J) be the highest weight

occurring.! For v € V;, we have

Y(Nyv) = Ny (Yo) + [¥, NoJo = (j + 2)Nyw
Jjv 2N

and similarly Y (N_v) = (j — 2)N_v, which yields a picture

N_ N,

YN
[ T T T 1
OY

Therefore, for vy € V,,, we must have N,vg = 0, whereupon

N N_vy =[Ny, N_Jvg+ 0 = Yuvy = nvy,

N N?vy =[Ny, N_.]N_vy+ N_N,.N_vy = (n+ (n— 2))N_uvy,
~—_—— —_— — —

Y n 2(n—1)

g priori, the weights (i.e. eigenvalues) are ordered by real part; below it will become clear
that they are integers, at least in the finite-dimensional case.
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lead to the general formula
(1.2) NyNFvy = k(n — k + 1)N* .

Now suppose (V, p) is irreducible. Then the images of our highest weight
vector vy by powers of N, and N_ must span V. By virtue of (1.2), it is clear
that {N*vg}r>0 spans V, and thus that dim V; =1 (Vj € J).

Further assuming dim V' < oo, we must have N™v = 0 but N™ v # 0 for
some m € N. From (1.2) it follows that m(n —m + 1) = 0, so n > 0 and
m = n+ 1. This implies —n is the lowest weight and J = {—n,—n+2,...,n}:

| [ |

-n —-n+2 n-2 n

This is the picture for all finite-dimensional irreducible representations of sl g
(and su(2)). Under (1.1)* the corresponding irreducible representation of
G = SLy(R) is the n'" symmetric power

(1.3) W, = Sym"(St)

of the two-dimensional standard representation.
If we allow dim V' = oo, then we may have n < 0, and N¥v # 0 for all k > 0:

In case —n € N, this picture and its reflection

-n —n+2

are related to the discrete series representations below. The bi-infinite ladder

which has no highest or lowest weight, will correspond to principal series
representations (in case the weights are even or odd integral). However, for
infinite-dimensional representations, (1.1)* does not apply. Our next task is to

construct infinite-dimensional sly-representations with essentially these weight



6 MATT KERR

pictures,? in such a way that it is clear that they come from (irreducible)
representations of G.

Good general references on finite-dimensional representation theory include
[Knl] and [FH].

2. PARABOLIC INDUCTION

For the remainder of these notes, G will denote SLy(R). By C&°(G), we shall
mean the smooth complex-valued functions on G. Unless otherwise mentioned,
we consider G to act on ¢ € C(G) by right translation:

(2.1) (90-®) (9) := ¢(990)-

The goal of this section is to explicitly construct infinite-dimensional represen-
tations of G inside C(G).
By applying Gram-Schmidt to its columns, any given g € SLy(R) may be

written uniquely

T cosf sind
g= Vi Ty . =: prkg =: grg
0 1/\y —sinf cosf

(with 7 := z + iy) as the product of an upper triangular matrix with posi-

tive diagonal entries times an orthogonal matrix. This leads to the [wasawa

decomposition
G = P . K = N -A-M-K,
A d ~— ~~~ —
parabolic compact unipotent Levi

(o 2)

where M = {£I} = Z/2Z = P N K, by writing

o (1) (25 (2 2)
/U 0 +1

A function ¢ € C(G) is called right K -finite if the right K-translates {k.¢ | k €
K} span a finite-dimensional vector space.
0 1

-1 0
i(2Z + 1), but otherwise the weight diagrams will be these.

%In fact, Y will effectively be replaced by ( and the weights will be in ¢(2Z) or
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Let
o: AM =2R* - C*

be a (1-dimensional) complex representation of the Levi,
g:P—C
+p, > X (1) -y
denote its pullback (trivial on N, with A € C), and

Ap = Ad(')'Lie(N) . P—C*
TPy

the modular character. (Here x is the nontrivial character on M, and € = 0 or

1)

Definition 2.1. The principal series representation induced from o is

[:t7A = IP(O') = [ndg(AZ%?)
~——

=6

- s (| O(P9) = 5(p)D(9),
(22) o {¢ € Cee) | ¢ right K-finite }
s o | FER) = X (EDF(R),
(23) restric {f SCEU) right K-finite } '

The “+” in the subscript is determined by (—1)°.

Remark 2.2. (i) In fact I, as just defined is only the underlying Harish-
Chandra ((g, K)-)module of a genuine representation of G. The latter is ob-
tained by removing the K-finite condition (which says that ¢ must be a finite
sum of K-eigenvectors). This larger space is closed under the action (2.1) of
G by right translation. The action of g resp. K (under which 74 ) is actually
closed) is the differential resp. restriction of this action.

(ii) In the definition, we “twist” by the square root of the modular character
in order that o unitary (A € i{R) imply Ip(o) unitary, and so that A becomes

the so-called “Harish-Chandra parameter”.
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The reader who has not previously encountered Definition 2.1 may wonder
both why we have begun with induced representations and why their definition
takes the form (2.2). We can partially address the latter by noting that for fi-
nite groups, with (V, o) a representation of H < G, the underlying vector space
of Ind%(c) =V % C[G] consists of V-valued functions on H\G. For topolog-
ical groups, this naturally generalizes to sections of a vector bundle (of rank
dim V'), which is what (2.2) really is. More importantly, by Harish-Chandra’s
subquotient theorem, every irreducible representation of SLy(R) which is ad-
missible (i.e. having all dim V; < 00) is a subquotient of some principal series
representation.

Turning to the computation of Ip(0), a basis for (2.3) is given by

n even, if e =0

f,(0) := ™ with .
n odd, ife=1

Noting that
Pxo+iyo, * Go+iy,0 = Y(zyo+zo)+iyyo,0>
a basis for (2.2) is

A1

¢n(gx+iy,9) = nyn(e)
The correspondence between the two bases, or the two spaces more generally
. N e A1
(viz., ¢ «— f), is given by multiplication by y 2 going one way, and evaluat-
ing at 7 = i or dividing by y% going back. Notice that functions in (2.2) are
independent of z.) Using Remark 2.2(i) and g, ks = gr9+¢, K acts via

(2.4) kb = ™ ,.

We shall briefly discuss how to obtain a formula for the action of G (extend-
ing (2.4)) on the spaces (2.2)-(2.3) without the K-finite condition. Define 7
and 0 by

gT,@ ' g/”‘yd) = gi—,é’

so that
(Qu«b-(ﬁ) (gr0) = ¢(9%,.§)
and put
Yot = gﬂﬁfb
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(Here p and ¢ are fixed.) In order to make this any more explicit, we need to

find 7 and . The idea for this is to consider the two projections

G — G/K = )

()] -

96 T 974
and
¢ » PG = P'(R) ~ g
9z — [(0,1)].gz5 = [(— sin 0, cos é)} — 20
3 Al ~
Exercise 2.3. (i) Compute that (g,4.f) (6) = Mﬁwﬂ@ by partially

carrying out this program.

(ii) Show (fy,fy) := [g fifodf is G-invariant if A € iR. Replacing the K-
finiteness by the obvious L? condition in (2.3) therefore gives a unitary repre-
sentation of G.

(iii) Prove that dg := dxggz;\de is (both left and right) G-invariant.

What we are really after is the action of g by infinitesimal right translation:

given X € g,

(Lx0)g) = oloe™)

Together with the action of K, this will give a (g, K)-module structure on

1
it will be convenient to extend C-linearly to the action of

gc:C<W,E+,E>I=C<((Z.) :)Z)’;(i _21>’;(_1@ :i)>

by defining Lie derivatives

0 -1
(2.2) hence (2.3). Since the eigenvalues of ¢ = R < 0 ) > are imaginary,

. 1 i
,CW = =1L 0 1 s EEi = 5,6 1 0 + iﬁ 0 1 .
-1 0 0 -1 1 0
Note that [W, Ey] = £2F, and [E, E_| = W.
To describe our approach to computing Lx¢ (for X € slyr), begin by writing

X _.

gro€™ =t gz 5 =17 ks =
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7(0) (1 o '0) (0 1 5 0 1
pT~<1+t 2 (0 _1)+t y (0 0)+--~ -k9-<1+t6(0)<_1 0)+~-

where 7 = 7 + i and 0 are considered as functions of ¢. Applying % and

evaluating at ¢ = 0 gives g,y X =

7(0) 1 0 #0) (01 - 0 1
i ko + , ko + 0'(0)p,k .

Taking the bottom two matrix entries alone gives

sinf cos® sin 6 cos ~ cosf sinf
s B — X: y 0 a 2/90 . 2/9 +0l O = )
() X0 (G -a) o (-5 )

which enables us to solve for §/(0) and #'(0) once we fix X. The result is then

plugged into

(£x6) (96) = 22 - #(0) + 22 - /(0) + 22 - 7(0),

where for the functions we consider % =0.
Applying the C-linear extension mentioned previously, we obtain for ¢ €(2.2)

¢ 9 m¢}

_ .99 _ 29 ) 09 __ 100

which induces operations on (2.3); in particular, we get

AE 1
(2.6) Lof=nfy, Lpfo— ;“rfnﬂ.
(Details are left to the reader.) The Lg, are commonly referred to as “raising

and lowering operators”.

Remark 2.4. From the (g, K')-module structure described by (2.6), we can im-
mediately recover the inducing parameter A\. More generally, given an arbitrary
irreducible representation of G inside C*(G), it is less immediately obvious
how to determine which I, , it “belongs” to. We need an operator which com-
mutes with all Lx, i.e. in Z(g) — the center of the universal enveloping algebra
— which may be regarded as comprising the left-invariant differential operators
on G.
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Exercise 2.5. Define the Casimir operator

1
0= (EW)2+§£W—£E+£E7.

_ 1
4

(a) Check, using [Lx, Ly] = Lix.y], that [Q, Lg.] = 0= [Q, Liy].

(b) Show that for ¢ = y = f, we have Q¢ = $(1 = X*)¢. Hence, applied to

any vector in our irreducible representation, 2 recovers A up to sign.

Here are two concrete illustrations of induced representations and their sub-

quotients.

Example 2.6. (A = 0) From (2.6), we may read off the action of £, on
Lo =1Ip(1)

-12 12 32

........ , , f f
172 -12 -3/2
and I_o = Ip(x)
A
........ f, f f, f
R L s
- +
D, Dy

1.
49
arise in connection with Maass forms as we shall see later. On the other hand,

Clearly I, is irreducible, with Casimir eigenvalue such representations

the picture shows that I_ splits into a direct sum Dy @ Dy ; the summands

underlie the two limits of discrete series for SLy(R).

Example 2.7. (A =n —1 € Z,, £ = parity of n) Applying (2.6) to Iy ,,_;

gives
________ 1 o a1 7T TT
»»»»»»»» f, 2 f_ — e fox - f, foen
- — T
Dn—] V‘{I_Z(as quotient) Dn—]

in which the irreducible submodules D) ; and D, ; underlie discrete series
and the quotient 11,4 / D} | ® D, is the finite-dimensional representation

Wy—2 in (1.3). For A € Z_, the reverse situation occurs.
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In all other cases, I , is irreducible, and this produces all irreducible admis-
sible (g, K)-modules. We have also showed (by construction) that they each
have a “globalization” to an irredicble representation of G. This globaliza-
tion is not unique,® but a unitary one is unique when it exists. The following
representations are unitarizable:

e trivial (1-dimensional quotient of I ;) — obvious;

e spherical unitary principal series Py (v) := I, ;, (v € R) — clear from
Exercise 2.3(ii);

e non-spherical unitary principal series P_(v) := I_;, (v € R*) — ditto;

e limits of discrete series Dy, Dy — ditto (since they lie in I_g);

e discrete series D}, Dy (k € Z,) — will arise inside a larger unitary
representation in §5;

e complementary series I , (0 < |A] < 1) — we will not treat these.

Finally, we should mention that there is some redundancy in our classification

of induced representations (hence of irreducible representations). Let w =

( _01 (1) >, which we can think of as representing the nontrivial element of the

Weyl group of the pair (G, K). Define a map J : C*°(N\G) — C*°(N\G) by

(']¢) (ga:+iy,0) = ¢(wgzo+iy,9)dx0'

o€R
Exercise 2.8. Check that
(i) J intertwines* the action of G (on the right), and
(i) J(Iy ) C Iy —y (ignoring the K-finite restriction).
(iii) By computing J¢,,, show that unless A € Z with parity opposite to the

“+” J: I,y — I, _) is nonzero hence an isomorphism.

Good general references for admissible representations include [Kn2], [Wa],
and [Vol.
3. EISENSTEIN SERIES
Let I' := SLy(Z). In this section we shall sketch one way in which the dis-
crete series arise as (archimedean components of) automorphic representations,
3For instance, we can remove the K-finite condition or (if A € iR) replace it by an L*-

condition.

4i.e. commutes with: we are showing this is a morphism of representations
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i.e. as submodules of the space of automorphic forms on G

(3.1) A(G,T) =& € C*(T\G) ) ) )
® right K-finite, ()-finite

|®| of polynomial growth in ¥, }

which is a (g, K)-module under (infinitesimal) right translation. This will not
yet prove that the D,f are unitarizable, which will require the complemen-
tary perspective taken in §5 where (allowing more general I') we impose rapid
decrease (rather than polynomial growth) at the cusps.

Consider, for ¢ even, the functions

dri(gro) =1y 7 € € C®(£N\G) C C®(+IN\G),

where I'y = ( é ? ) To get into C*°(I'\G), we will need to average over
(equivalently)
ST = [0 = P(Q)
/—j\‘
a b q _
2 S I () I R
lativel rational
cosets r‘? N 1ve?r boundary
prime pairs )
points
Writing vg-¢ =: g: 5, we have
. ar+b Y
F=q(r):= , §=Im(y (1)) = ——75.
PT+4q lpT + qf?

Exercise 3.1. Show that # = # — arctan (ﬁ) and thus that €20 — 20p7T+a.
pT+g

We can now carry out the average, defining “Eisenstein series” on I'\G by

Exi(grp) = > Dxre(V970)

+T N . yELT,\T

A1

= Y g ()
ged(p,q)=1
£
AL g 1 pT + q> ?
frd y 2 & .
gcd(,%l [p7 + g (pT +q

As a function of A, this is evidently absolutely convergent (uniformly on com-

pact sets) for $8(A) > 1. Assume A is not an even integer. Then writing
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50\ +1) = >_kez\ {0} ﬁ7 (kp,kq) = (m,n), and Z;n,HGZQ = D mnez\{(0,0)}1
the last displayed expression

1 , yxfgﬂ
L g
(3'2) =yze 0 {~ Z P 11 }

CA+1) ez (mT+n)" 2 (mT +n) 2
L
=:y2eE, (7).
Example 3.2. We recover holomorphic Eisenstein series of weight 27 on the
upper half plane as a special case:
1 ! 1

Eai104(T) = -,
uo1l7) = 5557) 2 o

s

A basic result is that we may meromorphically continue (in A, fixing g, )
to obtain Eisenstein series for “most” R(A) < 1; poles occur at A = 1 and (as
(3.2) suggests) for A any critical zero of the Riemann zeta function. Observing

that the averaging map ¢ — FE is right G-equivariant, we conclude the
Theorem 3.3. {E) ;}iecoz gives a copy of I. x C A(G,T) for “most” .

Remark 3.4. Notice in particular the distinguished role played by the holo-
morphic Eisenstein series in the copy of D;rj_lz it is the lowest-weight vector.
Before further discussing automorphic representations, we shall give a brief
review of holomorphic modular forms, as they play this role quite generally
for copies of holomorphic discrete series in A(G, ).

For a much more general perspective on Eisenstein series, see §5 of [Gal.

4. MODULAR FORMS

To start off a bit more generally, let ' < SLy(Z) be any arithmetic subgroup,

i.e. one that is commensurable with some congruence subgroup®
D(N) :=ker {SLy(Z) — SL2(Z/NZ)} .

For f € O($) and v € < Z Z > € SLy(Z), write

5If N = 1, I'(N) is defined to be SLy(Z).
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Exercise 4.1. Verify that (f[¥)[} = f[%,.

Definition 4.2. f belongs to the space My(I") [resp. Sk(I')] of modular
resp. cusp] forms of weight k and level T, iff (i) f = f|¥ (Vy € T) and
(i) im0 (f|%5)(7) is finite [resp. 0] (Vy € SLy(Z)).

The definition has the following geometric interpretation. Let
E DO E, = C/Z(1,7)

b {
H > 7

be the universal elliptic curve, with I' acting via

) i= (1) ).

"er+d

Exercise 4.3. Check this action is well-defined.

Assuming I is neat,® we may obtain a universal family of elliptic curves with
level structure I' by
Er=T\¢& BN \$H =: Yr.

Its k" fiber self-product admits a compactification

EF%YF
N N

& - W
due to Shokurov [Sh]. Noting that on & we have
du (et +d)a—(ar +b)c,  dr

*dr = _
crvd (eT + d)? ! (er +d)?’

(4.1) vidu =
and with some more delicate work “at the boundary”, one deduces the

Proposition 4.4. For f € O(9), the form f(7)dr Aduy A -+ A duy descends
to QFF(EF) log EE\EE) [resp. QFHY(ERD)] if and only if f € Myio(T) [resp.
Sk2(I)]-

6i.e. the eigenvalues of its elements generate a torsion-free subgroup of C*. In particular,

for T(N) to be neat we must have N > 4, so when N = 1,2,3 more care is required in
constructing the family and compactification.
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We will not use this interpretation until §6, so for simplicity we shall until
then take I' = SLy(Z) (though of course the results will all generalize). In
Definition 4.2, (i) becomes

e+ 1) = 10
2 {f(—1)= i)

the first line of which implies

f(T) — 271'17' Z anq :

_:q nez

77) then simply says
(ii) y say
(4.3) a, =0 for n <0 [resp. n <0].

Note that I' 3 —id = there are no modular forms of odd weight.

Example 4.5. Let £ > 4 be an even integer; then

1
(44) Ek = ZmnGZ

(m7 +n)k
A Mittag-Leffler Computatlon shows that

(4.5) Ey(7) —1——20“ :

n>1

€ My ().

where oy_1(n) = Z{ 0 mF~1. From the special cases Ey = 1 + 240q +

mln
2160¢%+- -+ € My(T') and Eg = 1—504q—16632¢>—- - - € Mg(T), one constructs
the modular discriminant
B} — B >

of Weierstrass.

Exercise 4.6. Check (4.4), either by directly verifying (4.2)-(4.3), or by using
the fact that it equals &, from (3.2).

Example 4.7. Define the Dedekind eta function
n(r) = [[(1 - ¢) € O().

>1
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Clearly n?* is invariant under 7 — 7 + 1, while residue theory gives that
n(—2)%* = 712n(7)%; it follows that n** = g+ --- € Sio(I).

T

Now on P! = T'\§, the local coordinate w at 0 [resp. 1, oo] looks like
(7 — )% [resp. (7 — (3)%, ¢]; so dr becomes essentially dw/\/w [resp. dw /w3,
dw/w]. Therefore f € My, (T') is equivalent to fdr®* descending to a section
of Op(—2k + EJ 0] + {%J [1] + k[oo]) (for Sex(T), replace the coefficient of
[oo] by k& — 1). This gives the

Proposition 4.8. For k > 2, dim My (I') = dim Sp(I)+1 = | |+ | 2% | —k+1.
Example 4.9. (a) dimS;»(T) =1 = n* = A

= _o7(n) —o3(n)
mzzjl oz(m)osz(n —m) = — T

for every n.

One can also show that the ring ©g>oMy(I') = C[Ey4, Eg]. A good introduc-

tory reference on modular forms is [Za].

5. CUSPIDAL AUTOMORPHIC FORMS

Let G, I', dg, etc. be as above, continuing to assume for simplicity that
[' = SLy(Z) so that there is only one cusp. Denote by °L*(T'\G) the L*-

closure (with respect to Haar measure dg) of

[o((0 1))

This is a unitary representation under the action of GG by right translation

(7(90)-®)(9) := ®(g90)-

The irreducible subrepresentations are therefore unitary, and we are interested

{cb c L*(I'\G)

in which ones appear (and with what multiplicity). By a result in represen-
tation theory, they occur discretely, so that there are countably many, and
°L*(T\@Q) is their Hilbert direct sum.

It will be convenient to study a slightly smaller space:
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Definition 5.1. The cuspidal automorphic forms

*A(G,T) := A(G,T)N°L*(T'\G)
are the smooth, - and K-finite vectors in °L?(I'\G); infinitesimal right trans-
lation endows them with a (g, K')-module structure.

In fact, °A(G,T") is the algebraic direct sum of the underlying Harish-
Chandra modules of the irreducible summands of °L?*(T\G). Our first step
in analyzing the decomposition is to convert automorphic forms to smooth
functions on $. Now °A(G,I') is the direct sum of its K-types

*An(G,T) = {® € "A(G,T) |r(kg)® = e™D },
and we define (for each m € 7Z)

o f|7 = f for every y € T’
fr\y |fPPy™2dx A dy < oo
'fo (x +iy)de =0Vy € R,

o f is wy,-finite

O (9,1) = feC?(H)

where
. 2(92 2 : S Mmoo m
W i= —Y (8I+8y)+22my37+ 5 (1 2).
A
Proposition 5.2. For each m, the map f™ : °A,,(G,T") =° C>($,T") defined
by
(5.1) f8(r) =y F 0(py),

is an isomorphism.
Proof. (Sketch) The main idea is to write down an inverse map
olml: °C(4,T) = °A,(G,T),
namely
(5:2) 7" (gr0) = €™y f(7).
Given f € C*°($), indeed one has f [m]( T) =1y 7(1350 }(pT) = f(7), while for

f
@ satistying ©(gro1a,) = €' D(gr0), we obtain @ (g) = ey f7(r) =
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e™®(p,) = ®(g,4); however, there are still all the T-automorphy, L?, cuspi-
dal, and finiteness conditions to match up. We shall check the first of these:
note that the right-hand side of (5.2)

e S0 ey g ) (Ra(2))
= Gt D = U0 = g =~ VRO
so that
(5.3) " (gr0) = (FI2,)(0),
and then
(/5" I’"I (@)

(F" 1) = = EyE el () =y Ee(m,).

Assuming  is left [-invariant, the last expression

—y 5 0(p,) = fIM(7)

as desired. O

Exercise 5.3. Check that the remaining conditions identify; in particular,

show (referring to Exercise 2.5) that

Wy = f[m] 0o dm.

Remark 5.4. For m odd, °A,,(G,I') =0 since -l € ' = &(g) = &(—g) =
O(ge™) = 7 (k) (g) = —P(g).

The next step is to use the isomorphisms of Proposition 5.2 to explicitly
realize the (g, K')-module structure on °A(G,T"), on the left-hand side of
%9, 1) = P °Cr(H,T) = P “An(G,T).
meZ meZ
The formulas (2.5) for the action of the Lie derivatives were for functions on
G which are constant in x. Redoing the computation without this assumption

(to get the missing 0, term) gives

(5.4) Lw = —idp, Lp, =e*’ {Qiyar - ;39} , Ly =e " {—22’3/(9; + ;09}
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for the action of g on °A(G,T'); it is clear that Lz, sends °A,,(G,T) to
°A,+2(G,T). To transfer these to °C*°($),T"), one defines

Ly = fI" o Ly 0 @17 22009, T) — °C2(H,T),
L) i= frs2 o L, 0 @120 (5,T) = °Ciiy(H,T)
and computes that
(5.5) Lt = m, L) = —2iy?0., LIy = 2i0, + T;;
these then “paste together” to give operators Ly, Ly, on all of °C*>(9,T").
Exercise 5.5. Verify the formulas (5.4) and (5.5).
From the form of Lp we arrive at the first main result.

Theorem 5.6. The number of independent copies of D, _; (m > 2) in°A(G,T)

is zero for m odd and {%J + {%J — 5 form even.

Proof. We claim that

(5.6) f[O??”L(g’K)(l)+ CAG,T)) = Spu(T),

m—1
whereupon the result follows from taking dimensions on both sides. Indeed,
the left-hand side of (5.6) identifies with the space ker L N °A,,(G,I") =
ker Ly N°CX($H,T") of lowest-weight vectors in weight m. Since ker Ly =

ker 0= is just the holomorphic functions, this identifies with

of|=fforally el
o [Mao+ag+--)dr=0 |

{fe@(ﬁ)

i.e. the cusp forms of weight m. O

Remark 5.7. (i) The number of copies of D,,_; in °A(G, ") is the same, since

complex conjugation ® — ® inverts weights and Lp, = £ B+~ On ), this is
O (9,1) =°C%,(9H,T)

f—y"f
(ii) An obvious corollary of the theorem is that the discrete series are unitary,
at least for those occurring with positive multiplicity (though this issue can be

eliminated by using more general I'). See §7 for another approach.
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(iii) The identification (5.6) means that to each cusp form f is attached a
cuspidal automorphic representation 7. In the literature, the representation

is itself often referred to (in a standard abuse of notation) as a cusp form.

It remains to determine which “bi-infinite ladder” type irreducible repre-
sentations live inside °A(G,T"). By Remark 5.4, these must pass through
°Ag(G,T); and we know that they must belong to the list of unitarizable rep-

resentations from §2. Now

° fr\ﬁ |f|2dx/\dy <0
°Cr(n,I) =< feC®I\9) fo (x 4+ iy)dx =0

e f is wp-finite

=P °CeH,T) Nker{wy — &}

£eE
= @ M£7
£eE
where Z(C C a priori) is some countable index set and wy = —y*A is the

hyperbolic Laplacian.

Definition 5.8. The elements of M, are the Maass cusp forms of eigenvalue

.

A short computation using integration by parts

(—?Af, f) = /M)< QAf)fdxyAdy /F\ﬁ{af

ox
shows that wy is positive definite, so that = C R,.

+

dr Ndy >0
8y}xy

If 11 y(= I, _)) is an irreducible representation occurring in °A(G,T"), then
by Exercise 2.5 ) operates as multiplication by %( 1—)?) on it. It follows that

(57) HOm(B,K) (Lr,)\v OA(Gv F)) = Mi(lf)ﬂ)v

and wy > 0 then forces (1 — A?) > 0. We have therefore either 0 < |A| < 1
(and I » in the complementary series) or A € iR (and I, ) in the principal
spherical series). In fact, a result of Selberg says that for I' = SLy(Z) (as we
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1
)
option.” Writing A\ = v and taking dimensions in (5.7) gives the

are assuming) Maass forms must have eigenvalue £ > 7, eliminating the first

Theorem 5.9. The number of independent copies of Py(v) occurring in °A(G,T")
is given by dim M 2.
4

In conclusion, °A(G,T') is the algebraic (countable) direct sum of (g, K)-
modules of type DT, D™, and P, with multiplicities described by Theorems
5.6 and 5.9.

Remark 5.10. The Eisenstein series of §3 are a complement to this in the sense
that (a) they lie outside °A(G,T') (even in some cases A(G,T) N L?) and (b)

A varies continuously.

Some excellent introductory notes are [Ga] for automorphic forms and [Sc]

for discrete series. (In particular, Gan’s notes treat automorphic forms on
SLy(A))

6. COHOMOLOGY

We now shall permit I' < SLy(Z) to be any arithmetic subgroup, so that
°A,.(G,T') can be nonzero for m odd, and limits of discrete series DF and

non-spherical unitary principal series /_ ;, can occur. Write
=tondnt =C(W) e C(E_) ® C(E,).

In general, the Lie algebra cohomology H*(n,V;) of a representation (V;, ) of
G(= SLy(R)) with respect to n is cohomology of a complex

2
(6.1) 0—>Vﬂ—d>nV®Vﬂ—d>/\nV®Vwi>---.

K acts by Ad on n (and of course also on V) hence on (6.1) and H*(n, V).
In this case, (6.1) is simply

(6.2) 0—=V, —2= Hom(n,V,) —= 0

evVE_ \L o

Va

"The generalization of this to other choices of I', which is not known, is a version of the
Generalized Ramanujan Conjecture (cf. [Sa] for an even more general discussion).
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where for v € V,
(dv)(E-) = E_.v,
and if V, is a subrepresentation of °A(G,T") then E_.v means Lg v. In any
case, (6.2) gives
H°n,V,;) = ker(E_) = space of lowest weight vectors
H'(n,V,) = coker(E,) = space of highest weight vectors

For V. one of the irreducible representations we have classified, a quick look
at (2.6) shows that this can only be nonzero for discrete series and the two

limits of discrete series. More precisely, we have

Proposition 6.1. For V, an admissible irreducible representation of G,

C ifk>1andV = Dj

0 otherwise

H(n, Vi), = { and
C ifk<landV = Di_,

0 otherwise ’

Hl(n, Vﬂ)k = {

where the subscript indexes K -eigenspaces.

Remark 6.2. (a) Note that in the H' case, n¥ contributes +2 to the K-type.
(b) The fact that only two representations have any cohomology in weight

k reflects a general result of Casselman and Osborne [CO].
Denoting the unitary dual of SLy(R) by G, we know that

(6.3) "A(G,T) = P v,
e

where only countably many of the m,(I') are nonzero. From the foregoing, it
is clear that H*(n,°A(G,T")) singles out DS and LDS representations inside
the cuspidal automorphic forms. To see the implications of this observation
for cohomology in the geometric setting, we assume (for simplicity) that I is
neat and reintroduce the elliptic modular surface & 2 Vr of 4.

Writing w := p*QéF/YF for its Hodge bundle, we see from (4.1) that w has
formal K-type —1 and that the canonical bundle Ky, = w®?. Now w admits
a canonical extension @ — Y (compatible with taking tensor powers), with a

Hermitian metric of logarithmic growth along D := Y\Yr. Using Proposition
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4.4 we find that
(Y, @®%) = M(T") and T'(Yy,0®*(—D)) = Si(T);
in particular, we have

(6.4) Ks= = 0®*(-D).

r

We are now ready to introduce a “toy model” related to the spaces studied
in [GGK, sec. 4].

Definition 6.3. The cuspidal automorphic cohomology of Yr is
S*(Yr, ) := ker { H*(Yr,@®%) — H*(D,0%|p)}.
This turns out to be equal to the L? Dolbeault cohomology

Hiy (Yr, w®F)

—w{(A\w e G eC)" ]

where A *nY corresponds to antiholomorphic differentials in the Dolbeault com-
plex, K acts on C_j through the character e=**Y ()X denotes K-invariants,
and A? denotes L? automorphic forms. Nothing is lost here by replacing the

latter by cuspidal forms,® and so the last displayed expression
(6.5) = H" (n,"A(G,T))
= @ H (n, V)"

Weé\
using (6.3). By Proposition 6.1, H*(n, V; ) is trivial or 1-dimensional. Rea-
soning as in the proof of Theorem 5.6 brings us to the essentially tautological

result

(6.6) SO(Yr,w®™) = Homg ) (D1, *A(G,T)) = S, (D),

m—1

along with (noting 1 — (2 — m) = m — 1) the more interesting statement
(6.7)
S (Vr, Ky ®(w")*™) = 8! (Y, w™ ™) = Homg ) (D, “A(G,T)) = S (T),

m—1

80ne way to see this is that only discrete series representations contribute, and for each pair
Di @ D, _, in A%(G,T), the lowest weight vector for the D, is an L? holomorphic

m—1
automorphic form in the sense of [Bo] hence cuspidal by Cor. 7.10 of [op. cit.].
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wnn

where “=” indicates a conjugate linear isomorphism.

Together, (6.6) and (6.7) lead to an “explicit” proof of Serre duality for Yr.

dxAdyNdb
2ry?

Recalling dg = the positive-definite inner product

(®q, Og) Z/ D, Dydg
NG

on °A(G,T") becomes the Petersson inner product

— dr Nd
<f17f2>m=/r\ﬁf1f2ym xy/\2 Y

on S, (). Altogether, we get a composite isomorphism

~

(6.8)  SO(Yr,w®m)

SO(Yf‘vw@m) e Sl<YF’ KYF ® (wv)®m)
c SD c

Il

recovering Serre duality in this case:

Exercise 6.4. Check S°(Yr, L) = H°(Yr, L(—D)) and S*(Yr, L) = H'(Yr, L);
then apply (6.4).

But in fact we have much more: on the level of representatives, the isomor-

phism (6.7) is given by complex conjugation

Su(T) 3 f
1

elmay%f = q)f € D;L—l

1 c.c. =

e~y (ymf) = i € D,
1

SH (Y, Kyp ® (@V)57) 3y (@dr)

(where we think of % as having formal weight +2). This does three things:

e makes “SD” (6.8) in some sense the identity map;

e gives us explicit representatives of S*(Yr,---); and

e anticipates a special case of the Penrose transforms used in [Ca, GGK,
Ke].?

9cf. §5 of [Ke] for example.
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01

Remark 6.5. If one takes instead n = (C< >, Frobenius reciprocity

tells us that H*(n,V}) is essentially always nonzero for admissible irreducible
representations V., as it has to recover the original representation of the Levi
we induced from. While less interesting from our point of view, this observation
plays a crucial role in the classification of admissible representations (cf. for

example [Wa] or, for a shortcut, the very nice review [Col).

Remark 6.6. In the more general setting of [GGK, sec. IV] where the analogue
of Yr is non-algebraic, we cannot define S*(---) as in Definition 6.3. Hence
(6.5) itself becomes the definition of cuspidal automorphic cohomology; a chal-
lenging problem would be to find some kind of equivalent geometric definition,
perhaps via L? cohomology, or — even better — in the context of the partial
compactifications [KU] of Kato and Usui.

7. ApPENDIX I: L*(G) AND THE {DZ}

Discrete series are, by definition, the irreducible representations occurring
in the discrete spectrum of L?(G). This is obviously a more natural “proof”
of their unitaricity than the approach taken (for different reasons) in §5, so we
would be remiss not to briefly treat this story.

With G = SLy(R) and dg as above, L?(G) is the completion of

G) /G\¢|2dg < oo};

G acts via 7 (right translation) and 7 (left translation: (7(go).6)(9) := ¢(g5"9)).
Write

{cb € 0%(

={o € 1%(G) ’7r ko)-6 = ™o},
{¢eL2 G) |7 (ko)-0 = ™6
(G> = L(G)" ﬂLQ(G)

)-

We shall also be interested in the spaces

/ﬁ |f|2dum}

for the weight spaces of L*(G

L2, ) = {f e 0(5)
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where dpi,, = y™ 2dx A dy, and L2 (9, i) = ker(9) C L*($), fi,,), which
carry an action of G by
Tm(9) f =g

Exercise 7.1. Check that 7, is unitary.

With fI™ and ®"l given by the formulas (5.1)-(5.2), we have isomorphisms

of representations

Plml

(7.1) (L9, i), Tm) = (LH(G)™, 7)
Flml

since

o o p(9) = Bl (9) 2 () = flis, () = 9" (o)
= (#(0).9{")(9).

Let ¢ be a lowest weight vector for a copy of D;!_; in (L?(G), ). Consider
the diagram

(7.2) (L2(85, ) )~ (L2(G)™, 7)
—2iy?0- | =L Le_
\L Plm—2] \L

(L*($9, pm—2), Fm—2) —— (L*(G)"2,7)

1%

which commutes essentially by (5.5) (and the fact that left and right trans-
lations commute). Since ¢ € ker(Lg_ ) N L*(G)™, (7.2) makes it clear that
fo[;n] € L} (9, iuy). Conversely, it is clear that given any § € L2 (9, ttm), fbgm]
generates a copy of D;\_; in (L*(@),n). We claim that

Proposition 7.2. (L} (9, itm), Tm) = D, (= (D;,_,)*) for each m > 1.
(For m <1 it is zero.)

Assuming this, we have constructed an embedding of D}, ,® D, ; in L?(G),
which is bi-equivariant in the sense that 7 restricts to the action on D}, ; and

7 to the action on D, ;. Going through a similar process for every D;" and
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D, , we recover the full discrete spectrum

(@D;_1®<D;_1>*) & (@D;_@w;_l)*)

m>1 m>1

in L*(G).

Proof. To verify Proposition 7.2, it will suffice to show (for m > 2) that

LE (9, )i = {F € L3oi($), pim) | Fom (ko) f = ™}

is 1-dimensional for k = —m, —m —2,—m —4, ... and trivial otherwise. (Look
at the list of unitary representations of G.)

Indeed, writing ¢ = —k, we have

f(ky (7)) _—ito
(7.3) (7sinf + cosf)m e Hr) (v9,7)

hence in particular (noting k, *(7) = % — ky (i) = 1)
f(z)

e e " 5(i)  (v0).

This leaves us with the two possibilities ¢ = m or (i) = 0.

Consider the first case. If @) is the quotient of two holomorphic functions
satisfying (7.3) with £ = m, then

Q(ky (7)) = Q(r) (v0),

which implies (by basic complex analysis) that @ is constant. Further, setting

fm,O(T) = W we have

f |m ( ) - ! o
m,0|—1\T - m \m*
ko <7”059’S”‘9 + z) (Tsind + cos @)™ (7 +1)

7 sin 8+cos 0

Therefore, §,,0 is the generator of L? (), ftm)_m if the latter is nonzero.
Turning to the second case, suppose f(i) = 0 (and ¢ possibly different from

m). Then F(71) := frj(g—()"') satisfies

Fky'(r)) = e F (7).
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This is only possible if F'(7) is a power of Z—;. Since this function transforms
under k; ' by 2% ¢ —m must also be even. So we define

(7.4) a7 = (T_Zja( L

T+i) (T+i)™

It remains to consider the question of when f,,  is L? with respect to diy,.

For f,,0, we have

m—2
/y,dx/\dy<oo = m>1,
f)|7-+l|2m

so that L,(9, pm) = {0} <= m < 1. For f,,.q,

/ 2 m—2
)

T—1 Y
i.e. for our purposes m > 2 and a > 0. J

T4+1

’T+i|2mda:/\dy<oo <~ m>landa> —1,

The proof gives at once the following

Corollary 7.3. For m > 2, we have

A

L?LOZ(’S;:” /’Lm) = @QZOL%’M(’S{)’ /’Lm)_(m"!‘QOC)J

where the weight spaces on the RHS are 1-dimensional, with generator fp, .

Exercise 7.4. (For readers who wish to check explicitly that the f,,, give a
basis for D,,_;.)

(a) Prove that composing ™ with complex conjugation and inversion
®(g) — ®(g7') gives an embedding (m, ﬁm) — (L*(G), ).

(b) Show by explicit computation (using (5.4)) that £E+<I>g:,]a (g7') =(m+
a)q)[m] (g71) and £E_<I>F:Z’]O(g*1).

fm,a+1

Now set ( o
—_— - = (I)[m] - — imo mi
Guan(ar) = W1 (9.0) = ™y E o
and
B
(75) ¢m,a,ﬂ = (£E+) ¢m,a,0

for all a, B € Z>y.
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Corollary 7.5. (7.5) gives a countable collection of copies of D)\, in (L*(G), )
indexed by «. More precisely, sﬁa\n<{¢m7a,5}5ezzo> is the unique copy in
L2(G)—(m+2a)-

Example 7.6. To see what some of these functions are, write

fm,a,,@ = (LE_,_)Bfm,a (: f[m+2ﬁ]¢m,a,ﬁ)-

Show that f,05(7) = ((T::?)_,;%' (T(igf,{iﬂ. (You could also compute f,, 41, in

which case you will see that they get ugly rather quickly.)

A nice reference for the L? theory for S L, specifically, which includes (unlike

these notes) a discussion of the continuous spectrum, is [Bo].

8. APPENDIX II: POINCARE SERIES

The natural question at this point is whether we can link the story in §7 up
with that in §5: how do we pass from the {¢n a3} to cuspidal automorphic
forms? The answer, as in the construction of Eisenstein series in §3, is found
in an averaging procedure. Again we take I' := SLy(Z) for simplicity. Given a
complex-valued function ¢ on GG, the associated Poincaré series is the function
on I'\G defined by

Py =Y 7(7)¢

yel’
(i.e. Pylg) : = ¢(7v1g)), if this converges. We shall require some preliminary
results before applying this to the functions in §7.

Lemma 8.1. Assume ¢ is Z(g)-, left-K -, and right-K -finite, and belongs to
LYG). Then:

(1) Py converges absolutely and uniformly on compact sets;

(i1) Py is bounded and smooth;

(iii) Py defines an automorphic form for I' (cf. (3.1)); and

(iv) Py € L'(T\G).

Proof. (Sketch'®) (i) is a consequence of discreteness of I' (essentially topol-
ogy); (iv) is because [1, [Psldg = [ |¢ldg < oo; and (assuming (ii)) (iii) is

Ocomplete details may be found in [Bo], §§2,6.1.



NOTES ON THE REPRESENTATION THEORY OF SL>(R) 31

trivial, as the sum doesn’t interfere with the assumed Z(g)- resp. right-K-
finiteness.

The interesting bit is (iz). First, the smoothness is a consequence of being
Z(g)- and either left- or right- K-finite (via a regularity result). Moreover, as
a consequence of left- K-finiteness, one has an open neighborhood U C G of
idg satisfying Uy N Uo = @ (V distinct v,0 € T'), and o € C°(G) supported
on U, such that the convolution « * ¢ = ¢. Hence (writing § = ygh) we have

609) = [ atamot i = [ a@o( 19

G

— 16(19)| < llall / (R |dh

Ung

— 3 é(yg)| < IIa\IOO/GIQS(h)|dh<oo

yel’
for every g € G. O

Lemma 8.2. (i) Under the same assumptions as in Lemma 8.1,

L3 e

is identically zero on G.
(ii) The same result holds with ¢ replaced by 7 (y)¢ for any v € .

Proof. (Sketch) We will not need the left- K-finiteness. Since the other hy-
potheses are left-I-invariant, we need only prove (i) (following [Bo], §8.8).
By an argument similar to that in the proof of Lemma 8.1, these remaining
properties imply that ¢ is smooth and bounded; so (3 is at least well-defined.

As ( is left- N-invariant and right- K -finite, it suffices to show 5|4 = 0, where

we recall
0 t0
A=V U yer =t 0 Y ierl
O ﬁ O e

We have —2Q[4 = 2y°02 = 187 — &;, and so Z(g)-finiteness implies that
Bla is a sum of terms which are (a) annihilated by operators of the form
(%@2 — 0y — /\)m =: D). Furthermore, the L' hypothesis on ¢ implies that
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these terms are (b) integrable with respect to dy = —2e~2dt; they are also (c)
smooth and bounded (essentially because ¢ 1s).
Now if s := v/1 + 2\ then the functions solving D5 ,,(-) = 0 are of the form

PO + Q19,5 £0
P(t)et, s=0

with deg P,deg @ < m. So (a) = /3|4 is of this form, while the boundedness
in (c) =
R(s) = —1 and P, Q constant, s #0
P =0, s=0.

But [~ const.-e? - 4 does not converge (contradicting (b)) unless, of course,
—00 e
the constant is zero. O

Theorem 8.3. Under the assumptions in Lemma 8.1, Py € *A(G,T).

Proof. ([Bol, §8.9) Lemma 8.1 says that P, € A(G,I"), so it remains to check

the cusp condition:

[o((5 7)o Lo (5o (4 3)e) o
Lm0 )

i 1 =«
~e{NATP\I' ¥ —o0 0 1

By Lemma 8.2, T is zero for each 7. U

Now the {¢m a5} are Z(g)-, left-K, and right- K-finite. They are L' iff

dx A dy A df
i(m+208)
/‘Qsmaﬁ‘dg_/’y 2 € fmoaﬁ(T)‘ 271'3/2

(8.1) / Y2 () da A dy
H
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is finite. For g =0, (8.1) is

(8.2) /ﬁ y

Exercise 8.4. Check that the right-hand side of (8.2) is finite <= m > 3.

T—1
T+1

“dx N\dy / %_zdx/\dy
9

o+ i

Since infinitesimal right translation must preserve integrability, we have that
Omap = £%+<Z5m,a,o € L'(G) for m > 3. Setting B3 := Ps, . 5, We conclude
the

Corollary 8.5. The Poincaré series P, o5 belongs to ° A(G,T) for every m >
3 and o, 3 > 0.

We have had to do things this way because Poincaré series do not interact
well with the L? condition.
The upshot is that P yields intertwining maps (for each m > 3) from the

right regular sub-representations

infinitely many copies

({@({cbm,a,ﬁ}aﬂzo) C L2<G>} ’W) - of D |

to the Casimir eigenspaces

(wenfz(-3)

(where the “+” singles out the D _, isotypical component). Note that the

+ finitely many copies
9 m =
of D} |

target space is (being generated by E%ﬁo o ®l™ of weight m cusp forms) ac-
tually trivial for m odd or less than 12, so in that case all the Poincaré series
vanish identically. (This seems rather difficult to check by hand!) Moreover, a
standard result is that these intertwining maps are surjective. We shall explain
one way to see this at the end.

Using the correspondence 7, <— 7 (under ®™ resp. fI™), we may view

these maps on the level of functions on §). This yields intertwining maps

({@<{fm’a,ﬁ}a,520> < EBLQ(&WW})} ﬂr) -

m>0

R )
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where p is computed on each summand by
Ps = Z ﬁm—l—%(’ﬂ'fa
vel’
. m -1 T a b
ie. pi(r) = Zf\vjw(r) = Z% (where v = ( 4 )) By the
absolute and uniform convergence on compact sets, we see that the f,,.0 €
L} (9, p1y,) must go to holomorphic functions. (This is also clear from the fact

that °Co2($,T) {% (1 — %)} = Sn(I).) In fact, writing
Pm,a,ﬂ = pfm,aﬁ,

we have in particular

fma (V(T)) ((a —idc) + (b —id))"
Prn.aof Z CT—I—d)m Z

o= = ((a+ic)T + (b +1id))*™"

Corollary 8.6. The {Pp.a0}as0 span't S, (T') for each m > 3.

Computing further, we break the sum into two stages: first, writing I'y =
I'N N, we set

= Z fm,a(70<7—>) = z% ( (Tt n _ i)°

Y0 €lo

then we average over cosets to obtain

Exercise 8.7. Use complex analysis to show that

o k m—i—k
Fna(T) = ymt Z m)+(k)— i cot ™Y (1 (7 4 4)).

Compute the g-expansions of the cot®(z) := £ cot(z).

A more classical approach to Poincaré series may be found in [Gu, Chap.

I11] (and many other sources). This bypasses all the L' business and writes

HOf course, these are zero for m < 12.
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down (for a > 1 rather than'* a > 0)

Oma(r) = 3 exp (27rz'a7<7’>).

~eToAT (e + d)™

That these span S,,(I") is seen rather easily using the Petersson inner product.

Exercise 8.8. Using Exercise 8.7 above, deduce that after replacing {¢* =
exp(2miar)}a>1 by {Fm.atas0, the result still spans the cusp forms; the sur-

jectivity statements for the intertwining maps above follow.

As was the case with §7, [Bo] is a good reference for (some of) the approach
we have taken here.

REFERENCES

[Bo]  A. Borel, “Automorphic forms on SLs(R)”, Cambridge Univ. Press, 1997.

[Ca]  H. Carayol, Limites dégénérées de séries discrétes, formes automorphes et variétés
de Griffiths-Schmid: le case du groupe U(2,1), Compos. Math. 111 (1998), 51-88.

[CO] W. Casselman and M. Osborne, The n-cohomology of representations with an infin-
itesimal character, Compositio Math. 31 (1975), 219-227.

[Co] D. Collingwood, “What is non-commutative harmonic analysis?” (review of [Wa]),
http://www.math.washington.edu/~colling/Research/Review /bkrv.ps.

[FH] W. Fulton and J. Harris, “Representation theory: a first course”, Springer, 1991.

[Ga] W.-T. Gan, Automorphic forms and automorphic representations, in “Automorphic
forms and the Langlands program”, Adv. Lect. in Math. 9, China Scientific Book
Service, Beijing, 2009, pp. 68-134.

[GGK] M. Green, P. Griffiths, and M. Kerr, Special values of automorphic cohomol-
ogy classes, preprint, 2012, to appear in Memoirs of the AMS, available at
http://www.math.wustl.edu/~matkerr.

[Gu] R. Gunning, “Lectures on Modular Forms”, Princeton Univ. Press, Princeton, NJ,
1962.

[KU] K. Kato and S. Usui, “Classifying spaces of degenerating polarized Hodge struc-
tures”, Annals of Math Stud. 169, Princeton Univ. Press, 2008.

[Ke] M. Kerr, Cup products in automorphic cohomology: the case of Sp4, preprint, 2012,
available at http://www.math.wustl.edu/~matkerr

[Knl] A. Knapp, “Lie groups: beyond an introduction”, Progr. in Math. 140, Birkhauser,
Boston, 2002.

12If ¢ = 0 then this obviously gives classical Eisenstein (not Poincaré) series, which are of
course non-cuspidal.



36

[Kn2]

MATT KERR

—, “Representation theory of semisimple Lie groups: an overview based on
examples”, Princeton Univ. Press, 1986.

P. Sarnak, Notes on the Generalized Ramanujan Conjectures, in “Harmonic analysis,
the trace formula, and Shimura varieties”, pp. 659-685, Clay Math. Proc. 4, AMS,
2005.

W. Schmid, Discrete Series (Notes by V. Bolton), in Proc. Symp. Pure Math. 61
(1997), pp. 83-113.

S. Shokurov, Holomorphic forms of highest degree on Kuga’s modular varieties. (Rus-
sian) Mat. Sh. (N.S.) 101 (143) (1976), no. 1, 131-157, 160.

C. L. Siegel, A simple proof of n(—1/7) = n(7)/7 /i, Mathematika 1 (1954), p. 4.
D. Vogan, “Representations of real reductive Lie groups”, Birkhauser, 1981.

N. Wallach, “Real reductive groups I”, Academic Press, 1988.

D. Zagier, Elliptic modular forms and their applications, in “The 1-2-3 of Modular
Forms: Lectures at a Summer School in Nordfjordeid, Norway (K. Ranestad, ed.)”,
Universitext, Springer-Verlag, Berlin-Heidelberg-New York (2008), pp. 1-103.

DEPARTMENT OF MATHEMATICS, CAMPUS BOx 1146
WASHINGTON UNIVERSITY IN ST. LOUIS
St. Louls, MO 63130, USA

e-mail: matkerr@math.wustl.edu



