
� ���������
	 ������������������������������������� �����"!#�
�$ %� ���$���&	 ��'�$ (��) *��+���,&�-�&�'./�0�+�213��	4�$�5���

687:9;9�<>=@?A?
BDCFEHGFIFJLKMG:NAO$PRQSPHTVUWPHX�Y3Z/Y3[S[]\#Q]^S_`PaZb^F\3cVdaYeZgfhUWfhYe^iPRjlkW\VdnmhopjlPHUWkWUqZg[i\3Zr kq^iQnYs^iUW\3ZM[D\#Z

CH0(X) t cu\#Q X []_�\V\e^SmvhQS\ewxPydz^iUWT3P|{z}:^S\3~#P�^imgPHQ`X;U�^Sm� \�f�~#P�o�^imhPa\3QSP�^iU�d�UqZVTsYeQSUWY3Zb^S[�f�P r ZhPaf�\3Z�^imhPaUqQ;~#QSY#f�Paf�vhUqPyd�Py[H� 7 k�YeQS~3PYeQSQSY|��\ecRYevhvgkqU�dHYe^iUW\3Zg[;U�[;~#UqT#PHZL}MPa[ivMPyd�U�YekWkq��^i\�f�PH^iPydz^iUWZh~�Zg\3Zb^iQSUqTVU�Yek
0
od���d�kWPa[�Y3Zgf�^SmhP>�MPamgY|TVUq\#Q�\3c�[SYeU�f�UWZVT|Y3QiU�YeZb^n[@X;Uq^im
QiPy[]v�Pad�^�^S\`c�Ye_�UqkWUWPa[a�7 _�vhkWP��gY3dn�V~#Qi\#�hZgf�U�[�vhQS\sTbU�f�Pyf�}@UWZgd�kW�gf�UWZh~2_�YeZV�&\3c�^imgP�^SmhPH\#QiPa_�[YeZgf�d�\#ZswxPad�^i�hQSPa[�^imgYe^
mgY|T#P�[imgYev�Paf+^SmhP$vgY3[S[iY3~3P0cuQS\3_-d�k�Y3[S[iUWdaYekA^S\_�\VfhPHQSZ
UWZVTsYeQSUWY3Z#^n[H�

�+�����������>�

�s���z���| a¡£¢�¤�¥#�|¦§¡F�
�y�s�:¨/ a©bª�¦§«¬¦§�:� a¦�©b®
¯a°3±�°3²�³s´sµ>¶�·b¸�¹º³�´3»]¼e½R°3»]½º¼s³s´sµ�¾�¿º°s·�ÀbÁ]¿�Â�´sµ>Ã$³3²ÄÁ�¹�Âl³
Å:·gÆÇ·g²�·y¹�±sÈ

�y�a�s�:É: y¡F«�¥bªpM®y®y¦§¥V�ªl¦���ÊM� y¦�����|®��|¡��yË�©�Ì`ª�¡º¥sË£Í�ÌD©b¦�ª§¦���®a¡F�+¥#¡F�gÎa©b¥3�|¤� a©b®
¯i´3»]¼3½:°3»]½£¼|³
·�Ï5»ÐÅ:³�Ñ
²�Às¿�Âl³s´�³/Ò�³3¼eÂl³3²WÓAÆÇ·g»]ÁÐÔg¿�»]ÁÐÂº¹
»xÅ:³s·g¼|³3Æ$´�¿�Â@¸�³aÕL¿�Æ
Ö@²�³s´zÈ

�n×2�:Ø�¦�ÙFË�©b �¥#Úº¥#ª�©3Í`���¢�Û�Ü�©#ª�ÍHÝFM¥b¡FÜ�¦�¥bª��®y®a©b®
¯i´zÖ@¼|³y¿�¸g´sµ>ÞA³3ß/Á�´/à�²Ä»]¼y¿�»]ÁS·gÂ�µ5¼|³y¸�½R°s³y¸ÁÐÂ:Ôg¿�¼3Á]¿�Â:»Ð´zÈ

×2��Û�¢�¢�¦§�y¦�¡F�:Mª�á:ª��| |g�|¦�¡���®����¢%¦���ÊM� a¦p����|®
¯Wà�²Ä»]¼y¿�»]ÁS·gÂ�´�·�Ï
â�½£¼e¼|³sµ�ã�ä�ã�¿�ÁÐ»z·�µ>â�ä�ã�¿�ÁÐ»z·�µ/å�¿g´sÒgÁÐÂ@¸gµ�æ�¼eÁ çè»xÅ�´3éeæ�¼|³s³3Â�Ó
â�½£Æ�ÏV·g¼a¸�éeæ�¼eÁ çè»xÅ�´$¿�Â@¸�æ�¼|³s³3Â:égê@·gÁ�´3ÁÐÂ4ÁÐÂ:Ôg¿�¼eÁ]¿�Â:»Ð´8ß/ÁÐ»ÐÅ�¿3Ö�Ö@²ÄÁS°y¿�»iÁS·gÂ�´zÈ

×0�s�Rël©# y¡MÍn¥#Úº¥bª§©b®�¡F�%ì� y¡º¢�¤�¥3�|®�¡�í�ÊM� y¦§©#�|¦§©b®
¯a³aÕF»z³3¼3ÁS·g¼�Ö@¼|·b¸�½:°3»x´sµ>´�³3² Ïeé�Ö@¼|·b¸�½:°3»x´sµ5¿�Â@¸¬Â:ÁÐ² Ö:·g»�³3Âl°s³$·�Ï2°3±L°3²�³s´sÓ
¼|³3²�¿�»iÁS·gÂî·�Ï�ÅºÁ�¹gÅ:³3¼�Ñ�À3³3²Äén¾�¿º°s·�ÀbÁïÆ¿3Ö:´8»�·ÁÐ»z³3¼a¿�»�³y¸ÇÁÐÂ:»z³S¹�¼a¿�²W´
¿�Â@¸¬¼|³S¹�½º²�¿�»�·g¼|´zÈ

×0�a�s�:Ì`©bË��Êº¦§¡F �¡�íïË�¦�ÙFË�©# �Û
Ü@©bªuÍHÝF�¥#¡FÜ�¦�¥#ªp�®a®y©b®�¦§��í]M«¬¦§ª�¦�©#®
¯iÅºÁ�¹gÅ:³3¼�Âl·g¼eÆ¿�²�Ïe½ºÂl°3»iÁS·gÂ�´sµ>´zÖ:³s°3Á]¿�²ÄÁ�ð�¿�»]ÁS·gÂñ·�Ï2°3±�°3²�³s´zÈ

×0�a�y�s��Û�ì�ì�ª�¦§¥VM�y¦�¡F��®`�|¡¬ò��ª��Ü�¦�ÍióD�¤ÇÊM� a¦�©#�y¦�©#®

ôaõ#õhô�ö�÷søuùhúHû�÷sø�ü�ýzþ/ÿ������HúnýHø��	�q÷|þnþzü 
�ýn÷eø§ü�����Dô�������� } ô�����ô�� } ô�������� } ô����! "� } ô���#" �� �$ ú&%(')�+*-,|þ�÷+�,/.hù�*S÷|þHúzþ�� YekW~3Pa�hQSY3UWd;dH��d�kWP3} � mh\sX�~3QS\3�gvL}bjlkW\�dnm�opjlPaUqkWUqZM[]\#Z r k�^SQSYe^iUW\3ZL}� \Vfh~3Pï^imhPa\3QS�3}�mhUW~3mgPHQ 7 ��PHkqo # Y#d�\3�gU�_�Y3vL} 6 �h_`cu\#QSf�UqZVTsYeQSU�YeZb^S[a}�[]vhQSPaY#fh[a�0



1 �32 ���54>�76(8:9ï�/;z���
Û�¢� a¦§Êº¦���Ù2íx¡� y¥b©�Ü@©bË�¦���¢�«¡£¢�©b y��Mª�ÙF©#Ü� |�¦§¥
ÙF©#¡F«©#�| HÚ+Ë:M®�Ü�©#©b���|Ë�©���¡gÍ

�|¦§¡F� �|Ë:g��¥b©b H�s�¦§� �|¡Fì@¡Fª§¡FÙF¦�¥b�ª-<�M�:�ª§ÚL�y¦�¥�¡� �� y¦��|Ë�«©#�y¦�¥�¦§��Ê�M y¦pM�L�y®�¡F� 
ì� y¡hÎa©b¥#�y¦§Ê�©

algebraic
ÊM� y¦§©#�zÚ

X
®yË�¡�¤�ª�¢�Ü@©¬ a©bì� a©b®y©#���|©b¢î¡F 8©�=£ì�ªpM¦���©#¢ñÜ�Ú

algebraically
¢�©3á:��©b¢�¡FÜLÎa©b¥#�y®?>�¡F�

X
�A@CB£¡+íx¡� 
©�=��«ì�ª§©$�|Ë�©2Ø0òEDiØ�¡º¢�ÙF©

ò`¡F�gÎa©#¥#�|¤� y©�F�®|VÚº®��yË:M���|Ë�©8 yM�|¦§¡F�:�ª
(p, p)

¥bªpM®y®y©#®
¡�í
X

®aË�¡F¤�ª§¢�Ü@©8ÙF©b��©# HÍ
M�|©#¢GD]«¡£¢�¤�ª�¡$�y¡F y®a¦�¡F�HFDÜ�ÚÇ�|Ë�©0íx¤���¢:�«©b���|�ª�¥bª��®y®a©b®�¡�í�¦��|®�¥b¡º¢�¦§«¬©#��®y¦§¡F�£Í

p®y¤�Ü�ÊM� a¦�©#�y¦�©#®b�JI0 �íx¡� 
X

¢�©#á���©b¢4¡�Ê�©b 0�L¤�«2Ü@©b �á�©bª�¢!<R�yË�©�Ì`©b¦§ª�¦���®y¡F�%¥b¡F�ºÍ
Îa©b¥3�|¤� a©b®$ì� y©b¢�¦�¥#���|Ë�M��®yì@©b¥b¦��ª/ÊM�ª�¤�©#®�¡Mí�¦§�y®

L
ÍSíx¤���¥#�y¦�¡F��®�®aË�¡F¤�ª§¢ Ü@©Ç¥#¡F«&Í

ì�¤��|�Ü�ª�©�Ü�ÚKDx¢�©#�y©b a«¬¦§�:����|®D¡�í+F� y©#ÙF¤�ªpg�|¡F 5¦�«¬�ÙF©#®D¡�í�©bª�©#«¬©#���|®�¦§�+�ª§ÙF©bÜ� y�¦�¥
K
ÍzÙF a¡F¤�ì�®�¡�í

X
�3L�Ë�©#®y©�¦§«Ç�Ù�©b®�¤�ª§�y¦�«¬M�|©#ª§ÚÇÜ�¡F¦§ª;¢�¡�M��4�|¡¬¦����|©#ÙF |�ª§®�¡Mí��ª�Í

ÙF©bÜ� |�¦§¥�¢�¦ON�©b y©#���|¦pMª�íx¡F y«®PDx¡F�
X
F/¡�Ê�©b �®a¤�Ü�®y©3�|®�¡Mí

X
Ü@¡F¤���¢�©b¢+¡� D¥#¤���¡F¤£�

Ü�Ú��ª�Ù�©bÜ� y�¦�¥0©"QL¤:M�|¦§¡F��®#�
�z�îÜ@¡��yËî¦���®a�sM��¥b©#®�<ï¡���©¬Ë��®��y¡�Ù�©#�$%Ë:M��¢�ª�©&¡F� ¦���ÊM� y¦�����|®8¡�í`¥b©b H�s�¦§�

�ª�Ù�©bÜ� y�¦�¥�¥3Úº¥bª�©#®SR M�Ë�©#�|Ë�©b D�ª�ÙF©#Ü� |M¦�¥
K
ÍS�|Ë�©#¡F aÚ&©#ª�©b«©b���y®5¡� /ª�¦���©V� /¥#¡F«&Í

Ü�¦���M�|¦§¡F��®�¡�íï®y¤�Ü�ÊM� y¦§©#�y¦�©b®�¡�í
X
R ���¢��|Ë�©�®H�|¤�¢�Ú%¡�íï®y¤�¥sË�¥#Úº¥bª§©b®�«¬¡º¢�¤�ª§¡

�®y¤�¦��s�Ü�ª§©0©�QL¤�¦�ÊM�ª�©#��¥b©8 y©#ªpM�y¦�¡F��Ü@©b¥#¡F«©b®���:M�|¤� |�ª�ì�¤� y®a¤�¦§�b�
ël©b a¡MÍz¥3Úº¥bª�©#®�R

Q
Ízª§¦���©b� �¥#¡F«2Ü�¦§�:M�y¦�¡F��®�¡�í/DUT#©b y¡gÍz¢�¦§«¬©#��®y¦§¡F�:�ªVF;ì@¡F¦§�L�y®>¡F�

X
R � y©��|Ë�©�®y¦�«ì�ª§©b®a�XWL¦���¢Ç¡�íA�ª§ÙF©bÜ� y�¦�¥�¥3Ú£¥#ª�©#®�<:���¢Ç�|Ë�©#¦� 5®a�y¤�¢�Ú¬«¬¡º¢�¤�ª§¡

 |M�y¦�¡F���ª�©"Qº¤�¦§ÊM�ª�©#��¥b©�¦§®D8 y¦§¥sË� y©bYM�¦��|Ë«Ç���Ú�Ü@©VM¤��|¦�íx¤�ª� y©#®y¤�ª��|®3DiM��¢Ç¤��ºÍ
 y©#®y¡Fª�ÊF©b¢¬¥b¡F�hÎa©b¥#�y¤� y©#®+Fe��Ø�¦�®H�|¡F a¦�¥b�ª�ª�ÚZ<��yË�©�á� y®a�5©�=�M«¬ì�ª§©�¦�®�Û
Ü@©bª\[q®��|Ë�©#¡F y©#«]<M�Ë�¦�¥sË ª�¦��^Wº®�� �ª�ÙF©#Ü� |M¦�¥_QL¤�©b®H�|¦§¡F�`DaM�Ë�©b� ¦�®¬ ¢�©bÙF a©b©3Ícbî¢�¦�Ê£¦§®y¡F &¡F� ��
�ª�Ù�©bÜ� y�¦�¥D¥b¤� HÊF©��|Ë�©�¢�¦�Ê£¦§®y¡F /¡Mí�� |g�|¦�¡��:�ª£íx¤���¥#�y¦�¡F�edfFgM�¦��|Ë0�| |M��®y¥#©b��¢�©#�£Í
�s�ªA¦§�LÊM� a¦p����hDx�yË�©�¦�«¬�ÙF©8¡�í>�yË�©�¢�¦§Êº¦�®a¡F �¦§�%�yË�©�ÝFM¥b¡FÜ�¦����<HM�Ë�¦§¥sË4¦���ÊF¡�ª§ÊF©#®
¦����|©#ÙF |g�|¦�¡����ª�¡���Ù�ì:M�yË�®�¥b¡F����©b¥#�y¦���Ù&�|Ë�©�ì@¡F¦§�L�y®+Fe�
É:¡F 

0
Íz¥3Ú£¥#ª�©#®2¡F� ÊM� y¦§©#�y¦�©b®�¡�í�¢�¦§«¬©#��®y¦§¡F�

> 1
</¡F�î�yË�©�¡��yË�©b �Ë:���¢�<� a©3Í

¥b©#�L�gM`¡� �WñË:�®$¥#¡F��¥#©b���| yM�|©#¢ ¡F�î�|Ë�©Ç¦��ji:¤�©b��¥b©Ç¡Mí��|Ë�©á:©bª§¢î¡�í�¢�©#á:��¦��|¦§¡F�
¡F� �|Ë�©#¦� � yM�|¦§¡F�:�ª�©"QL¤�¦§ÊM�ª§©b��¥#©3Íz¥#ªp�®a®y©#®b�kL�Ë�¦�®&ì:Mì�©# ¦§®&�Ü@¡F¤��&��©�M �|©#¥sË£Í
��¦lQL¤�©#®
M��¢4Ø�¡£¢�Ù�©3Ín�yË�©b¡� y©#�y¦�¥�¦���ÊM� y¦�����|®XR ©���Ù���Ë�¦§ÙFË�©b �¥3Ú£¥#ª�©eÍz¥bª��®y®a©b®
���¢
Ë�¦�Ù�Ë�©b �Û�Ü�©#ª�ÍHÝFM¥b¡FÜ�¦l¥bªpM®y®y©#®mR �yË:M�� a©"i:©#¥#���|Ë�¦§®�¦§�^i:¤�©#��¥b©n<R���¢��Ü@¡F¤���¦��£Í
�|©# y©b®H�|¦§��Ù2©�=��«ì�ª§©b®`¡MíA¥#Úº¥bª§©b®`�yË�©#Ú¬¢�©#�y©b¥3�V���n��¢� y�M�®�¡F�oMD¡F �W¡�íAÛ
®y�WL¤� |j<
Ì`ª�¡º¥sË�</p8 a©b©#��<7p� y¦Oq&�yË�®�</rA©�M�¦�®"<7s �/B��¦§�y¡	</B��5B£�¦§�y¡	<�×�¡º©#Ê�¡£¢�®�W�ÚZ<>×�¡F¦§®y¦§�
���¢�¡��yË�©b a®hD]���¢%®y¡F«©�¡�í�¡F¤� �¡�M��eF3�t ©�¡�N�©b ®y¡�«¬©��|Ë�©#¡F y©#«¬®uDaM�¦��|Ëèì� y¡º¡�íx®vF�Ü@¡F¤��

0
Íz¥#Úº¥#ª�©b®¡F� ì� y¡º¢�¤�¥3�|®

¡�í2¥#¤� aÊ�©b®����¢ ¥b¡�«¬ì�ª§©#�y©ñ¦§���|©b a®y©#¥#�|¦§¡F��®"<�M��¢ è¢�¦�®a¥b¤�®a®y¦�¡�� ¡�í2¦§��á:��¦��|©#®y¦�Í
«ÇMªxwg�y¡Fì�¡�ª�¡FÙF¦§¥V�ª�¦���ÊM� a¦p����|®�íx¡F Y>zË�¦�Ù�Ë�©b ���¡F a«Ç�ª�íx¤���¥3�|¦§¡F��®�@Ç� a¦�®a¦���Ù%íx y¡F«
�|Ë�©�¦§��Ê�M y¦pM�L�y®b�2Û-Ü� y¦�®�W4 y©3Êº¦�©"M ¡�í5Ü:�¥+WLÙF a¡F¤���¢ «ÇM�y©b a¦p�ª�¦�®�¦§��¥bª§¤�¢�©b¢!<A�®
�|Ë�¦§®Ç¦§®Ç |Mì�¦�¢�ª�Ú Ü�©#¥b¡F«¦���ÙîÜ:�®a¦�¥��ª�ÙF©#Ü� |M¦�¥%ÙF©b¡F«©#�y aÚ ���¢yMD©4Ü@©bª§¦�©#Ê�©�¦��
®yË�¡�¤�ª�¢�Ü@©�M¥b¥b©#®y®a¦�Ü�ª§©��

z



t ©hM�M y«ª§Ú%�|Ë:��^Wu{$��Û
 y�ì�¤� y^<|B��lÌ`ª�¡º¥sË�<�¨���Ì` a¡F®y�����<|s ��p8 a©b©#��<|}��
¢�©�Ý�©#¤�<LÝ��Zr;©�M�¦�®�<F���¢ò
�M×�¡�¦�®y¦§��íx¡F �Ë�©bª§ì�íx¤�ª£¥b¡F��ÊF©# y®yM�|¦§¡F��®����¢$¥b¡F a y©b®aì�¡��£Í
¢�©b��¥b©�<AM��¢ñ�Ù��¦§���|Ë:M�	W4¨��~p� y¦Oq&�yË�®
íx¡F 0¦§���| y¡º¢�¤�¥#¦���ÙÇ¤�®0�|¡+�yË�©�®y¤�ÜLÎa©b¥#�b�tî©��|Ë:��^W�yË�©0 y©3íx©b a©b©0íx¡F �Ë�©bª�ì£íx¤�ª�¥#¡F««¬©#�L�y®(M�Ë�¦§¥sË�Ë:VÊF©�ª�©#¢+�|¡2¦§«¬ì� y¡�ÊF©eÍ
«¬©#���|®�¦��4�yË�©&©�=£ì@¡F®y¦��|¦�¡����gL�Ë�¦�®�ì:�ì@©b �M`�®PM� y¦��y�y©b�ñM���|Ë�©�����¦�ÊF©b a®y¦��zÚ(¡�í
ò`Ë�¦�¥b�ÙF¡�M��¢Gs�¨/�SÍ�Ì`¡�������MD©&� y©2Ù� |M�y©#íx¤�ªA�|¡�Ü@¡��|Ë�¦���®H�|¦§�y¤��|¦§¡F��®�íx¡F ��yË�©b¦§ 
®y¤�ì�ì�¡F H�V�

� �J� 4��!�j;c��;z�:�m47;n�l�
� � 1 � ���|���U�����H�����o�^�f�a���|�H�l�P�����x�	�	�U�����Z�)�P� Ê�©b��íx¡F �¥b¡F«ì�ª§©�=��ª§ÙF©bÜ� y�¦�¥
ÙF©b¡�«¬©3�|©b a®�<l¬®y«¡º¡��|ËkDx¥b¡F«ì�ª§©�=	F�ì� y¡gÎa©#¥#�|¦�ÊF©$ÊM� a¦�©3�zÚ

X
¦�®
¤�ª§�|¦§«Çg�|©bª�Ú+¥#¤��

¡F¤���Ü�Ú Ë�¡F«¬¡�ÙF©b��©#¡F¤�®�ì�¡�ª§Úº��¡F«¦p�ª§®?M�¦§�yË ¥#¡£©�q¥b¦�©#���|®2Ü@©bª§¡F��ÙF¦§��Ù��|¡�®a¡F«©
á:©bª§¢

L ⊆ C
á���¦§�y©bª§Ú ÙF©b��©b |g�|©b¢ ¡�ÊF©b 

Q
�$Ë�©#��¥b©GM`©ñ«¬�Ú ¥b¡F��®a¦�¢�©# ��|Ë�©

¤���¢�©# yª�Ú£¦§��Ù$ÊM� a¦�©#�zÚ
/L

M�¦§�yË�®a�y y¤�¥3�|¤� a©�«Ç�ì
X → Spec(L)

�/�ní
K ⊇ L

MD©M� y¦��|©
XK := X(L)×L Spec(K)

íx¡� ��yË�©�Ü:�®y©�¥sË:���ÙF©�<£���¢�|Ë� a¡F¤�ÙFË�¡�¤����|Ë�©
ì:�ì@©b 

d = dim(X)
�

Ñ
²Ð²�°3±�°3²�³¹�¼|·g½�Ö:´�¿�Â@¸ °s·�Å:·gÆÇ·g²�·y¹�±�¹�¼|·g½�Ö:´%¿�¼|³+»S¿gÒ�³3Â ÆÇ·b¸�½º²�·�»�·g¼|´3ÁS·gÂ �
®y¡ �yË�©(�ª§ÙF©bÜ� y�¦�¥%¥#Úº¥#ª�©(ÙF a¡F¤�ì

Zp(XK) = Zd−p(XK)
¢�©#��¡��y©b®

rationalª�¦§��©V� �¥b¡�«2Ü�¦���M�|¦§¡F��®$¡Mí�¦� y a©b¢�¤�¥b¦�Ü�ª�©Ç®a¤�Ü�ÊM� y¦§©#�|¦§©b®�¡�í
X
<5¢�©#á:��©#¢

/K
���¢

¡�íD¥b¡º¢�¦�«©b��®a¦�¡F�
p
�&Ø�©#��¥b©¬

0
Íz¥3Úº¥bª�© Z ∈ Z0(XK)

¦�®�D]MíÐ�|©# �Ü:�®y©eÍz¥sË:M��ÙF©
�|¡

K̄
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K̄
<�M��¢+®y¤�¥sËÇ�|Ë:g� ∑
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W has one irreducible component.)
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∃ W ∈ Zp(X × P1
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CHp(XK) :=
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( £l¤-¥≡)K
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Hm {Γ(XC,Ω

•
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©�QL¤�¦�Ê�Mª�©b����Ü�Ú»�ÇÂ�ª�¡\�R���¢%¥bª§©V� aª§ÚÇØ?r�ò�D

X
F�¦§®�¦�«ì�ª�¦§©b¢+Ü�Ú�Ø
ò�D

d, X ×X F3�

� �ªÈ��mÉ �H�Z�eÊ��U�	����� Æ�©�=º��®a®y¤�«© H ¦�®2¡�ímMD©b¦§ÙFË��
2p − 1

<����¢ ¢�©#á:��©+�|Ë�©
ÝF�¥b¡�Ü�¦p��

Jp(H) :=
HC

F pHC +HQ

.

�z�gÎa©b¥3�|¦�ÊF©�¡� Ç®y¤� xÎa©b¥3�|¦�ÊF©4«¡F yì�Ë�¦�®a«¬®"<`¢�¦§ y©b¥3�+®a¤�«¬®"<����¢yQL¤�¡M�|¦�©#���|®+¡�í�ØPBDi�®]M`©#ª�ª2M®4¥b¡F««2¤��y¦���Ùè¢�¦��ÙF |M«¬®vF�¦§��¢�¤�¥#© �|Ë�© ®y�«©îÜ@©bË:VÊº¦�¡F �¦�� �yË�©
¥b¡F a y©#®yì@¡F��¢�¦§��Ù ÝF�¥b¡�Ü�¦p���®b�Ët ©ÌM� y¦��|©

Jp(H2p−1(X)) =: Jp(X)
� D]�z�

�|Ë�©(®y�«©uM�VÚ ¡���©(¥V�� ¢�©3á:��©(íx¡F  ′H ¡Mí�MD©b¦§ÙFË��
2p

�|Ë�©�Ø�¡º¢�ÙF©(ÙF a¡F¤�ì
Hgp(′H) = ′H ∩ F p(′HC)

<�®a¡ �|Ë�M�
Hgp(H2p(X)) = Hgp(X)

�¬FÍÆ�¡M�|©
�|Ë:g��¦§í H = K∨ ⊗Q(−d) �®�Ø?B��yË�©b� Jp(H) ∼= (F d−p+1KC)∨À ´ (K(Q))∨

.p�¦§ÊF©#� Z ∈ Zp²v³c´ (X)
���¢ H ⊆ H2p−1(X)

D]®y¤�Ü:ØPB	FmM`©�«¬�Ú+¥b¡F��®H�| a¤�¥#�
���©bª§©b«©b����¦§�

Jp(H)
�®�íx¡�ª�ª�¡�M�®#�5r;©#�

∂−1Z ∈ C ¥ ³cµ2d−2p+1(X,Q)
Ü@©�$á^=£©b¢

¥sË�¡F¦§¥b©$¡Mí�¥sË:�¦���Ü�¡F¤���¢�¦���ÙÇ¡F� Z <l���¢(M®y®y¤�«¬© H ���¢ K ⊆ H2d−2p+1(X)� y©�¢�¤��ªR¤���¢�©# D�|Ë�©�ì@©b Híx©b¥#�Dì:�¦§ y¦§��Ù
H2p−1(X)⊗H2d−2p+1(X)→ Q(−d).B£¦���¥b© Z Ë��®¬¥#¡F«ì�ª�©�= ¢�¦§«¬©#��®y¦§¡F�
d − p

< ∫
∂−1Z dα =

∫
Z α = 0

¦�í
α ∈

Γ(X,F d−p+1Ω2d−2p
X∞ )

�ÌL�ËL¤�® {∫
∂−1Z(·)

} ÙF¦§Ê�©b®&ÎM`©#ª�ªuÍz¢�©3á:��©b¢ íx¤���¥#�|¦§¡F�:�ªÏ



¡F��Ð
F d−p+1H2d−2p+1(X,C) ∼= ker(d) ⊆ Γ(X,F d−p+1Ω2d−2p+1

X∞ )¦§« {
d : Γ(X,F d−p+1Ω2d−2p

X∞ )→ �L¤�« } ,
M�Ë�¦�¥sË]M`©2«¬VÚ% y©b®H�| a¦�¥#���|¡

F d−p+1KC

��×5� aÚº¦���Ù+��¡�M��|Ë�©$¥sË�¡F¦�¥#©$¡�í
∂−1ZD]Ü�Ú%�|¡Fì@¡Fª�¡�ÙF¦�¥b�ª;¥#Úº¥bª§©b®vF
¥sË:���ÙF©#®0�|Ë�©�íx¤���¥#�y¦�¡F���ªïÜ�Ú� |M�y¦�¡F�:Mª�íx¤���¥#�|¦§¡F�:�ª§®��

Ë�©b��¥b©�M`©8®H�|¦�ª§ªlÙF©3��±M`©#ª�ª�Ín¢�©#á���©b¢% y©#®y¤�ª���¦��
Jp(H)

<£�|Ë�©8Û
Ü@©bªuÍHÝF�¥#¡FÜ�¦�¥bªpM®y®
AJX(Z)

¦�í H = H2p−1(X)
�

� �ÇÑ�� �_�j�U�a¼��|�y�Z�)Ò|�)ÓÅ�)�U�e¼H�e� É:¡F 2¡�¤� �¥#Úº¥bª§©�«Ç�ì�®hM`©_M�¦§ª�ª`¤�®y©Ô{
©bª§¦�ÙF��©D]¥#¡ÕFHË�¡�«¬¡Fª§¡FÙ�Ú�<)M�Ë�¦§¥sË(íx¡F 
X

ì� y¡hÎa©b¥#�y¦§Ê�©�¡F��©�«¬�Ú�¢�©3á:��©]D]Ü�ÚÖ�qÝ�Ñ�¡VF0�®�¥b¡gÍ
Ë�¡F«¡Fª�¡�Ù�Ú¡�í>&¥b¡�«¬ì�ª§©�= ¢

H i
D(X,Q(j)) :=

H i
{
C ¥ ³cµ2d−•

(
X, (2π

√
−1)jQ

)
⊕ Γ

(
X,F j ′D•

X

)
⊕ Γ

(
X, ′D•−1

X

)
, D
}

M�Ë�©b a©�×
D(Γ,Ω, K) = (−∂ ¥ ³cµ Γ,−d[Ω], d[K]−Ω+δΓ)

�>�z��ì:� H�|¦�¥#¤�ªpM �<�¡���©
Ë:�®��|Ë�©�©�=��¥#��®y©"QL¤�©b��¥#©

0→ Jp(X)→ H2p
D (X,Q(p))→ Hgp(X)→ 0.Û «¬¦�=£©b¢ Ø�¡º¢�ÙF©(®H�| a¤�¥#�y¤� y©CD-s�Ø?B	F+¦�®�

Q
ÍnÊ�©b¥3�|¡F %®yì:M¥b© H M�¦��|Ë ��

�®y¥#©b��¢�¦���ÙCDaMD©b¦§ÙFË���F2á:ª§�y |M�y¦�¡F�
W•

<`ì�ª�¤�®¬ñ¢�©b®y¥#©b��¢�¦���Ù
F • ¡F� HC

<D®y¤�¥sË
�|Ë:g�

GrW
mH

�|¡FÙF©3�|Ë�©# �M�¦��|Ëè�|Ë�©�¦���¢�¤�¥b©b¢
F • ¡F�

(GrW
mH)C

¦�®¬GMD©b¦§ÙFË��
m
ØPB��£�ní

Y
¦�®D®y«¡£¡��yËoQL¤:�®a¦�ì� a¡gÎa©b¥3�|¦�ÊF©�<

Hn(Y )
Ë:�®���:M�|¤� |�ª�s�ØPB¸M�¦��|Ë

Wn−1H
n(Y ) = {0} ���¢ WnH

n(Y ) =
¦�« {

Hn(Ȳ )→ Hn(Y )
}

=: Hn(Y )íx¡F 
any

®y«¡£¡��yËî¥#¡F«¬ì��¥#�y¦§á:¥bM�|¦§¡F�
Ȳ
D]®y©#©K�ÇÂ � <>®y©#¥��KÈn¡VF3��É:¡F 

Ȳ
 ¹º·�·b¸

¥b¡F«ì:�¥3�|¦�á:¥VM�y¦�¡F�ØD
Ȳ \ Y = D

 ��¡F y«¬�ªuÍz¥b a¡F®y®a¦���Ù�®Ç¢�¦�Ê£¦§®y¡F vF�<�¡F��©�«¬�Ú
¦����|©# yì� a©#�

Wm+jH
m(Y )

¦��&�|©b a«¬®�¡�í�íx¡F y«®SM�¦§�yË¬ª§¡FÙ�ì�¡�ª�©b®5�ª§¡F��Ù
D
ª�¡º¥V�ª§ª§Ú

��¡oMD¡F y®a©$�|Ë���
d
ª�¡�Ù
zk1 ∧ · · · ∧ d

ª�¡FÙ
zkj

Dxíx¡� 
D = ∪{zi = 0} ª�¡º¥VMª�ª§Ú^F�<:®y©b©�¬p�BÕ¡i�t ©YM�¦§ª�ª�Ë:VÊF©�©�=º�|©#��®y¦�ÊF©$¤�®y©�íx¡F ��|Ë�©8íx¡�ª�ª�¡�M�¦§��Ù2Ü:�®a¦�¥�¥#¡F«¬ì�¤��sM�y¦�¡F��® ¢

Hom Ù	Ú�Û (Q(−p),H) = W2pH ∩ F pW2pHC,

Ext1Ù	Ú�Û (Q(−p),H) =
W2pHC

F pW2pHC +W2pH(Q)

.

I0��© ��¡��|©#® �|Ë�M�î¦�í H ¦§®
pure

¡MíoMD©b¦�Ù�ËL�
2p − 1

D]¦i�q©M�O< ØPB	F(�|Ë�©#�
Ext1Ù	Ú�Û (Q(−p),H) = Jp(H)

<����¢ ¤�®a¦���Ù��|Ë�¦�®uDx�|¡�ÙF©#�yË�©b �M�¦§�yË �|Ë�©
Ext

Ð mhPaQiP|Ü]ZV�h_XÝ>f�PaZh\e^SPa[�ZV�h_�PHQnYs^S\3Qy�×
′Di

X

f�PaZh\e^SPa[R^imhPï[]mhPyYsc�\ec
i
oÐd��hQSQiPaZb^S[a}#Y/kW\�dHYek�[]Pydz^SUq\#Z�\ec�X;mhU�dnm�UW[�Y/��\3�hZgfhPaf�kWUqZgPaYeQcu�hZMdz^iUW\3ZMYek�\#Z�kW\VdaYekï[]Pydz^iUW\3ZM[�\ec
C∞ (2d − i)

o�cu\3QS_�[H�»ÞÐZb^SPH~3QnYs^SUq\#Z+\sT3PHQ�^i\3v�\3kW\3~#UWdaYek
(2d− i) oÐdnmgYeUWZg[ Γ ∈ C ßOà\á2d−i(X,Q)

UqZgdHkq�Mf�Pa[@^imhPa_ Y3[�Üif�PHkq^SY/cu�hZgdz^SUq\#Zg[aÝ
δΓ ∈ Γ(X, ′Di

X)
�â



ª�¡F��ÙMÍz©�=�M¥#�2®a©�QL¤�©#��¥b©%�®a®y¡º¥b¦pg�|©b¢ �y¡
0 → W2p−1 → W2p → GrW

2p → 0
F

¡F��©�®aË�¡�M�®��|Ë�M�
¦§« {

Ext1Ù	Ú�Û (Q(−p), H2p−1(Ȳ ))→ Ext1Ù	Ú�Û (Q(−p), H2p−1(Y ))
} ∼=

Ext1Ù	Ú�Û (Q(−p), H2p−1(Y )
)/ ¦�« {

Hom Ù	Ú�Û (Q(−p), GrW
2pH

2p−1(Y )
)}
.L�Ë�¦�®3QL¤�¡��|¦§©b���0 a©"i:©#¥#�y®
�|Ë�©�í]�¥#���|Ë:g�0¦���ÙF©b��©b |Mª�¦lT#¦���Ù&�|Ë�©$¥b¡���®a�y y¤�¥3�|¦�¡��4¡�í

¥bª��®y®a©b®¦�� ÝFM¥b¡FÜ�¦����®]D §2.3 F��y¡ñ�yË�©uQL¤:M®y¦�ì� y¡gÎa©#¥#�|¦�ÊF©%¥V�®a©�<�¡F��©���©#©b¢�®¬�|¡
«¬¡º¢�¡F¤���©#®y®a©b���|¦��ª�ª�Ú+Ü�Ú%�ª�ª�¥bª��®y®a©b®�¡�íï¥3Úº¥bª�©#®�®y¤�ì�ì@¡F H�|©b¢�¡F�

(Ȳ \ Y ) ãL�¡î�ì�ì� y¡Fì� y¦pg�|©bª�ÚîÙ�©b��©# |�ª§¦lTb©º{�©bª�¦§ÙF��©+¥#¡FË�¡F«¡Fª§¡FÙ�Úñ�|¡
Y
<7M`©���©#©b¢ �y¡

�s�WM©$�|Ë�©hM`©#¦�ÙFË��0á�ª§�| yM�|¦§¡F�%¦����|¡�M¥b¥b¡�¤�����Ü�Ú�¤�®a¦���Ù+�Ü�®y¡�ª�¤��y©�Ø�¡º¢�ÙF©�¥b¡FË�¡gÍ
«¬¡�ª�¡FÙ�Ú

H∗
H(Y,Q(·)) Dx®y©#©kD §5.5.2 F�<�¡F u�ªr 1 ¡�íx¡F ¬î«¬¡� y©�¥#¡F��¥#©bì��y¤:�ª
©�=LÍ

ì�ªpM�:M�|¦§¡F�eFe�5t Ë�¦�ª§©0�|Ë�¦§®� y©b¢�¤�¥b©#®��|¡¸{
©#ª�¦�Ù���©�¦§í
Y
¦�®�ì� y¡hÎa©b¥#�y¦§Ê�©�<R¦§��¦§®y��[ ���®

¡FÜ�Êº¦�¡F¤�®�Ë�¡�M �y¡0¢�©3á:��©�¦§��M�¦§�yË�¡F¤��ïì:�®a®y¦���Ù0�|¡
�yË�©�¢�©# y¦§Ê�©b¢�¥bM�|©#ÙF¡F aÚ�D]¡�M�¦§��Ù
�|¡��|Ë�©�¢�¦Oq¥b¤�ª��zÚ+¡�í

controlling
ì@¡Fª�©#®�¡�íï¥#¤� y a©b���|®vF3�XÆ�¡�M ®a©#�

H2p
D (Y,Q(p)) :=

¦§« {
H2p

D (Ȳ ,Q(p))→ H2p
H (Y,Q(p))

}
;¡F��¥#©0«¬¡� y©��yË�©0¦§«Ç�Ù�©�¦§®�¦���¢�©bì@©b��¢�©#����¡�íA�|Ë�©
¥sË�¡F¦�¥#©0¡�íA®a«¬¡º¡��|ËÇ¥b¡F«ì:�¥3�|¦�Í

á:¥Vg�|¦�¡��
Ȳ
Dx®y©#©o�ÇÂ � <:®y©#¥��äÑ�¡VF3�äI0��©8ÙF©#�y®��cM`¡©�=��¥3��®a©�QL¤�©#��¥b©#®

0 → Ext1åZæ"ç `

Q(−p),H2p−1(Y )
´ - H

2p
H (Y, Q(p)) - Hom

åZæ"ç `

Q(−p),H2p(Y )
´

→ 0

0 →
Ext1
åZæ"ç (Q(−p),H2p−1(Y ))

Hom
åZæ"ç

(Q(−p),GrW
2pH2p−1(Y ))

∪

6

- H
2p
D (Y, Q(p))

∪

6

- Hom
åZæ"ç `

Q(−p),H2p(Y )
´

w

w

w

w

w

w

w

w

w

→ 0

M�Ë�©b a©�M`©���¡��y©8�yË:M���yË�©8 y¦�Ù�ËL��Ë����¢��|©# y« ¦§®�Îa¤�®a�
Hgp(H2p(Y ))

�
È��Pè 4>�7� 95�������Z;c9/�(�Å;z�(ée�m47;-�����ï���ï� �/ê��ìë����79Sê(í�ë+�!;î�j;z�������

�Ç���(ïM��9ï��8m45�l�
È�� 1 � ���|���U�F1v���U�	���P�H��� �_�UÊ��H�|�j�"�)� L��WM© Z ∈ Zp(XK)

M®DMÜ�¡�ÊF©hD]¦§���|Ë�¦§®
®y©#¥#�|¦§¡F�

K
ì�ªpVÚº®`��¡� y¡Fª§©�F�<£M��¢+�®a®y¤�«© Z £O¤-¥≡ 0 ¢ �|Ë�©b� ∃W ∈ Zp(X×P1

/C)M�¦§�yË%¦§ y a©b¢�¤�¥#¦�Ü�ª§©0¥b¡�«¬ì@¡F��©#�L�y® {Wi}
<:®y¤�¥sË%�|Ë:M�

Z =
∑

i

π
fWi
X ∗

{
π

fWi

P1

∗

({0} − {∞})
}
.

DiØ�©b y©�©M�qÙ��
π

fWi
X = πX ◦ ιfWi

<3M�¦§�yË
ι

fWi : W̃i � Wi ⊆ X × P1 �yË�©
��¡F a«Ç�ª§¦lTbM�|¦§¡F���¬FÁB£©#�a�|¦§��Ù

Γ =
∑

i π
fWi
X ∗

{
π

fWi

P1

(−−→∞.0
)} </íx¡F  −−→∞.0 4ì�M�|Ë

¡F�
P1 D]®a¤�¥sËñ�®

R− F�<lÙF¦�ÊF©b® ∂Γ = Z ���¢ Z
²v³c
≡́ 0

�PL�ËL¤�®�D]¤�®y¦���ÙºBº�|¡�W�©b®"[q®
�|Ë�©#¡F y©#«�F��|Ë�©�íx¤���¢��«¬©#���s�ª7Dx¡F �¥#Úº¥#ª�©3Í&F`¥bª��®y®�¦§��¢�¤�¥#©b®�±M`©#ª�ª�Ín¢�©#á���©b¢�«¬�ì

clX : CHp(XK)
[ · ]→ Hgp(X).ð



É:¡F 
0
Ín¥#Úº¥bª§©b®0�yË�¦�®�¦§®

deg : CH0(X) → H2d(X) ∼= Q
®a©b��¢�¦§��Ù ∑

qizi 7→∑
qi
�

Û
Ü@¡�ÊF©�M`©�®yË�¡fMD©b¢ÇË�¡�M �|¡8¡FÜ��|�¦��8«ÇMì&íx a¡F« {ker([ · ]) ⊆ Zp(XK)} =

Zp²�³c´ (XK)
AJX→ Jp(X),

Ü�Ú ¦§�L�y©bÙF yM�|¦§¡F� ¡�ÊF©# %�� � yÜ�¦��| y� aÚè¥sË:�¦§�
∂−1ZÜ�¡�¤���¢�¦§��Ù&¡F� Z ��ò`Ë�¡º¡F®a¦���Ù&��¡�M ∂−1Z := Γ

D]®a�y¦�ª§ª;�®y®a¤�«¦���Ù Z £O¤-¥≡ 0
F����¢

ω ∈ ker(d) ⊆ Γ
(
X, F d−p+1Ω2d−2p+1

X∞

)
,
M`©/Ë:VÊ�© ∫

Γ
ω =

∫ 0

∞
∑

i π
fWi

P1 ∗π
fWi
X

∗
ω.p8©#��©b a¦�¥b�ª�ª�Ú á:Ü@©b y®Ç¡�í W̃i → P1 Ë:VÊF©(¢�¦�«©b��®a¦�¡F�

d − p
�
®y¡ ¦§�L�y¤�¦§�y¦§Ê�©bª§Ú

(π
fWi

P1 )∗
DaM�Ë�¦§¥sË�¦����|©#ÙF |g�|©b®�á:Ü@©b �M�¦§®y©�F�©VM�y®>¤�ì

(d−p) ©VM¥sË�¡�í dz [�®/���¢ dz̄ [q®"<���¢2�yË�©�¦����y©bÙF y���¢�¦�®
d
Íz¥#ª�¡F®a©b¢�¡�í:�zÚºì@©

(1, 0)
¡F�

P1 D]Ë�©#��¥b© ∂̄ Íz¥#ª�¡F®a©b¢eFe�5Æ�¡fM�|Ë�©Dì�¤�®aË£Íníx¡F �M�M y¢
a priori

ÙF¦�ÊF©#®ï¤�®/�¥b¤� a y©b����<FÜ�¤���� y©#ÙF¤�ªpM y¦§�zÚ8ª§©b««Ç�íx¡F 
∂̄
®yË�¡fM�®
¦§��¦�®

C∞ �JBº¡ ∂̄ Íz¥#ª�¡F®a©b¢Îñ C∞ =⇒ Ë�¡Fª§¡F«¡F yì�Ë�¦�¥�<jM�Ë�¦�¥sË4«¬�WM©b®
�|Ë�©D¦����|©#ÙF |M��¢

zero
®y¦§��¥b©

Ω1(P1) = {0} <����¢$�yËº¤�® AJX(Z) = 0 ∈ Jp(X).tî©�Ë:VÊF©0®aË�¡�M��
AJX

¦�®7MD©bª�ªuÍz¢�©3á:��©#¢+«¬¡º¢�¤�ª§¡ £l¤-¥≡ �º�yË�¦�®D¦�®(p8 a¦Oq&�|Ë�®"[q®5Û
Ü@©bªuÍÝF�¥b¡�Ü�¦�«¬�ì
AJX : CHp²�³c´ (XK)→ Jp(X)D]©M�qÙ���<5®y©b©ò�ªp8 &¡xFe�èÉR¡� 
0
Íz¥3Úº¥bª�©#®��|Ë�¦§®�¦�®�¡�íÐ�y©b�è¥V�ª§ª�©b¢ �yË�©�Û
ª§Ü:���©#®y©�<

Alb :

CH
²v³c´
0 (X)→ {Ω1(X)}∨À ´ H1(X,Q)

,
®a©b��¢�¦§��Ù©���Ù�� Z = p− q 7−→

{
ω 7→

∫ p

q
ω
}
.L�Ë�©g{
©bª§¦�ÙF��©�¥#Úº¥bª§©3Íz¥#ªp�®a®�«ÇMì

cD : CHp(XK)→ H2p
D (X ¤ ©C ,Q(p))®y©#��¢�® Z �y¡4�|Ë�©

D
Íz¥b¡�Ë�¡F«¡Fª�¡FÙMÚ�¥bªpM®y®2¡�í (

(2π
√
−1)pZ ¥ ³cµ , δZ , 0

) ¦�� �yË�©
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∗ M�¦��|Ë ∑
i ι

i
∗(Fi) = Lp−Lq

��Dat ©
«ÇVÚ��ª§®y¡�� a |���ÙF©$�|Ë�M�
�yË�©

Yi

���¢
Yi ∩ Yj

¦§���|©b a®y©#¥#�
X

ì� a¡Fì@©b yª�Ú)��©���Ù���
¥sË:�¦§��¡�í

3 P2 [�®�M�¦�ª�ªl®y¤^q¥b©M�·F_}�©b®H�| y¦§¥#�y¦���Ù��|Ë�¦�®� |M�y¦�¡F���ª�©�QL¤�¦�ÊM�ª�©#��¥b©8�|¡ XM`©�ÙF©3�D¥#¤� aÊ�©b® Ci := X ∩Yi ⊆ X
���¢

fi ∈ C(C̃i)∗
M�¦§�yË

[0 £O¤-¥≡]
∑ ′ιi∗(fi) =

∑D
j=1 Pj −

∑D
j=1Qj

M�Ë�©b a©
Pj ∈ Lp

<
Qj ∈ Lq

�¸I0Ü�Êº¦�¡F¤�®aª§Ú
Pj £O¤-¥≡ p

���¢0�0



Qj £O¤-¥≡ q
<:®y¡

D · p £l¤-¥≡ D · q ���z�%í]�¥#��< CH ²v³c´0 (X)[= CH ¤ ®°¯0 (X)]
¦�®�¢�¦§Êº¦�®a¦�Ü�ª§©

���¢(®a¡]}�¡F¦��|«¬���[�®
 y©#®y¤�ª��8Ë�¡Fª§¢�®
without

ÙF¡F¦§��Ù+«¡£¢�¤�ª�¡¬�|¡F a®y¦�¡����$Ø�©b a©�¦�®
���¡�ÊF©b a®y¦§«¬ì�ª§¦§á:©#¢�ì�¦�¥3�|¤� a©PM�¦§�|Ë�¡F��ª§Ú+¡���©

Yi ¢

Y

X

L

L

p

q

q

p
= P , Q

j

UX   Y

j

È��ªÈ�� �_�UÊ��H�|�����Öüe��½��|���P�H���Á��½f�H�����Z�����������Z��|�Õ¼e½��Õ�¾øH,P�	½���! ú � �n��¦§®
¦���®H�| a¤�¥#�y¦§ÊF©��y¡¬¥#¡F��®y¦§¢�©b ��|Ë�©8íx¡� y« ¡�í��|Ë�©�¥#Úº¥#ª�©b®hD]¦§�

ker(Alb)
F�Ù�¤:� |M�L�y©b©#¢

Ü�Ú]D\}�¡F¦§�y«Ç��![q®/ÙF©#��©b y�ª�¦OTVM�y¦�¡F��¡Mí+F7s�¤�«&íx¡F a¢¬¦§�¬¥b�®y©
XC

Ë��®`8«¡£¢�©#ª)w
Q̄
�L�Ë�©�á: y®H��¥bª�¤�©�¦§®�ÙF¦§Ê�©b��Ü�Ú ¢

ý �U���nÒ�1+ý±���U�\�U�����)�ñ�g�����������f�|½f� þYr;©3�
X
Dx®y«¡£¡M�|Ë2ì� a¡gÎa©b¥3�|¦�ÊF©�F>Ü@©�¢�©#á���©b¢

/Q̄
�SL�Ë�©b�

cD : CHp(X/Q̄)→ H2p
D (X ¤ ©C ,Q(p))D]¡F �©"QL¤�¦§ÊM�ª§©b���|ª�ÚZ<

AJ : CHp²v³c´ (X/Q̄)→ Jp(X)
F`¦§®�¦��gÎa©#¥#�|¦�ÊF©M�

å�³3Æ¿�¼sÒ È��ÇÑ ä Ø�©b a©4¡F��©�¥V��  a©bì�ª��¥b©
Q̄

Ü�Ú  �º¤�«2Ü�©# Çá:©#ª�¢�<�Ü@©V� a¦���Ù ¦��
«¬¦§��¢(�|Ë:g��¦§�ñ�yË�¦�®�ì:�ì@©b 

CH
¦§®��|�W�©#�î«¡£¢�¤�ª�¡��|¡� y®y¦§¡F����I0�yË�©b �M�¦�®a©�yË�©

®a�|M�|©#«¬©#�L��¦�®
false ¢ íx¡F A©�=��«ì�ª§©�<�s�¤� y a©����¢±}��«ÇnWº a¦�®aË��:��¸D��ªsu}m¡xF;Ë:VÊF©®yË�¡�M�� �|Ë:g��íx¡F ����Ú ì� a¦�«©

p
�|Ë�©b y©�©�=�¦§®a�y®�M� ©#ª�ª§¦�ì��y¦�¥%¥b¤� HÊF©

E
¡�ÊF©b �

�L¤�«2Ü@©b 2á:©#ª�¢
k
���¢ ì@¡F¦����|®

P, Q ∈ E(k)
®y¤�¥sËè�|Ë:M�

(P,Q) − (0, Q) −
(P, 0) + (0, 0) ∈ ker(Alb) ⊆ CH

²v³c´
0 (E × E/k)

¦§®
p
Ín�y¡F y®a¦�¡F���

É:¡F 
0
Ín¥#Úº¥bª§©b®�<

CH
²�³c´
0 (X/Q̄)

¥b¡F��®a¦�®H�|®�¡�í ∑
qizi

M�¦§�yË�¥#¡£¡� y¢�¦§�:M�|©#®A¡�í:�ª§ª
zi¦��

Q̄
�D�ní>Ì�Ì�ò Ë�¡�ª�¢�®"<R���Ú�®y¤�¥sË�¥#Úº¥bª§©�¦§�

ker(Alb)
¦�® £O¤-¥≡ 0

�mBº¡¬¦�í
H1(X) =

0
D]©M�qÙ��-íx¡F 

X(C)
®a¦�«ì�ª§Ú ¥b¡F����©b¥3�|©b¢HF�<0�|Ë�©b�

AlbX = 0
M��¢ Ì`Ì�ò

=⇒
CH

²v³c´
0 (X/Q̄) = 0

�&Ø�©b��¥b©¬Ì�Ì�ò"¦§«¬ì�ª�¦�©#®��yË:M�8¡F� �ì� y¡gÎa©#¥#�y¦§ÊF©&¥#¡F«¬ì�ª�©#�y©
¦����|©# y®a©b¥#�y¦�¡F� D]¡� ]ÂYÈ^<
¡F 4ò5óYF�¢�©#á:��©#¢

/Q̄
<8���Ú

2
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ker(Alb) ⊆ CH

²v³c´
0 (XC)Dxíx¡F 

X
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/Q̄
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��¦§�y¦�¡F��@
K ⊆ C

Ë:M®��y y¢�©#Ù
(K/Q̄) ≥ 1

�mDat ©�®a¦�«ì�ª§Ú�¥VMª�ª��yË�¦�®>�yË�©��| |M��®y¥#©b�£Í
¢�©b��¥b©�¢�©bÙF a©b©�¡�íl�yË�©�¥#Úº¥bª§©��ºË�©b a©JMD©0M y©�¡F��ª�Ú2¥b¡���®y¦§¢�©b a¦���Ù

X
M�¦§�|Ë¬8«¬¡º¢�©bª

/Q̄
Ü@©b¥b�¤�®y©D¡��|Ë�©b �M�¦§®y©
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X
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/Q̄ ≥ 1
�¬F�L�¡JM� a¦§�y©D¢�¡�M��

®y¤�¥sË�¥#Úº¥bª§©b®�<)M`©�á: y®H�0¢�©#®y¥b a¦�Ü@©��yË�©�>nÊF©# aÚ�ÙF©b��©# |�ª�@8ì@¡F¦����|®�MD©$ y©"QL¤�¦� a©$¦���
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È��ÇÑ�� !��)���Õ½n�U�����±�)�	�S�)�\������� r;©#� S/Q̄ Ü�©D®y«¡£¡��yË2ì� a¡gÎa©b¥3�|¦§Ê�©�<L���¢�¥sË�¡£¡�®y©
®y¡F«©/nq��©5ë�M y¦�®�WL¦�¡Fì@©b�8®y¤�Ü�®y©3� S0/Q̄

�|L�Ë�©�©b«$Ü�©#¢�¢�¦���Ù
Q̄[S0] ↪→ Q̄(S0) ∼=

Q̄(S)
¡�í��|Ë�©òD]nq��©�F�¥b¡º¡F y¢�¦��:M�y©� y¦§��Ù�¦����|¡�¦§�y®�íx¤���¥#�y¦�¡F� á:©#ª�¢è¦���¢�¤�¥b©b®¬

«¬¡� yì�Ë�¦§®y« B£ì@©b¥
Q̄(S) → B£ì@©b¥

Q̄[S0]
� ò`¡�«¬ì@¡F®y¦§��Ù��yË�¦�®hM�¦��|Ë �yË�©�¦���¥#ª�¤£Í

®y¦§¡F� S0 ⊆ S
Úº¦�©#ª�¢�®�+«¡F aì�Ë�¦�®a« Bºì�©#¥

Q̄(S) → S M�Ë�¦§¥sË»MD©&¥V�ª§ª
pg
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pC
g := pg ×Q̄

B£ì@©b¥
C
Dx¦S��©��3B£ì@©b¥

C(S) → SC
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¡�í SC

�(t ©$Mì�ì� y¡�=£¦�«¬M�y©�Ü�¡��yË�Ù�©b��©# y¦�¥�ì@¡F¦����|®�Ü�Ú%®yË� a¦��	WL¦§��Ù S �®�íx¡Fª§ª�¡�M�® ¢íx¡F y«¬�ª§ª§ÚºM� y¦��|©
ηS := lim←−U

Dxª�¦§«¬¦��
¡�ÊF©#  U/Q̄ ⊆ S nq��©+ë�M y¦�®�WL¦/¡Fì�©#�eF
���¢

ηC
S := lim←−UC

Dxª�¦�«¦§�
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¡�ÊF©#  U ¢�©#á���©b¢
/Q̄

� UC

¦�®�Îa¤�®a� U ×Q̄ C
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H∗ < H∗

H
<
CH∗ F
®y¡%�|Ë:g� F(η

[C]
S ) := lim−→F(U[C]).
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η
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Q̄(S)
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ηS
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X/Q̄
<
CH∗(X × ηS/Q̄) := lim−→CH∗(X × U/Q̄) ∼=

CH∗(X × B£ì@©b¥
Q̄(S)/Q̄) ∼= CH∗(X/Q̄(S)).
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<
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H∗
H(ηC

S ,Q(·)) :=
lim−→H∗

H(U ¤ ©C ,Q(·)) �7I0��©�¥V��¬�s�WM©
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F • ¡�� Hm(ηS)
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Hm(ηS) := WmH

m(ηS) =
¦�« {

Hm(S)→ lim−→Hm(U)
}
∼= Hm(S)

N1Hm(S)
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Q̄(S)
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Q̄[U ]
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U ⊆ S0
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/Q̄
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p ∈ ηS(C)
<ï¡F 8�|Ë:g�

p ∈ S(C)
¦�®
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dim(S)
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ker(AlbX)
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X¢�©#á���©b¢
/Q̄

� r;©#� Cj/Q̄ D
j = 1, . . . , d

F+Ü@©�¥b¤� HÊF©b®�¡�í2ì@¡F®a¦§�|¦�ÊF©(ÙF©#��©b y^<
���¢ ®y©bª§©b¥3�4Ü:�®a© ì@¡F¦����|®

oj ∈ Cj(Q̄)
��®y©3�

X = C1 × · · · × Cd
� LïnW�©

pj ∈ Cj(C)
ÊF©b HÚ ÙF©#��©b y�ªD���¢»>��ª�Ù�©bÜ� y�¦�¥b�ª�ª�Ú�¦§��¢�©bì@©b��¢�©b����@Ç¦��ñ�|Ë�©¬®y©#��®y©

�|Ë:g�
p1×· · ·×pd ∈ X(C)

¦�®�ÊF©# aÚ8ÙF©#��©b y�ªS��Éï¦§�:�ª§ª§ÚZ<bª�©#� Wj ∈ CH
²v³c´
0 (Cj/Q̄)Dxíx¡F �©b�¥sË

j
F�Ü@©�®y¤�¥sË+�yË:M�

AJCj
(Wj) 6= 0

¦��
J1(Cj)

��Dxtî©�©b«ì�Ë:�®a¦lTb©�¡F��¥#©
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�hÒ|�Õ�)½f��Ó ��������� ·g¼$³y¿º°sÅ

` ≥ 2
µ5»ÐÅ:³

0
éy°3±�°3²�³s´

(A) : (p1 − o1)× · · · × (p` − o`)× o`+1 × · · · × od

µ
(B) : (p1 − o1)× · · · × (p`−1 − o`−1)×W` × o`+1 × · · · × od¹�ÁÐÔ�³8Âl·gÂºðg³3¼|·+°3²�¿g´s´�³s´�ÁÐÂ

ker(Alb) ⊆ CH ���� 0 (XC).
å�³3Æ¿�¼sÒ È���! ä D]¦xF�ÉR¡� 4¡FÜ�Êº¦�¡F¤�®( a©V�®a¡F��®KMD© ¥b�ª�ª
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>
`
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` = d = 2
¦§�$¦�®

(p1, p2) − (p1, o2) − (o1, p2) + (o1, o2)
F����yË�©+ a©b®yì@©b¥3�|¦�ÊF©

�| y���®y¥#©b��¢�©b��¥#©Ç¢�©#ÙF y©#©b®�¡�í
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� y©&¥#ª�©VM yª§Ú
`
���¢

` − 1
�
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(B)
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n = ` = 2
íx y¡�« �Ç}3B�¡/���¢4¦��4Ù�©b��©# |�ª

íx y¡F« �ªÂ 1 ¡7D]®y©#©gL�Ë�©b¡F a©b«
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� Ü]~3PaZhPHQnYekÇÝ�U�[
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���¢ ¥3Ú£¥#ª�©#®2¡�í��|Ë�©+�Ü�¡�Ê�©+�cM`¡4�zÚºì@©b®
(A)

���¢
(B)

ì� y¡gÎa©#¥#�2�y¡(��¡F���| a¦§Êº¦pMª
©bª§©b«©b���|®�¡�í

CH
²v³c´
0 (Ad)∗`

íx a¡F«��yË�©�Ì`ª�¡º¥sË��|Ë�©#¡F y©#«��D]¦§¦�¦VF5Û ®y¦§«¬ì�ª§©�©�=��«ì�ª�©�¡Mí
(B)

M�¦§�|Ë
d = ` = 2

¦�®mM�¦§�yË��|Ë�© Cj Ü�¡M�|Ë�©bªuÍª�¦§ì��|¦§¥�¥#¤� aÊ�©b®
Ei/Q̄

<
P ∈ E1(C)

ÊF©# aÚ�ÙF©#��©b y�ª-<����¢
Q ∈ E2(Q̄)

¡�í�¦��£á:��¦§�y©
 |��^W@�XLïnWº¦§��Ù W2 = 〈Q〉 − 〈O〉 <	MD©$ÙF©3� (〈P 〉 − 〈O〉)× (〈Q〉 − 〈O〉) /£l¤-¥≡ 0D]¦§�+�|Ë�©8®y©#��®y©�¡�í��|Ë�¦§®�ì:�ì@©b �<:¦i�q©M�/«¬¡º¢�¤�ª§¡$�|¡� y®y¦§¡F�eFe�

E

E

(P,Q)(O,Q)

(O,O) (P,O) 1

2

t ©�M�¦§ª�ª�¦���ÊF©#®a�|¦§Ù�M�y©�¥#Úº¥bª§©b®8¡�í5�|Ë�©�íx¡F a« ©���Ù��
(p1 − o1) × (p1 − o1)

¡F�
C1 × C1

¦��Å¶
6.2

Ü@©bª�¡�M8��I0���yË�©2¡��yË�©b 0Ë����¢�< W1 ×W2

>�®aË�¡F¤�ª§¢j@�Ü�© £O¤-¥≡ 0®y¦§��¥b©5¦§�A¦§®�¦§�
ker(Alb)∩CH

²v³c´
0 (C1×C2/Q̄),

�yË�¡F¤�ÙFË8�|Ë�¦�®�¦�®A¡F��ª�Ú�¥b¡F�hÎa©b¥#�y¤� |MªR ©#Ê�©b��¦�í C1 ���¢ C2 � y©�©#ª�ª§¦�ì��y¦�¥
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X/Q̄
M�¦��|Ë

Ω2(X) 6= 0
���ní

H1(X) = 0
<�Ë�©# y©�¦�®ïË�¡�M �|Ë�¦�®5MD¡F �WL® ¢ �s�WM©��r;©3íx®y¥sË�©3�vT�ì�©#��¥b¦§ª�¡�í X <ZM�Ë�¦�¥sË

M`©�M� y¦��|©
P1 h← H

P→ X
D P ¦§®$�Ü�ª�¡�M�Ín¤�ìeFPM�¦§�|Ë Ct := P (h−1(t)) ⊆ Xíx¡F 

t ∈ P1 ��É:¡F �©VM¥sË t ª�©3� pt ∈ X
¢�©b��¡��|©0�yË�©�¦���¥#ª�¤�®a¦�¡F�Ç¡�í>$Ê�©b HÚ�ÙF©b��©b |Mª
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o ∈ X(Q̄)
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t0 ∈ P1(Q̄)
<
0 /£l¤-¥≡ pt0 − o
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CHdX(X ×X)
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∣∣
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[q®�¦§��¢�¤�¥#©b¢

Hom
[q®#�(s%¡F y©#¡hÊ�©b "<

Gri−1
L Jd(X × ηS) =

Ext1Ù	Ú�Û (Q(−d), H i−1(ηS)⊗H2d−i(X)
)

¦§«
Hom Ù	Ú�Û (Q(−d), GrW

i H
i−1(ηS)⊗H2d−i(X))

ξ
� Jd

(
H i−1(ηS)⊗ H2d−i(X)

F d−i+1
h H2d−i(X)

)
,

M�Ë�©b a©
ξ
¦�®:MD¡F �WM©b¢4¡F¤£��¦��G�ªÂ � <:®y©b¥M� 1�� ¡-�jM`©8¢�©3á:��©

AJ i−1
X (Z)tr =

[AJ(Z)]tri−1 := ξ ([AJ(Z)]i−1) .Ø�©# y©��|Ë�©#��¦§®�Ë�¡�M �y¡¥#¡F«ì�¤��|©��yË�©8¦���ÊM� y¦�����|®`íx¡F 
0
Íz¥3Ú£¥#ª�©#® ¢

�g�)½f�)�U�U�	½��nW|��o~� ÞA³3»
X/Q̄

¿�Â@¸ Z ∈ LiCH0(XK)
Ó5»xÅ:³3Â

¯�¿3È
[Z]i

Á�´»xÅ:³ÁÐÆ¿�¹º³¬·�Ï&»xÅ:³gEa`£Â:Âl³3»ÐÅ °s·gÆ
Ö:·gÂl³3Â:»
[Z̄]i ∈ H2d−i(X) ⊗

H i(S)
µ�Å:³3Âl°s³

[Z]∗i
Á�´�»ÐÅ:³�°s·gÆ
Ö:·�´3ÁÐ»iÁS·gÂ�·�Ï

[Z̄]∗i
ß/ÁÐ»xÅ�³bäÄ¹�ä

H i(S) � H i(ηS)
ä

¯�ÀHÈg^xÏ0ÁÐÂ�¿�¸�¸�ÁÐ»iÁS·gÂ
Z̄ ���� ≡ 0

µ�»xÅ:³3Â
[AJ(Z)]tri−1

Á�´8»ÐÅ:³�Ö@¼|·e\V³s°3»�³y¸ÁÐÆ¿�¹º³2·�Ï
{∫

∂−1Z̄

(·)
}
∈
(
F t+1

{
H2t−i+1(S,C)⊗H i(X,C)

})∨/ Ö:³3¼eÁS·b¸g´

∼= Jd
(
H i−1(S)⊗H2d−i(X)

)
,
½ºÂ@¸º³3¼�»ÐÅ:³�·�ÀbÔ�ÁS·g½L´�Ö@¼|·e\V³s°3»]ÁS·gÂ ·�Ï0¶�ã�ä

���~�HÓ��/�a�kW|�32!� }�©b¥b�ª�ªï�yË�©¥V�®a©
d = ` = 2

¡�íXL�Ë�«%�
3.5(A)

<��yË�©¥#Úº¥bª§©
Z = (p1 − o1) × (p2 − o2) ∈ ker(Alb) ⊆ CH

²v³c´
0 (C1 × C2/K)

M�Ë�©# y©
C1, C2/Q̄

���¢
K ∼= Q̄(C1×C2)

�/�z�í]�¥#�5�|Ë�¦§®Dª§¦§Ê�©b®5¦�� L2 <º®y©b© §5.1 �7Æ�¡��|¦§��Ù�|Ë:g�
X = C1 × C2 = S <	MD©���©b©b¢%¡F��ª�Ú+¥sË�©#¥+W+�|Ë:g� [Z̄]∗2 : Ω2(X)→ Ω2(S)¦�®���¡��L�y y¦�Ê£¦��ªS��L�Ë�¦§®�íx¡Fª�ª§¡fM�®0íx a¡F« �yË�©í]M¥#�8�|Ë:g���yË�©®yì� a©V�¢ ¡�í

(p1, p2)
¦§®

∆C1×C2

DxM�Ë�¦�¥sË ¦���¢�¤�¥b©#®�yË�©�¦�¢�©#�L�y¦§�zÚ ¡��
Ω2 F�<XM�Ë�¦§ª�©+�|Ë�©�®aì� y©b�¢�®¡�í
�yË�©¡��|Ë�©b 0ì@¡F¦����y®0¡�í Z ¦���¢�¤�¥b©2�|Ë�© Tb©b a¡�«Ç�ìl��Ø�©b a©2�|Ë�©�¥#¡F����©#¥#�|¦§¡F�(Ü@©#�cMD©b©b�

Ω2(X)
���¢¬�yË�©�Û
ª§Ü:���©#®y©JW�©b a��©bª@¦�®7QL¤�¦��|©�ì�ªpM¦�� ã L�Ë�©
¡M�|Ë�©# 5¥b�®y©#®`¡�í�L�Ë�«%�

3.5(A)
� a©�¢�©V�ª��mM�¦§�yË%®a¦�«¦�ª�� yª�ÚF�

z�z
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X
¦�®/¢�©3á:��©#¢

/Q̄
�>Û��/�y¦�«©b®>¦��/¦�®��|¡º¡�¢�¦Oq¥b¤�ª§�>�y¡�¥b¡F«ì�¤��y©�©#ÊF©#�

[AJ(Z)]tri−1íx¤�ª�ª�Ú)�;¦���®H�|©VM¢ ¡F��©¥b���«ÇnW�©&¤�®y©¡�í5�|Ë�©�íx¡Fª§ª�¡�M�¦���ÙoQL¤�¡��y¦�©b���b��t  y¦��|¦§��Ù
Díx¡F �¢�¦�Ê£¦§®y¡F a®

/Q̄ ⊆ S <	MD©�¥V��%¢�©#á���©
H∗(S £ § ® ) :=

Dx¥b¡ÕF�¦�« 
 lim←−

D

H∗(S, D)→ H∗(S)



 ,

H∗(ηS) :=
D]¥#¡ÕFH¦§« 

 lim←−
D

H∗(S \D)→ H∗(S)



 ;

�|Ë�©
ªpM�a�|©b `� y©
Ë�¡F«¡Fª�¡FÙMÚ&¥bªpM®y®y©#®�¡F� S M�Ë�¦§¥sË�¥V���Ü@©�«¡hÊ�©b¢+�y¡&�Ê�¡F¦�¢�M�LÚ¢�¦§Êº¦§®y¡F #�5L�Ë�©8íx¡F y«©b �¦§®�ÔD]ì�¤� a©�M`©#¦�ÙFË���F�Ø?B��
ÌDÚ� a©b®H�| y¦§¥#�y¦���Ù�íx¤���¥3�|¦§¡F�:�ª§® {

F t+1
(
H2t−i+1(S £ § ® ,C)⊗ Hi(X,C)

F 1
h

)}∨
�

{
H2t−i+1(S £ § ® ,C)⊗ F iH i(X,C)

}∨ ∼=
{
Hi−1(ηS,Q)⊗ F iH i(X,C)

}∨
,M`©8¦§��¢�¤�¥#©��«¬�ì

Jd

(
H i−1(ηS)⊗ H2d−i(X)

F d−i+1
h

)
� HomQ

(
Hi−1(ηS ,Q),

Ωi(X)∨¦§« {Hi(X,Q)}

)

���¢��|Ë�©8¦§«Ç�Ù�©0¡�í
[AJ(Z)]tri−1

¦�®�¢�©#��¡��y©b¢
[AJ(Z)]i−1

�5Û
®a®y¤�«¦���Ù
Z̄
²v³c
≡́ 0

<
 y©#¥V�ª§ªA�yË:M�

[AJ(Z)]tri−1

Di�®�&íx¤���¥3�|¦�¡��:�ªxF�¦�®�¦���¢�¤�¥b©#¢4Ü�Ú ∫
∂−1Z̄

�
Û�ì�ì�ª§Úº¦§��Ù
�|Ë�¦§®$�|¡�4¥#ªp�®a® ˆ[γ] ⊗ ω

íx¡F 
ω ∈ Ωi(X)

<
[γ] ∈ Hi−1(ηS ,Q)

�AM�¦��|Ë
[γ̂] ∈

H2t−i+1(S £ § ® ,C)
¦��|®�¨�¡�¦���¥b� �q8¢�¤:MªO¡\<�ÙF¦§Ê�©b®

∫

∂−1Z̄

γ̂ ∧ ω =

∫

πX{(∂−1Z̄)∩(γ×X)}
ω =:

∫

Γ

ω ,

M�Ë�©b a©
Γ
¦§®;��|¡Fì@¡Fª�¡�ÙF¦�¥b�ª

i
Íz¥sË��¦���Ü@¡F¤���¢�¦���Ù�¡F�

Z̄∗(γ) := πX

{
Z̄ ∩ (γ ×X)

} ��rÆ�¡�M ª§©#� {ω} = {ωk}k∈K ⊆ Ωi(X)
¢�©b��¡��|©`�Ü:�®a¦�®"�F©#ÊM�ª§¤:M�|¦§��Ù�íx¤���¥3�|¦�¡��£Í

�ª�®�¡F��¦§��ÙF¦§Ê�©b®>�«Ç�ì
Ωi(X)∨

∼=
−→§��

{ω}

C|K| <����¢hMD©(M� y¦��|© Λ{ω}
íx¡F A�|Ë�©D©#Ê

{ω}
Í

¦�«¬�ÙF© ¡�í
¦�« {Hi(X,Q)} �ÅL�Ë�©#�è�yË�©+ÊF©#¥#�y¡F  (∫

Γ
ωk
)

k∈K

¢�¡º©b®���¡��&¥sË:���Ù�©�«¬¡º¢�¤�ª§¡
r=s ZhP�dHYeZ�PaZg[i�hQiPA^imhU�[@UWZb^iPaQS[iPad�^iUW\3Z�U�[RvhQS\3v�PHQ��b�`_�\sTVUqZh~

γ
UWZ�U�^n[@mh\#_�\3kW\3~3�`d�k�Y3[S[R\#Z

S � 9 mhP/PaY#[]UWPa[]^lX�Y|��^S\�f�\`^imhU�[;U�[�^i\�dnmh\V\b[]P>Y�f�UqTVU�[]\#Q D ⊆ S [i�Ht�d�UWPHZb^ikW�(Ü]kWY3Qi~#PcÝA^SmgYs^^SmhP/QiPy[x^SQiU�dz^SUq\#Z�\3c
Z̄
^S\
X × (S \D)

mgY3[�QSPHk�Ys^SUqT#P�f�UW_`PaZg[iUq\#Z
0
\sT#PHQ S \D }�YeZgf
_�\sT3P

γ
^S\�Y|T3\3U�f

D
� t 9 mhU�[;U�[;v�\#[S[]UW�hkWP/�MPydHYe�M[]P [γ] ∈ Hi−1(ηS ,Q)

Vh\3c�dH\3�hQn[iP3}h[i\3_�P�^SUq_�Pa[
DdaYeZ
�MP�dnmh\b[]PaZ�Pa_`vh^x�3}gY#[�UqZ0P&ÿhY3_`vgkqP

4.2
Ye��\sT3P3� {z�«



Λ{ω}(=
ì@©b y¦§¡£¢�®

)
¦§í3M`©�¥sË�¡£¡�®y©4ñ¢�¦ON�©b a©b���

Γ
Ü�¡F¤���¢�¦���Ùî¡F�

Z̄∗(γ)
D]ì� a¡MÍ

Êº¦�¢�©#¢ºMD©�¤�®y©��|Ë�©�®y�«©
Γ
íx¡F ��ª§ª

ωk Fe�5tî©8Ë:VÊ�©�ì� a¡�ÊF©b¢%�|Ë�©�íx¡Fª§ª�¡�M�¦���Ù ¢
,g½f�#�S�)���x�f�U�)�5W|��?�� æ�ÁÐÔ�³3Â Z ∈ LiCH0(X)

ß/ÁÐ»xÅèÂ:½º²Ð²WÅ:·gÆÇ·g²�·y¹º·g½�´�°s·gÆ�é
Ö@²�³3»�³8´zÖ@¼|³y¿�¸

Z̄
µ
γ ∈ Hi−1(ηS ,Q)

¿�Â@¸
Γ ∈ C u ��vi (X,Q)

ß/ÁÐ»xÅ
∂Γ = Z̄∗(γ)

µ
[AJ(Z)]i−1(γ)

³3Ôg¿�²Ä½�¿�»z³s´8»z· (∫
Γ
ωk
)

k∈K
∈ C|K|/Λ{ω}

·gÂ�¿�Às¿g´3Á�´ {ω} äL�Ë�© ∫
Γ
ωk � y©&¥VMª�ª�©#¢(«¬©#«2Ü� y���©�¦����y©bÙF y�ª�®"�Aíx¡� 

i = 2
�yË�¦�®�¡F��¥b©�Ù��¦§�

«ÇnW�©b®8�|Ë�©Ç¥b¡�����©b¥3�|¦§¡F�îÜ@©#�cMD©b©#�
/£O¤-¥≡ ¡�í�¥3Ú£¥#ª�©#®2���¢ Ë�¡Fª§¡F«¬¡� yì�Ë�¦§¥

2
Íníx¡� y«®QL¤�¦§�y©(¥bª�©b� b� tî©ñ�ª§®y¡ ��¡��y©(�|Ë:M�

Λ{ω} ⊆ C|K| ¦�®�  |g�|¦�¡��:�ª
ª�M�y�y¦�¥#©4¡�í
¢�¦�«©b��®y¦�¡��

at least 2|K| �
���~�HÓ��/�a�+W|��A�� �z�ñ�yË�©&®y¦§�y¤:M�y¦�¡F�(¡�í � =��

4.2
D]�®y®a¤�«¬©

H1(X) = 0
F�<;�|Ë�©

«¬©#«2Ü� y���©�¦����y©bÙF y�ª�®�M y©8®y¦§«¬ì�ª�ÚÇ¡�Ê�©b �¥sË:�¦§��® ⊆ X
Ü@¡F¤���¢�¦���Ù�ª§¡£¡�ì�® ⊆ Y

Y
XΓ

L�Ë�©b®a© {∫
Γ
ω

(2,0)
X

} � a©� y©#ªpM�y©b¢��|¡&©�=º�y©b��®a¦�¡F��®�¡�í5s�ØPB@�
å�³3Æ¿�¼sÒ Ñ�� 1 b ä D]�F?tî©&¥VM�ñ¦§���|©b aì� y©3�

[Z]i−1

�®8¥b¡F a y©b®aì�¡���¢�¦���Ù��y¡�M�ñ©#ª�©eÍ
«¬©#���
¡�í

HomQ

(
Hi−1(ηS ,Q), Hi−1(X,Q)

) <����¢��yËº¤�®
¢�©#¢�¤�¥b©$©�=£¦�®H�|©b��¥b©
¡�í>�yË�©$«©b«2Ü� |���©

Γ
D]Ë�©b��¥#©$�|Ë�©�«¬©#«2Ü� y���©�¦����|©#ÙF |�ª§®+F`íx y¡�« ÊM���¦�®yË�¦���Ù¡�í

[Z]i−1

Dx�y y¤�©0íx¡F  Z ∈ Li F� yM�|Ë�©b ��|Ë��� [Z̄]
�D]ÜHFSt ¦��|ËÇ®a¡F«©JMD¡F �WÔDx®y©#© �ªÂ � ¡xF�<£¡F��©�«¬VÚ�íx¤� a�yË�©b a«¬¡F a©� a©bª��=��|Ë�©
©�=º�y |

¥b¡F��¢�¦§�y¦�¡F� ¦§� ¨/ a¡Fì�¡�®y¦§�y¦�¡F�
4.8

íx y¡�«
[Z̄] = 0

�|¡ñ¡F��ª§Ú
[Z]i = 0

�kL�Ë�¦§®¦§®
2Ê�M®a��¦�«ì� y¡�Ê�©b«©b����<:Ü@©b¥b�¤�®y©�¦§��®yVÚ£®��|Ë�©� a©b¢�¤�¥#©b¢�¦���ÊM� y¦�����|®

[AJ(Z)]i−1� y©&¥#¡F«¬ì�¤��s�Ü�ª�©&Ü�Ú�«¬©#«2Ü� |M��©&¦����|©#ÙF |�ª§®�M�Ë�©b��©3ÊF©# $�|Ë�©3Úñ� y©¢�©3á:��©b¢»R
Ë�©b��¥b©2¤���¢�©b PMD©V�WM©b �¥#¡F��¢�¦��|¦�¡���®��yË:��(�ª§ª�¡�M

[AJ(Z)]
(tr)
i−1

�y¡+Ü�©$¥b¡F«ì�¤��y©b¢
Ü�Úyp� y¦�q&�|Ë�®"[q®¬ì� y©#®y¥b a¦�ì��y¦�¡F� ∫

∂−1Z̄
(·) � L�Ë�¦�®¬¦�®��©b©#¢�©b¢ �y¡ ¢�©VMªJM�¦��|Ë �yË�©

n
ÍnÜ�¡�=�¥3Úº¥bª�©#®�¡Mí §6.3 íx¡�  n > 2

�

�£� NK6:6X;S�/;n�5�:�(�kwH;î�#�/4S�l��;z�����Î���J6 ;z�(ée�m47;-�����ï�
�z���|Ë�¦§®�®y©b¥3�|¦§¡F�KM`© M�¦�ª§ªï®H�|¤�¢�Ú(�íx©�M ¡��yË�©b 3>z¥V���¢�¦�¢:g�|©b®&@2íx¡F 
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�£� 1 � �`��½f½f�x$5�x��½f�^�f�a�)� ÐXy � Û�®y®a¤�«¬©
X

Dx¢�©#á:��©b¢
/
���Ú�®y¤�Ü£á:©bª§¢"¡Mí

C
F

¦�®2®a¤�¥sË �|Ë:M�
∆X

Ë:�®&4ÙF¡º¡£¢èò`Ë�¡fM�ÍcÂ�Ã�����©3�|Ëè¢�©b¥#¡F«¬ì@¡F®a¦§�|¦§¡F���Ît  y¦��|¦���Ù
∆X

≤a :=
∑

(0≤)j≤a ∆X,j
���¢

∆X
>b :=

∑
b<j(≤2d) ∆X,j

<^M`©�®y©3�
F i

MCH0(X) :=
¦§« 〈

∆X
≤2d−i

〉
∗ = ker

〈
∆X

>2d−i

〉
∗ .Æ�¡��y©¬�yË:M�

F 1
MCH0 = CH

²v³c´
0

<
F 2

MCH0 ⊆ ker(Alb)
<
F d+1

M CH0 = {0} <���¢ 〈∆X,j〉∗
∣∣
Gri

FM
CH0(X)

= δ2d−i, j · Id
�ºL�Ë�¦�®�ªpM�a�|©b �ì� a¡Fì�©# a�zÚñ¢�¡º©b®2��¡��

��©b¥#©b®a®|� a¦�ª§Ú¬Ë�¡Fª§¢Çíx¡F `� yÜ�¦��| y� aÚ¬�ª§ÙF©bÜ� y�¦�¥3Â�Ã�����©3�|Ë�¥b¡�«¬ì@¡F��©#�L�y®
∆̃X,j

Dx y©eÍQL¤�¦� a©b¢ ¡�í
ñÌ`Ì�ÉSF�<ïÜ�¤��&¦§í
F •,-, ©�=�¦§®a�y®2�|Ë�©#� ¡F��©%©b�®y¦§ª§Ú ®yË�¡�M�®

F •
M

«2¤�®H�
¥b¡F¦§��¥b¦§¢�©�M�¦§�|Ë¬¦§�b�S����¢�©b D�yË�©0M®y®y¤�«¬ì��y¦�¡F��®`¡�íAØ3r�òmñ8Ì`Ì�ò q < L• ÙF¦§Ê�©b®D®y¤�¥sË á:ª§�y |M�y¦�¡F��<�®a¡ �yË�©b� L• = F •

M

� t ¦§�|Ë�¡F¤���®y¤�¥sË �®a®y¤�«ì��|¦§¡F��®"<0�ª�M�VÚº®
F •

M ⊆ L• <:M��¢�¥#¡F��ÊF©#��¦�©#�L�yª§Ú 〈∆X
≤2d−i

〉
∗
ÙF¦§Ê�©b®��ì� y¡hÎa©b¥#�y¦�¡F���y¡

F i
M

�
���~�HÓ��/�a� þ ��½f�~���������Ô�eõg����½��)����� É:¡F 0¡F��©�¥#¤� aÊ�© C M�¦§�|Ëñ+Ü:M®y©&ì�¡�¦����
o
<�®y©3�

∆C,2 = C × {o} < ∆C,0 = {o} × C < ∆C,1 = ∆C − ∆C,0 − ∆C,2
���ní

X = C1×· · ·×Cn
D]®y¡

d = n
F�<�M� a¦§�|©

σ : (C1×C1)×· · ·×(Cn×Cn)→ X×Xíx¡F ��|Ë�©�¡�ÜLÊº¦§¡F¤�®�ì@©b y«$¤��sM�y¦�¡F��¡Mí�í]�¥3�|¡F a®����yË�©b�
σ∗∆X,j :=

∑

j1+···+jn=j

∆C1,j1 × · · · ×∆Cn,jn

Úº¦�©bª§¢�®0+Ù�¡£¡º¢�ò5Í&Â ¢�©#¥b¡F«ì�¡�®y¦§�y¦�¡F��¡�í
∆X

��t ©�¥V��(¡FÜ£�s�¦§�(����ª��|©b a�:M�y©
¢�©b®a¥b a¦�ì��y¦�¡F� ¡�í��yË�©� y©#®y¤�ª��|¦§��Ù

F •
M

�®2íx¡�ª�ª�¡�M�®#�òr;©3�
Ξn

i

¢�©#��¡��|©+�yË�©�®y©3�&¡�í
®a�y y¦�¥3�|ª�Ú�¦§��¥b a©V�®a¦���Ù¬íx¤���¥#�y¦�¡F��®
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K = K1 = K2

F3R ®a©b©&�|Ë�©¬Ì`©b�¤�Êº¦�ª§ª�©3Í
×�¡F¦�®a¦��+�yË�©b¡F a©b« Ü@©bª§¡�M8�
!�� � � �����aõi1���½f�~���������Y�eõä���|���a����� �z�¬�yË�¦�®/®a¤�Ü�®a©b¥#�y¦�¡F��M`©�ì� a¡hÊ�©��cMD¡� y©b®a¤�ª§�y®Di�ì�ì� y¡�=£¦�«¬M�|©�¥#¡F��ÊF©# y®y©#®�¡�íl¡F��©����¡��yË�©b vF�¡���yË�©m>z®aÚº««¬©3�| y¦§¥�®�QL¤:� a©�@�¡�í�
¢�¦§Êº¦§®y¡F 

p−o ¡��Ç�¥b¤� HÊF©n<�¥b¡���¥bª§¤�¢�¦���ÙYM�¦��|Ë¬�Ü� a¦�©3í��y y©Vg�|«©b���`¡Mí�¦§�y®�Ë�¦�ÙFË�©b >�ì@¡�M`©# y®�@|�/Û
®��Ü@¡hÊ�©�<:¢�©#��¡��y©�Ü�Ú
KC

�yË�©8¥V���¡���¦�¥b�ª�¢�¦�Ê£¦§®y¡F �¡Mí C �
�hÒ|�Õ�)½f��Ó ø�ý±�Õ�H�|�~�\�U�U�F1a�����U���U�äù �qÌD×3¡Uú � rA©3�

o
<
p
Ü@©��cMD¡èì@¡F¦§�L�y®+¡F� 

®y«¡£¡M�|Ë�Ë�Úºì@©b y©#ª�ª§¦�ì��y¦�¥�¥b¤� HÊF© C/C ¡MíDÙ�©b�L¤�®
g ≥ 1

<�M�¦§�yË
(2g − 2)o £O¤-¥≡ KC¦��

CH0(C)
�SL�Ë�©#� Z := (p− o)× (p− o) £l¤-¥≡ 0

¦§�
CH0(C × C)

�
� ¼s·�·�Ï#ä L�Ë�©&M®y®y¤�«¬ì��y¦�¡F��¦�«ì�ª�¦§©b®

o ∈ C(C)
¦§®?t ©b¦�©# y®H�| |M®y®�<;Ë�©b��¥#©&+ |�«�Í

¦§á:¥bM�|¦§¡F�4ì@¡F¦����
¡�íD�yË�©ÔD]¦§���| y¦§��®y¦§¥�F�¥V���¡���¦�¥b�ªï«¬�ì
ϕ : C ¦v§ ¯ 2→ P1[⊆ Pg−1]

�tî a¦§�y¦���Ù
σ : C → C íx¡F ��yË�©+¥#¡F y a©b®yì@¡F��¢�¦���Ù4¦§��ÊF¡Fª§¤��|¦§¡F��<�MD©+®a©#� f(z) :=

z−ϕ(p)
z−ϕ(o)

���¢
F := f ◦ϕ <����¢Ç��¡��y© (F ) = p+σ(p)− 2 · o �/Ø�©b��¥#©�DiM��¢Ç�|Ë�¦�®¦�®:MD¡F a�yË�¢� |�M�¦���Ù�íx¡F �¡���©b®a©bª§ívF

(ι∆C
)∗ (F ) +

(
ι{o}×C

)
∗

(
1

F 2

)
+
(
ι{p}×C

)
∗ (F ) +

(
ιC×{σ(p)}

)
∗

(
1

F

)
=

2 · {(p, p)− (o, p)− (p, o) + (o, o)} = 2 · Z
®yË�¡�M�®��|Ë:g�gDi�ª�M�VÚº®�«¬¡º¢�¤�ª§¡2�|¡F a®y¦�¡��eF Z £O¤-¥≡ 0

�
�

�z���¢�¢�¦��|¦�¡���<V�|Ë�¦§®; y©#®y¤�ª���Ë�¡Fª�¢�®
vacuously

¦�í C ¦§®A�Ù�©b��©# |�ª�¥#¤� aÊ�©D¡Mí�ÙF©#�L¤�®
g ≥ 3

�A�|Ë:M�8¦§®�<;�|Ë�©b a©¥b�����¡M��©�=£¦�®a�
ω ∈ Ω1(C) M�¦§�yË (ω) = (2g − 2) · o ��z��¢�©#©b¢�<�íx¡� �®a¤�¥sË��¥#¤� aÊ�©��ª§ªZtî©#¦�©b a®a�y |�®a®ïì@¡F¦����|®�� a©D��¡� y«¬�ª-<hË�©#��¥b©D¥V�����¡��

Ë:VÊF©
2g− 1

M®�$Ù�Mì¬ÊM�ª�¤�©���DaL�Ë�¦�®D¦�®�í]�ª�®a©�íx¡F D� aÜ�¦§�y |� HÚ&��¡F��Ë�Úºì�©# y©#ª�ª�¦§ì��|¦§¥
¥b¤� HÊF©#®b�¬F
Ì`©3íx¡F y©�ÙF¦�Ê£¦§��Ù4�|Ë�©¸>�¥b¡��LÊ�©b a®y©�@v<�(Ü�©b�¤��y¦§íx¤�ª5�|Ë�©#¡F y©#« ¢�¤�©��|¡�Û
®y�WL¤� |j<M`©&¢�¦§ÙF y©#®y®�Ü� a¦�©�i�Ú4¡F�

AJ
«Ç�ì�®b�&ò`¡F��®y¦�¢�©b 

Y1

<
Y2

®y«¡º¡��|Ë(ì� a¡gÎa©b¥3�|¦�ÊF©&¡�í
¢�¦�«©b��®y¦�¡���®

d1

<
d2

<
d1+d2 =: d

<����¢�ª§©#�
Πi : Y1×Y2 → Yi

Ü@©`�yË�©��:M�y¤� |�ª«vâ



ì� y¡hÎa©b¥#�y¦�¡F��®±D
i = 1, 2

F3�(Lï�WM© V ∈ CHd−p(Y1)
���¢

Z̄ ∈ CHp²v³c´ (Y1 × Y2).L�Ë�©8 y©#®a�| a¦�¥3�|¦�¡��%¡Mí�íx¤���¥#�|¦§¡F�:�ª§®
{
F d−p+1H2d−2p+1(Y1 × Y2,C)

}∨
�
{
F d−p+1

(
Q[V]⊗H1(Y2,C)

)}∨

∼=→
{
F 1H1(Y2,C)

}∨
¦�®:MD©bª§ª�Íz¢�©#á:��©#¢�«¬¡º¢�¤�ª§¡�ì�©# y¦�¡º¢�®"<�Ë�©b��¥b©�¦���¢�¤�¥b©b®

ì� 
V : Jp(Y1 × Y2)→ Jd2(Y2).L�¡�¢�©#®y¥# y¦�Ü@©/�|Ë�¦§®;«ÇMì�¡F�
Z̄
<gª§©#�

∂−1Z̄
Ü�©5�Ü�¡�¤���¢�¦§��Ù�¥sË:�¦§��M��¢� a©b®H�| y¦§¥#�;�yË�©

íx¤���¥3�|¦�¡��:�ª ∫
∂−1Z̄

�y¡
Q[V]⊗F 1H1(Y2,C).

�ní
ξV ∈ Γ(Ωd−p, d−p

Y ∞
1

)
 a©bì� a©b®a©b���|®

[V]
���¢

ω ∈ Ω1(Y2)
<��yË�©b�

∫

∂−1Z̄

Π∗
1ξV ∧ Π∗

2ω =

∫

(∂−1Z̄)∩(V×Y2)

Π∗
2ω =

∫

Π∗
2{(∂−1Z̄)∩(V×Y2)}

ω.

Æ�¡��y¦���Ù&�|Ë�M�
∂
(
Π2

{
(∂−1Z̄) ∩ (V × Y2)

})
= Π2

{
Z̄ ∩ (V × Y2)

}
=: Z̄∗V,M`©8«¬VÚoM� y¦��|©��|Ë�¦�® ∫

∂−1(Z̄∗V)
ω
��¦§��íx¡Fª§ª�¡�M�®`�yË:M�

ì� 
V
(
AJY1×Y2(Z̄)

)
= AlbY2

(
Z̄∗V

)
.��®a¦���Ù��|Ë�¦�®:MD©���¡fM ì� y¡�ÊF© ¢

�hÒ|�Õ�)½f��Ó øa�_���	ü~�|½f��ù ��Û�®�¡Uú � rA©3� C Ü@©$®y«¡£¡��yË�ì� a¡gÎa©b¥3�|¦�ÊF©$¥#¤� aÊ�© /Q̄ <M�¦§�yË
p ∈ C(C)

ÊF©# aÚ ÙF©b��©# |�ªD���¢
o ∈ C(Q̄)

�ºL�Ë�©b�
(2g − 2)o /£l¤-¥≡ KC

¦§�
CH0(C/Q̄) =⇒ Z := (p − o) × (p − o) /£O¤-¥≡ 0

¦§�
CH0(C × C/C)

�/«¡F a©
ì� y©#¥b¦§®y©bª�ÚZ<

[AJ(Z)]tr1 6= 0
�

� ¼s·�·�Ï#ä t ©`á: a®a��¥b¡���®a�y y¤�¥3�50¥sË�¡F¦�¥#©�¡�í@¥b¡�«¬ì�ª§©#�y©
Q̄
Íz®yì� y©VM¢

Z̄ ∈ Z2(C×C×
C/Q̄)

íx¡�  Z �5t  y¦§�y© Pi

< Pij

���¢
ιi
<
ιij

íx¡F �ì� y¡gÎa©#¥#�|¦§¡F��®�M��¢�¦���¥#ª�¤�®a¦�¡F��®"<£©M�qÙ��
ι13 : C×C ↪→ C×C×C ®y©#��¢�® (q1, q2) 7→ (q1, o, q2)

���¢ P23 : C×C×C �

C × C ®a©b��¢�® (q1, q2, q3) 7→ (q2, q3)
�äB£©3�

∆
[3]
C := {(Q,Q,Q) |Q ∈ C} ���¢

Z̄ := ∆
[3]
C − ι12∗ ∆C − ι13∗ ∆C − ι23∗ ∆C + ι1∗C + ι2∗C + ι3∗C ;

���¢���¡��|©8�|Ë�M�
Z̄ ∩ ({p} × C × C) = (p, p)− (o, p)− (p, o) + (o, o) = Z �s�¡F a©b¡�ÊF©# 

(P23)∗ : H4(C×C×C)S3 → H2(C×C)S2
¦§®���&¦�®a¡F«¬¡� yì�Ë�¦§®y« ÐXc

M�Ë�¦�ª§©
(P23)∗Z̄ = 0

<�®a¡
Z̄
²v³c
≡́ 0

�
ò`¡F��®a¦�¢�©# ��|Ë�©8¥b¡�«¬«2¤£�|¦���Ù�¢�¦p�Ù� |�« ¡�í>ÝF�¥b¡FÜ�¦p���®

ÐXc
Sn

fhPHZh\3^iPa[;^imhP
n ß¢¤ [i�V_�_`PH^iQSUWdï~#Qi\#�hv «�ð



J2
(
H3(C × C × C)

)
// //µ £ ⊗3

)) ))SSSSSSSSSSSSSSSSSS

J2
(
H1(C)⊗H2(C × C)

)
// //

����

J2
(
H1(C)⊗ H2(C×C)

F 1
hH2(C×C)

)

����

J2
(
{H1(C)⊗3}S3

)
� �

I
// J2
(
H1(C)⊗3

) µ £ F // // J2
(
H1(C)⊗ H1(C)⊗H1(C)

F 1
h{H1(C)⊗2}

)

J2(H1(C)⊗3)
J2(H1(C)⊗F 1

h{H1(C)⊗2})M�Ë�©b a©$�|Ë�©$¥b¡�«¬ì@¡F®y¦��|¦§¡F��¦����yË�©��y¡Fì4 a¡fM ®a©b��¢�®
AJC×C×C(Z̄)

�|¡
[AJ(Z)]tr1

<M�Ë�¦�¥sËÔM`©�«2¤�®H�
®aË�¡�M���¡F�^Tb©b a¡���ÌDÚ��yË�©�¢�¦p�Ù� |�«Ô<��|Ë�¦�®�¦�®��¥#¥b¡F«ì�ª�¦§®yË�©#¢�¦�íM`© Ë:VÊF©
(
ì� 

F ◦
ì� 

⊗3)(AJ(Z̄)) 6= 0
�uL�Ë�©Ç y©b«¬�¦§��¢�©b �¡�í��yË�©+ì� a¡£¡�í`�|Ë�©# y©#íx¡� y©+ì� a¡MÍ

¥b©#©b¢�®�¦��
2
®a�|©#ì�® ¢ MD©8®yË�¡�M á� y®a�gDx¦xF/�|Ë:M�

0 6= ì� 
⊗3(AJ(Z̄)) ∈ ¦§« (I) <��yË�©b�D]¦§¦xF��yË:M��ì� 

F ◦ I
¦�®�¦��hÎa©b¥#�y¦§Ê�©��t ©��ì�ì�ª�Ú �yË�©+¢�¦§®y¥#¤�®y®a¦�¡F� ì� a©b¥#©b¢�¦§��Ù4�|Ë�¦§®$�|Ë�©b¡F a©b« M�¦§�|Ë

Y1 = C × C <
Y2 = C <`���¢ V = ∆C − {0} × C − C × {0} ∈ CH1(C × C) �èÛ�®��|Ë�©Â�Ã�����©3�|Ë+¥#¡F«¬ì@¡F��©#���|®

[V]0 ∈ H0(C)⊗H2(C) ���¢ [V]2 ∈ H2(C)⊗H0(C)� y©gTb©# y¡	<
[V] = [V]1

M��¢
Q[V] ⊗ H1(C) ¦�®
Ç®y¤�Ü:ØPB4¡�í H1(C)⊗3 �8Ø�©b��¥b©ì� 

V : J2(C × C × C)→ J1(C) í]M¥#�|¡� y®D�yË� y¡�¤�ÙFË+ì�  ⊗3

��®y¡$¦§í
AlbC(Z̄

∗V) 6= 0�|Ë�©#��ì� 
⊗3(AJ(Z̄)) 6= 0

���z��¢�©#©b¢�<HMD©�Ë��Ê�© ÐXr
Z̄ · P∗

12V = ∆
[3]
C · (∆C × C)− (∆C × {0}) · (∆C × C)

= −(ι∆
[3]
C )∗KC + (ι∆C×{0})∗KC,���¢�Mì�ì�ª§Úº¦§��Ù

(P3)∗
ÙF¦�ÊF©b®

Z̄∗V = −KC +(2g−2)o
�SB£¦§��¥b©

KC /£O¤-¥≡ (2g−2)o
<

AJC(Z̄
∗V) 6= 0

�s�¡F a©b¡�ÊF©# �<
S3

¡Fì@©b yM�|©#®ñ¡��
CH2(C × C × C) ���¢

J2 ((H1(C)⊗3))
�

���¢�®a¦���¥#©
Z̄ ∈ (CH2(C × C × C))S3

<�M`© Ë:VÊF©
[0 6=]

ì� 
⊗3(AJ(Z̄)) ∈

{J2 (H1(C)⊗3)}S3 = J2
(
{H1(C)⊗3}S3

) ���¢ÅD]¦VF`¦�®�ÊF©# y¦�á:©b¢��
�z�gÎa©#¥#�|¦�Êº¦§�zÚ�¡�í��|Ë�©�Ü@¡��a�|¡F«�¥b¡F«ì�¡�®y¦§�y¦�¡F�¸M�¦�ª�ª@íx¡Fª�ª§¡�M íx a¡F«��yË�©�í]�¥#���yË:M�

{
H1(C)⊗3

}S3 ∩ H1(C)⊗ F 1
h

{
H1(C)⊗2

}
= {0}.L�Ë�©b®a©�� y©

Q
ÍnÊF©#¥#�y¡F 2®yì��¥b©#®b�Gp�¦§ÊF©#� �Ü:M®y¦�® {ωi} ⊆ Ω1(C) <>�� ©bª§©b«©b���

¡�í
F 1

h {H1(C)⊗2} «ÇVÚÇÜ�©�M� y¦��y�y©b��¤���¦OQº¤�©bª§Ú+�® ∑j ωj ⊗ aj +
∑

j ω̄j ⊗ αjÐXr 9 mhU�[��g[iPa[�^SmhP0cu\3kWkW\sX;UqZh~2[iPHkqcÄo�UWZb^iPHQn[iPadz^SUq\#Zcu\#Qi_D�hk�Y�Y#fhYev�^SPaf¬cuQS\3_�h ¥h�L}�vhvº� �eõ }
ô��� ¦j ��kWP�^

ι
f�PaZh\e^SP�^imhP
d�\#_`v�\#[iUq^iUW\3Z C 

→
∼

∆C

ι∆

↪→ C × C � 9 mhPaZ ∗ (N(∆C)/(C×C)

) ∼=

(ι∗TC×C) /TC ∼= TC
}VYeZMf�[]\

ι∗ι∗ 〈C〉 = c1(TC)∩〈C〉 = −c1(KC)∩〈C〉 }VX;mhU�dnm�UW[R^i\`[iY|�^SmhP/ZhPH~bYs^SUqT#P�\3cº^imgP�dHYeZg\3ZhU�dHY3kLf�UqTVU�[]\#Q t X;mhU�dnm0X�P>X;QSU�^SP −KC

{��« ö



íx¡F 
αj ∈ H1,0(C,C)

<
aj ∈ H0,1(C,C)

�+É:¡F 8¥b¡º©"q¥b¦§©b���|®oD]Ë�©b��¥#©Çì@©b y¦§¡£¢�®+F
¦��

Q
<º�|Ë�©0©#ª�©#«¬©#�L��«2¤�®a��Ü�©�á^=£©b¢�¤���¢�©# �¥b¡F�hÎa¤�Ù�M�y¦�¡F��<ºË�©#��¥b©

aj = ᾱj

�/Û
�
©bª§©b«©b����¡�í

H1(C)⊗ F 1
h{H1(C)⊗2} �|ËL¤�®��|�W�©#®��yË�©�íx¡F y«�× y

∑

i,j

ωi⊗ωj⊗ ᾱj +
∑

i,j

ωi⊗ ω̄j⊗αj +
∑

i,j

ω̄i⊗ωj ⊗ β̄j +
∑

i,j

ω̄i⊗ ω̄j⊗βj.

�ní;�|Ë�©
ªp�®H�`ª§¦���©�¦�®D¦���ÊM� y¦�����`¤���¢�©b 
S3

�|Ë�©#��<�Mì�ì�ª§Úº¦§��Ù
(12)

���¢�®�M�¦§�|¥sË�¦���Ù
i
���¢

j
<:¦§��«2¤�®a��©�QL¤:�ª

∑

i,j

ωi⊗ωj ⊗ ᾱi +
∑

i,j

ωi⊗ ω̄j ⊗ β̄i +
∑

i,j

ω̄i⊗ωj ⊗αi +
∑

i,j

ω̄i⊗ ω̄j ⊗ βi.

Ì`¤���¦�í
αj = β̄i

�yË�©b���|Ë�©3Ú�ª�¦§©0¦��
H1,0 ∩H0,1 = {0} � �

å�³3Æ¿�¼sÒ !���� ä �n�:MD¡F¤�ª�¢�Ü@©0¦����y©b y©#®a�y¦���Ù2�y¡2®y©#©YM�Ë�©#�|Ë�©b ����Ú+®a¦�«¦�ª�� � y©b®a¤�ª§�y®
¥V���Ü@©�ì� a¡�ÊF©b¢]Dx¤�®y¦§��Ù0¦����y©b y®a©b¥3�|¦�¡��2�|Ë�©#¡F aÚ^F�¦�íHM`©� a©bì�ª��¥b© C Ü�Ú X ¡�íRË�¦�ÙFË�©# 
¢�¦�«©b��®y¦�¡����/L�Ë�©8ÙF©#��©b y�ª�¦OTVM�y¦�¡F��M`¡�¤�ª�¢���¡M��Ü�©�®H�| |M¦�ÙFË��yíx¡� �M`� y¢�<£Ë�¡�M`©3ÊF©# b�
�ní
X

¦§®&(®y«¡£¡��yË ì� y¡hÎa©b¥#�y¦§Ê�©�®y¤� Hí]�¥b©_M�¦§�yË
H1(X) = H3(X) = 0

</�|Ë�©
¥#Úº¥bª§©0����ª�¡FÙ�¡F¤�®��|¡ Z ¦§�+Û
®y�WL¤� |^[�®`�yË�©b¡F a©b« ¦�® £l¤-¥≡ 0

¦§íAÌ�Ì�ò q Ë�¡Fª�¢�®b�5L�Ë�¦§®
¦�®�Ü�©#¥V�¤�®a©����©�=��¥3�|ª�Ú���:Mª�¡FÙF¡�¤�®�¥sË�¡F¦�¥#©�¡�í

Z̄
¡F�

X×X×X ÙF¦§Ê�©b®
Z̄
²�³c
≡́ 0

<
���¢��|Ë�©#�$��©#¥b©b®a®|� a¦�ª�Ú

AJ(Z̄) = 0
®a¦���¥#©

H7(X×X×X) = 0
�>É:¡F 

X

K3

<
Ì`©VM¤�Êº¦�ª�ª§©3ÍS×�¡F¦�®a¦��GD���ÌD×P¡VF�Ë��Ê�©��¥3�|¤:�ª§ª§Ú

proved Z £l¤-¥≡ 0
¦§í

24 o £O¤-¥≡ c2(TX)
<

Ü�¤���¦���®yË�¡F¤�ª�¢�Ü�©��y y¤�©�íx¡F 
any

¥sË�¡F¦§¥b©8¡�í
o ∈ X(Q̄)

�
Æ�©�=º�3MD©��®�WoM�Ë�M��Ë:�ì�ì@©b��®�¦�í�MD©��s�WM©�Ë�¦�ÙFË�©# �®y©#ª§ípÍzì� y¡º¢�¤�¥#�y®

(p− o)×
· · · × (p − o) ¡�� C × · · · × C d Ø�©b a©2¦�®
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²v³c´
0 (C) �kL�Ë�©b�è�|Ë�©

n
ÍSíx¡Fª�¢ ®a©bª�ípÍzì� a¡£¢�¤�¥#� Z×n £l¤-¥≡ 0
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n ≥ g + 1

�
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1
Dxª�¦OW�©
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/Q̄
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(p− o)×n £O¤-¥≡ 0

íx¡F 
n ≥ 3

Dx y©#Ù�� y¢�ª�©b®a®�¡Mí
g
F3���z��¢�©b©#¢�<l¦�í/Ì�Ì�ò q Ë�¡Fª�¢�®��|Ë�©b�

¥#Úº¥bª§©b®2¡Mí��| a¢�©bÙ�� 1 ¦�� L3CH0(C×n)
M y© £O¤-¥≡ 0
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4.3(a)

F��5M�Ë�¦§ª�©
íx y¡F« §5.1 (p− o)×n ∈ F n

×CH0 ⊆ LnCH0

�
× y UWZ�c�Y#dz^ t Y3vhvhkW�bUWZh~`d�\3_�vhkWP&ÿ�dH\3Zswx�g~#Ys^SUq\#Z�Ye~bYeUWZM{ αj = βj
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[p1, . . . , pn]
íx¡� ��yË�©$¦§«ÇMÙF©�¡�í

(p1, . . . , pn)
¤���¢�©# Ç�|Ë�©�®a�|���¢:� a¢ «¬�ì

α̃ : C×n → SnC ¡��L�y¡ �yË�©
n ¥ ²®aÚº««¬©3�| y¦§¥0ì� a¡£¢�¤�¥#�V�är;©#�

o ∈ C Ü�©��¥sË�¡F¦§¥b©8¡�í�Ü:�®y©8ì@¡F¦��������¢�¢�©3á:��©
ξ̃k : SkC → J1(C) Ü�Ú

[p1, . . . , pk] 7→ AJC

(∑
pi − k · o

)
,

γ̃ : Sn−1C → SnC Ü�Ú
[p1, . . . , pn−1] 7→ [p1, . . . , pn−1, o] ;¢�©b��¡��|© �yË�© ¦���¢�¤�¥b©b¢ «¬�ì�®(¡F�
CH0

Ü�Ú
α
<
ξk
<
γ
� Æ�©�=º��<hM� y¦��|¦���Ù W̃íx¡F ¬îª�¦�íÐ�¬¡Mí W ∈ Z0(S

kC) �|¡
Z0(C×k)

���¢
Symk := 1

k!

∑
σ∈Sk

σ∗ ∈
End

(
Z0(C×k)

) Di���¢% a©#íx©# y y¦§��Ù��|¡ §5.1 íx¡F  P [k]
×
<
Boxk FXMD©�¢�©#á:��©

β : CH0(S
nC)→ CH0(C×n)

ÜLÚ
Symn

{
P

[n−1]
× W̃

}
,

b : CH0(S
n−1C)→ CH0(C×n−1)

Ü�Ú
b(W) := Symn−1

{
P

[n−1]
× W̃

}
= Symn−1

{
Boxn−1(W̃)

}
.
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ιj : C×n−1 ↪→ C×n Ü�©��yË�©�¦���¥#ª�¤�®a¦�¡F�(ì�¤��y�y¦���Ù {0} ¦§���yË�© j ¥ ²¥b¡º¡F y¢�¦��:M�y©����¢

πj : C×n
� C×n−1 Ü@©��|Ë�©�ì� a¡gÎa©b¥3�|¦�¡�� íx¡� yÙF©3�y�|¦§��Ù(�|Ë:g�

¥b¡º¡F y¢�¦��:M�y©������¢%¢�©#á:��©
ι(1)∗ : CH0(C×n−1)→ CH0(C×n)

Ü�Ú
ι(1)∗ (W) :=

1

n

n∑

j=1

(ιj)∗W ,

π(1)
∗ : CH0(C×n)→ CH0(C×n−1)

Ü�Ú
π(1)
∗ (W) :=

n∑

j−1

(πj)∗W.
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F n
×CH0(C

×n)
´Sn ��

I

// CH0(C
×n)

α // CH0(S
n
C)

ξn
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β // `

F n−1
× CH0(C

×n)
´Sn

π
(1)
∗

��

CH0(J
1(C))

CH0(S
n−1

C)

ξn−1
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γ

OO

b // `

F n−1
× CH0(C

×n−1)
´Sn−1 .

ι
(1)
∗

OO

ò`ª�©b� yª�Ú
ξn−1 = ξn◦γ

��t Ë�¦§ª�©
ι
(1)
∗ ◦π(1)

∗
¦�®;��¡��;�yË�©�¦�¢�©#���|¦§�zÚ�<

(πi)∗◦(ιj)∗ = δij¡F� (
F n−1
× CH0(C×n−1)

)Sn−1 =⇒ π
(1)
∗ ◦ ι(1)∗ =

¦�¢�©b���|¦��zÚ��|Ë�©# y©��
�n�0¦�®��ª§®y¡
©V�®HÚ �y¡�®a©b©+�|Ë�M�

β ◦ γ = ι
(1)
∗ ◦ b

<����¢ �ì�ì�ª�Úº¦���Ù
π

(1)
∗

¡F�î�yË�©+ª�©3íÐ��Úº¦§©bª�¢�®
π

(1)
∗ ◦ β ◦ γ = b

�ys%¡F y©#¡hÊ�©b "<`�|Ë�©��y¡Fì ¥b¡F«ì�¡�®y¦§�y¦�¡F� ¦§®�Îa¤�®a�&�yË�©�¡FÜ�Êº¦�¡F¤�®
¦���¥#ª�¤�®a¦�¡F�!<£M��¢

π
(1)
∗ ◦ β ◦ α ◦ I = 0

�7B£¦§��¥b©��|Ë�© £l¤-¥≡ Íz¥#ªp�®a®�¡�í Z×n Ü@©bª§¡F��ÙF®`�y¡
(
F n
×CH0(C×n)

)Sn <�¦§��¦�®�¡�ÜLÊº¦§¡F¤�®yª�ÚÇ�y y¦§Êº¦��ªl¦�í
β ◦ α ◦ I ¦�®�¦��|®y©#ª§í�Tb©# y¡��¹ 0



L�Ë�¦§®�¦�®2ì� a©b¥#¦�®y©#ª§ÚòM�Ë:M��Ë:Mì�ì�©#��® M�Ë�©b�kMD©+�s�WM©
n ≥ g + 1

�ñ�z��¢�©#©b¢�<M`©¬¥bª��¦�« ¦§� �|Ë�¦�®�¥V�®a©Ç�|Ë:g�
ξn

M��¢
ξn−1

<ïË�©b��¥#©
γ
</� a©Ç¦�®a¡F«¡F yì�Ë�¦�®y«®b� ×c×

Û
®a®y¤�«¦���Ù��|Ë�¦§®�<jMD©�¥VM���ì�ì�ª�Ú
γ−1 ◦α ◦ I ¡F�+�|Ë�©0 y¦§ÙFË��`�|¡ β ◦ γ = ι

(1)
∗ ◦ b

<
¡FÜ��|�¦���¦§��Ù

β ◦ α ◦ I = ι(1)∗ ◦ b ◦ γ−1 ◦ α ◦ I.I0��yË�©�¡M�|Ë�©# DË:M��¢�<£�ì�ì�ª�Ú£¦§��Ù
γ−1 ◦α ◦ I ¡��¬�|Ë�©� a¦�ÙFË��5���¢ ι(1)∗

¡F�&�|Ë�©�ª�©3íÐ�
�|¡
b = π

(1)
∗ ◦ β ◦ γ

ÙF¦§Ê�©b®
ι(1)∗ ◦ b ◦ γ−1 ◦ α ◦ I = ι(1)∗ ◦ π(1)

∗ ◦ β ◦ α ◦ I = ι(1)∗ ◦ 0 = 0 ,
���¢_MD©$� a©�¢�¡F��©8«¡£¢�¤�ª�¡�¡F¤� �¥bªpM¦�«%�}�©b¥VMª�ªL�|Ë:M�

ξ̃k
¦§®ï®a¤� xÎa©#¥#�|¦�ÊF©�íx¡F 

k ≥ g
<�M�¦§�yË2ÙF©b��©b y¦§¥`á:Ü@©b 

Pk−g �ï�z��¢�©b©#¢�<�ª�ª�¦§�y®�á�Ü�©# y®�� y©� |g�|¦�¡��:�ª ¢ ÙF¦§Ê�©b�
x ∈ J1(C) <0ì�¦�¥+W ���Ú

[q1, . . . , qk] ∈
ξ̃−1
k (x)

�F�|Ë�©#�
ξ̃−1
k (x) ∼= PH0(C,O(q1+· · ·+qk)) ∼= PM íx¡F �®y¡F«©

M ≥ k−
g
�YDUL�Ë�©#®y©�í]�¥#�y®�íx¡Fª§ª�¡�M íx a¡F« ÝF�¥#¡FÜ�¦A¦���ÊF©# y®a¦�¡F�����¢Î}�¦�©#«ÇM���£Íc}�¡º¥sË��¬FÇÉ:¡F 
k = g

<R¡F��©�¡FÜ��|�¦���®��yË:M�
ξ̃g
¦�®�Ü�¦§ |M�y¦�¡F�:Mª-��Ë�©#��¥b©

ξg
¦§®����¦§®y¡F«¡F yì�Ë�¦�®a«�� ×cû

É:¡F 
k = g + 1

<�¡F��©���¡��y©b®�|Ë:M�Ç¦�« {γ̃ : SgC → Sg+1C} «©b©3�|®+©3ÊF©b HÚá:Ü@©b 
¡Mí
ξ̃g+1

<�®a¡����Ú�ì@¡F¦����
¡�í
Sg+1C ¦�® £l¤-¥≡ �|¡�Çì@¡F¦§�L�
¡�í�¦�«

(γ̃)
<�Ë�©b��¥#©

γ¦�®�®y¤� ÐÎa©b¥3�|¦§Ê�©��D���¢ ®a¦���¥#©
ξg+1 ◦ γ = ξg

<
γ
¦�®�¦��hÎa©b¥#�y¦§Ê�©��uL�ËL¤�®

ξg+1

¦�®���
¦�®a¡F«¬¡� yì�Ë�¦§®y«Ô�� y©#ì�©bM�|¦§��Ù¬�yË�¦�®�� aÙF¤�«©b���
®aË�¡�M�®

ξk
¦§®
���¦�®a¡F«¬¡� yì�Ë�¦§®y« íx¡� 

k ≥ g
M®�¥#ªp�¦§«¬©#¢��

�L�Ë�¦§®��|Ë�©b¡F a©b« Ë:�®��|Ë�©�©�=£¥b¦��|¦§��ÙÇ¥#¡F y¡Fª§ªp� HÚÇ�yË:M�
�ª�ª;¥3Ú£¥#ª�©#®��ª�Ù�©bÜ� y�¦�¥b�ª�ª�Ú
©�QL¤�¦�Ê�Mª�©b�����y¡

0
� y©�>z��¦�ª§ì�¡M�|©b����@�«¬¡º¢�¤�ª§¡ £l¤-¥≡ ��L�¡�®y©#©/�|Ë�¦§®�<hª�©3� Y ∈ CH ¤ ®°¯m (X)

�L�Ë�©b���yË�©b a©0©�=£¦�®H� Yi ∈ CHm+1(X ×Ci)
���¢

pi, qi ∈ Ci
�
=
¥#¤� aÊ�©�¡MíAÙF©b�L¤�®

gi
¡5®b� �V�

Y =
∑

i (Yi(pi)− Yi(qi))
<�M�Ë�©b y© Yi(c) := πX (Yi ∩ ({c} ×X))íx¡F 

c ∈ Ci
��É:¡F �©b�¥sË

i
¡F��©�¥#¡F��®a¦�¢�©# y®��|Ë�©8«¬�ì

φn : CH0(C×n)→ CHm·n(X×n)

c1 × · · · × cn 7→ Y(c1)× · · · × Y(cn)
¦���¢�¤�¥b©#¢�Ü�Ú Y×n �/B£¦���¥b© φn {(p− q)×n} = (Y(p)− Y(q))×n ���¢ (p− q)×n £l¤-¥≡
0
íx¡F 

n ≥ g+1
<V�yË�©>�|©# y«®;¡�íL�|Ë�© ∑

i

� y©/��¦�ª�ì@¡��y©b���S� ¦S��©��
(Yi(pi)− Yi(qi))

×(gi+1) £O¤-¥≡
0
¡i�/�n��íx¡Fª�ª§¡fM�®`©V�®a¦�ª§Ú�|Ë�M�

Y ×{P
i(gi+1)} £O¤-¥≡ 0

�
�g�)½f�)�U�U�	½��ªo���o~� Ñ
²Ð²A¸º³S¹�¼|³s³3é

0
ðg³3¼|·géy°3±�°3²�³s´�¿�¼|³8Â:ÁÐ² Ö:·g»z³3Â:»nä

×c× §:\VPHT#\�fh[]�V�
�g[iPa[�^imhP`d�k�Y3[S[]U�dHY3kLc�Y3d�^�^SmgYs^ t Py[i[iPHZb^iU�YekWkW���V� ? UWPH_�YeZhZho ? \�dnmM{ SkC ξ̃k→
J1(C) U�[;Y`vhQS\ewxPad�^iUWT3P>�h�hZMf�kqP>cu\#Q k ≥ 2g − 1

}V^i\�[iPHP>^SmhUW[lcu\#Q
n ≥ 2g

�×cû ¥g\3QR^SmhU�[RUW_`vgkqU�dHYe^iUW\3Z�[iPHP;^SmhP�Y3Qi~#�h_�PHZb^RUWZ«h § ��j } §11.1.1 t vL� 310
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Sn≥2g−1C → J1(C) ¤�®y©#¢�¦��»� ×�¡�¡VF3�

!��ªÈ�� �g�)½f½f�����S�)���|�����Z�ò���|���a����� �ní
X = C1 × · · · × Cn /Q̄

D]Ë�©# y©
n = d

F
�|Ë�©#�ÅMD©�«ÇVÚ�¥b¡���®y¦§¢�©b 

0
Íz¥3Ú£¥#ª�©#®$¡�í��yË�©Çíx¡F a« Z = Boxn(p1, . . . , pn)

íx¡� 
p` ∈ C`(C)

�^M`©8Ë:VÊ�©$�¤£�|¡F«¬M�|¦§¥V�ª§ª§Ú Z ∈ F n
× ⊆ LnCH0(C1 × · · · × Cn/C)
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(n−1)
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�/L�Ë�©D¦����|©# y©b®H�|¦§��Ù
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¦�®5�|Ë�©# y©#íx¡� y©3M�Ë�©b y© S0/Q̄ ⊆ C1× · · ·× Cn
¦�®DºD]ì@¡F®y®a¦�Ü�ª�Ú&®y¦§��ÙF¤�ª�� +F
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Í

¢�¦�«©b��®y¦�¡��:�ªl®a¤�Ü�ÊM� y¦§©#�zÚZ<����¢
P = (p1, . . . , pn)
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P
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¦�®��|Ë�©�ÙF y�ì�Ë%¡�í�

¢�©b®a¦���Ù�¤�ªp� a¦lTbM�|¦§¡F� S � S0 ⊆ X
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Z̄ := Boxn

S(P)
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Ωn(X)∨
ÍnÊM�ª�¤�©b¢

(n − 1)
Ín¥b¤� a y©#�L�

RZ =
∑

k∈K
[ωk]∨ ⊗ Rk

Z

¡F� S �-�z�L�y©bÙF yM�|¦§��Ù
RZ

¡F� �|¡Fì@¡Fª�¡�ÙF¦�¥b�ª�¥#Úº¥bª§©b®
γ ∈ ¦�« {lim←−D Hn−1(S \ D) → Hn−1(S)} �|Ë�©b� ¥#¡F«¬ì�¤��|©#®

[AJ(Z)]n−1 ∈
Hom

(
Hn−1(ηS ,Q), Ωn(X)∨À ´ Hn(X,Q)

) �/¦i�q©M���®8ÊF©b¥3�|¡F a® ∈ C|K| < (∫
γ
Rk

Z

)
k∈K

≡
(∫

Γ
ωk
)

k∈K
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Λ{ω}
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Dx¡F��ª§Ú^F ∫
γ
Rk
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Ø�©#��¥b©3íx¡F a�yË S0 ⊆ C1 × C2 = X
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/Q̄

M�¦§�yË
o` ∈ C`(Q̄)

<
P0 ∈ S0(C)

¦§®+ÊF©# aÚ ÙF©#��©b y�ª?M�¦§�yË ¦�«¬�ÙF©
(p1, p2) ∈ X(C)

<
���¢ Z =
(p1 − o1)× (p2 − o2) ∈ L2CH0(XK)

M�Ë�©b a©
K ∼= Q̄(S)

�
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dim(S) = n − 1 =⇒ [Z]n = 0 =⇒ [AJ(Z)]n−1
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Z̄
\sT3PHQ
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E1×E2
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[Z]2 = 0

Dx¦S��©��
[Z] = 0

¦��
H4(ηS × C1 × C2,Q)

F�<
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Z̄ = Box2
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⋃
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d[zk
` ] = ωk

` −
∑2g`

j=1

(∫
αj

`
ωk

`

)
· δα̂j

`

�
t  y¦§�y©oW

= (k1, k2)
<
K = {1, . . . , g1} × {1, . . . , g2}

®a¡4�|Ë:M���|Ë�©¬Ü:�®a¦�®
{ω ± } ⊆ Ω1(X)
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Z = zk1

1 ω
k2
2 −

2g1∑

j=1

(∫

αj
1

ωk1
1

)
zk2
2 · δα̂j
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Æ�¡�M �®y®a¤�«¬© S0 3 (o1, o2) =: o
���¢ �ª�®a¡ÎM� y¦§�y©

o
íx¡F ��ì@¡F¦�����¡F� S«ÇMì�ì�¦���Ù+�|¡�¦§�b�ò`Ë�¡£¡�®y©

γ
�y¡%ì��®y®��|Ë� y¡F¤�Ù�Ë
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∫

γ; o

α ◦ β :=

∫ 1

x=0

(∫ x

t=0

ϕ∗
tα

)
ϕ∗

xβ

íx¡F ����Ú
α, β ∈ Ω1(S)
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∫
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k1,k2

���¢ÖM� y¦��|©
R = z1ω2 −∑

j

(∫
αj
ω1

)
z2 · δα̂j

1

�5¨/¤�ª�ª§¦���Ù��|Ë�¦§®�Ü:�¥+W+�|¡
γ
ÙF¦§Ê�©b®

D�!�� 1 F
z1ω2 −

∑

j

∑

q∈α̂j
1∩γ

(∫

αj
1

ω1

)
z2(q) · δ{q}.

{
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γ
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q
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Ü�©��yË�©
¥b¡F���y¦��L¤�¡F¤�®�íx¤���¥#�|¦§¡F�ºM�¦§�|Ë

dz̃2 = ω2

���¢
z̃2(o) = 0
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0
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−
∑
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∑
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(∫
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1

ω1
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+
∑

j

∑
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(∫
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1

ω1

)
z̃2(q)δq −




∑
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∑
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1∩γ

(∫
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1

ω1
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ω2 =: z̃1 · ω2

M�Ë�©b a©
z̃1
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(z̃1 ◦ ϕ)(x) =
∫ x
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ϕ∗ω1
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∫

γ

R =

∫

γ

z̃1 · ω2 =

∫

γ; o

ω1 ◦ ω2

�®�¢�©#®y¦� a©b¢��
�hÒ|�Õ�)½f��Ó o��32�� ÞA³3» S0/Q̄ ⊆ C1 × C2

À3³�¿è°3½º¼eÔ�³�Ö�¿g´s´3ÁÐÂº¹ñ»ÐÅº¼s·g½�¹gÅ
o =

(o1, o2) ∈ (C1 × C2)(Q̄)
ß/ÁÐ»ÐÅ Ô�³3¼e±�¹º³3Âl³3¼a¿�²;Ö:·gÁÐÂ:»

(p1, p2)
µ�¿�Â@¸4´�³3» Z =

(p1, p2)− (p1, o2)− (o1, p2)+(o1, o2) ∈ L2CH0(C1×C2/C)
ä}l�Å:³3Â0ÏV·g¼

γ ∈
H1(S,Q)

µ
[AJ(Z)]1(γ)

³3Ôg¿�²Ä½�¿�»�³s´/»�· (∫
γ̃; o

ωk1
1 ◦ ωk2
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E = {v2 = 1− u4} M�¦§�yË o = (0, 1)

�
= (u, v)

¡>M��¢
dz := 1−i

4b
du
v

<M�Ë�©b a©
b =

∫ 1

0
dt√
1−t4

<�MD©4Ë:VÊ�©(¦�� í]M¥#�
Λ{dz} = Q 〈1, i〉 ��Ø�©#��¥b©4¦�í S0

<
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∫
γ̃; o

π∗
1dz ◦ π∗

2dz ∈ C/Q 〈1, i〉 Dx¦����|©#ÙF |g�|¦�¡��Ç¡F� S F3�JDx�n��®y©#©b«®� y©b«¬� �WMMÜ�ª�©�|Ë:g�
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�¬F
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E×E Ü�Ú

(π1, π2)
M�Ë�©# y©

π1(x, y) =
(
−1+i√

2

y
x
, 1

x2

) <
π2(x, y) = (−y, x2)

�
��¡��y©

o = (1, 0) ∈ S «¬�ì�®/�y¡ o1×o2 ∈ E×E
�/tî©�®yË��ª�ª:Mª�®y¡�«¬�W�©�¤�®a©�¡�í
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π3(x, y) = (x, y2)

��tî a¦§�|¦§��Ù
νi = π∗

i dz
MD©2Ë:VÊF©

ν1 = 1
2b′

dx
y3M�Ë�©b a©

b′ =
√

2b =
∫ 1

0
dt

(1−t4)3/4

<
ν2 = 1−i

4b
x dx
y3

<
ν3 = 1−i

4b
dx
y2

��L�Ë�©b®a©Ç®aì:��
Ω1(F)

<ïM��¢ ®a¡
q 7→

〈∫ q

o
νi

〉
i=1,2,3
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F

AJo→ J1(F)
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(π1, π2, π3) : F→ E × E × E <�Ë�©b��¥#©$M��¦§®y¡FÙF©#��Ú J1(F)
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o = (1, 0)→ (0, i)→ (i, 0)→
(0, 1)→ (1, 0)
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σ(x, y) = ( y

x
√

i
, 1
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∫
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ν1 ◦ ν2 =

∫

σ(γ); (o,−i)

ν3 ◦ ν1 = 2(1 + i)

∫
−−−−→
(0,1).o

ν3 ◦ ν1

= 2(1 + i)

∫ 1

0

(1− i)
4b

dx√
1− x4

◦ 1

2b′
dx

(1− x4)3/4

=

∫ 1

0
dt√
1−t4
◦ dt

(1−t4)3/4

2
∫ 1

0
dt√
1−t4
·
∫ 1

0
dt

(1−t4)3/4

=: κ ∈ R/Q ⊆ C/Q 〈1, i〉 .
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δ
¦§®

¦���ÊF¡�ª§ÊF©#¢��
,g½f�#�S�)���x�f�U�)�¶2��XH�Y· Õ#Ö:³s°3»n¿�»]ÁS·gÂè¯WÏV·g¼2¿�²Ð²

i
ÈÇÁ�´

(a)
»]¼e½R³$Á Ï

X
Á�´2¿Ç´3½£¼ÐÏ#¿º°s³

ß/ÁÐ»xÅ¿$ÆÇ·b¸º³3²
/L
µ>¿�Â@¸

(b)
»i¼e½:³�ÆÇ·b¸�½£²�·¬æD¶£B Á Ï

X
Á�´0·�Ï�ÅºÁ�¹gÅ:³3¼�¸�ÁÐÆÇ³3Â�´3ÁS·gÂ

ß/ÁÐ»xÅ�ÆÇ·b¸º³3²
/Q̄

ä
¹ ö



å�³3Æ¿�¼sÒ ®£� � ä �z�Ç�yË�©
á: a®a��¦§��®a�|���¥b©n<£�yË�©
Q̄
Íz®aì� y©b�¢

X̄→ S ¦�®D�á:Ü@©b �ì� y¡º¢£Í¤�¥#�
Ȳ×MS

íx¡F >®y¡�«¬©�í]�«¦�ª�Ú
Ȳ→M �LË�©#��¥b©

Xs

¦§®/¥b¡F��®H�s����5�ª§¡F��Ù0á:Ü@©b a®
¡�í S →M �
t ©Dì� a¡�ÊF©D�yË�©�®y©#¥b¡F��¢$®a�sg�|©b«©b���:D]ÜeF��M�yË�©5á� y®a��íx¡Fª§ª�¡�M�®�íx y¡F« �®a¦�«¦�ªpM �� �Í

ÙF¤�«©b��� �y¡FÙF©#�yË�©b  M�¦§�|Ë �|Ë�© í]�¥3� �|Ë�M�
H2(U ,F1

hH2
XU/U , Q) ↪→

H2(U ,H2
XU/U , Q

) ∩ F 1H2(U ,H2
XU/U)

íx¡F ��ª�ª U ⊆ S ®#���b�
XU → U ¦§®

®y«¡£¡M�|Ë��
� ¼s·�·�Ï#ä I0Ü�®a©b aÊ�©2á: y®H�0�|Ë�M�PMD©2«ÇVÚ%©b®a®y©#�L�y¦p�ª§ª§Ú� y©#¢�¤�¥b©��|¡+�|Ë�©2¥V�®a©hM�Ë�©# y©D
s :=

F
�| a¢�©bÙ

(K/Q̄) = i
�5ò`Ë�¡£¡F®a©��Ê�©b aÚÇÙF©b��©b |Mª

(s− i) Íníx¡Fª§¢ÇË�Úºì�©# yì�ª����©0®a©b¥3�|¦�¡��
S0 ⊆ S

���yË�¦�®mM�¦§ª�ª;Ü@©$¢�©3á:��©b¢�¡hÊ�©b 
L0
�⊆ K

¡�®a¤�¥sË4�|Ë:g���y y¢�©#Ù
(K/L0) = i

�
ÌDÚ�nq��©�MD©V�Wºr;©3íx®y¥sË�©3�vT�¡F��©8¢�©b¢�¤�¥b©#®

H i(ηS) ↪→ H i(ηS0)
<�Ë�©#��¥b©

Hom Ù^Ú�Û (Q(−d), H i(ηS)⊗H2d−i(X)
)
↪→ Hom Ù	Ú�Û (Q(−d), H i(ηS0)⊗H2d−i(X)

)

���¢(®a¡
[Z]i 6= 0 =⇒ [Z0]i 6= 0

DaM�Ë�©b y©
Z0 := Z · (X × ηS0)

F3��Û �| y¦�Êº¦p�ª
«¬¡º¢�¦�á:¥VM�y¦�¡F��¡Mí��|Ë�©
� yÙ�¤�«¬©#���`Ü@©bª§¡fM`DaM�¦§�yË

Z0, S0, L0

 a©bì�ª��¥b¦§��Ù
Z, S, Q̄���¢ M ¡�í�¢�¦§«¬©#��®y¦§¡F�

s − i + 1
F0�|Ë�©b� ÙF¦�ÊF©#®��|Ë�©¬¢�©#®y¦§ y©b¢î¥b¡F��¥#ª�¤�®a¦�¡F�ñíx¡F 

���Ú
L
®a¤�¥sË��yË:M�

L0 ¥O£ ¦v§
¯

1

⊆ L ⊆ K
�B£¡ �®a®y¤�«©

dimS = i
<

[Z]i 6= 0
<$���¢ ¥sË�¡º¡F®y©

any L ⊆ K
M�¦§�|Ë

�| a¢�©bÙ
(L/Q̄) = 1(= dimM)

��M`©�ì� a¡�ÊF© {[AJ(Zµ)]tri−1} 6= 0
��t ©hM�¦�ª§ªï a©3ÍQL¤�¦� a©0�|Ë�©�íx¡Fª§ª�¡�M�¦���Ù$��¡��sg�|¦�¡��+íx¡F �®yË�©bVÊF©b®
¡�íSs�ØPB�¡hÊ�©b 

ηM ¢ Hi−1
ηS/ηM, Q

=

Ri−1ρ∗Q
< Hi−1

ηS/ηM
= Ri−1ρ∗C⊗OηM

<�M�¦§�yË Hi−1 ¢�©#��¡��|¦§��Ù0ª§¡fMD©b®H�SM`©#¦�ÙFË����
���¢ H2d−i

X,Q

D] y©#®yì�� H2d−i

X

F�¢�©#��¡��y©b®
�yË�©
constant

®yË�©bMí H2d−i(X)

F d−i+1
h { ©� ´ } D] a©b®aì��

H2d−i(X,C)

F d−i+1
h { ©� ´ }

Fe�5ò`¡F��®y¦§¢�©b ��yË�©8¢�¦p�Ù� |�«
L

i
(K/Q̄)CH0(XK)

∼=

��
L

iCHd(X × ηS/Q̄)

[ · ]i

��

{[AJ( · µ)]tr
i−1}

,,XXXXXXXXXXXXXXXXXXXXXXXXX

Hom
åZæ"ç `

Q(−d), Hi(ηS) ⊗ H2d−i(X)
´

� _

(†)

��

H0
“

ηM, Ext1å�æ�ç
(ηM)

“

Q(−d),Hi−1
ηS/ηM, Q

⊗H
2d−i
X, Q

””

δ

��

Hi(ηS) ⊗ H2d−i(X)

F d−i+1
h

H2d−i
� _¸=¹¢º ��»p¼ 9 º ρ

��

H1
“

ηM, Hi−1
ηS/ηM, Q

⊗ H
2d−i
X,Q

”

��

H1
`

ηM, Ri−1ρ∗Q
´

⊗
H2d−i(X)

F d−i+1
h

H2d−i
oo

∼= // H1
“

ηM, Hi−1
ηS/ηM, Q

⊗H
2d−i
X, Q

”

Ä=�



M�Ë�©b a© p8Ø0ò�D
1, i,S F =⇒ ¦��gÎa©#¥#�y¦§Êº¦§�zÚ�¡�í

(†) Ü�ÚÅ�ÇÂ 1 <�rA©#«¬«¬&�y�s� � ¡>M��¢ δ¦�®�¦§��¢�¤�¥#©b¢%ÜLÚÇ�|Ë�©8®yË�¡F a��©�=��¥3��®y©�QL¤�©#��¥b©
0 → H

i−1
ηS/ηM, Q⊗H

2d−i
X,Q →

H
i−1
ηS/ηM

⊗H
2d−i
X

Fd( ½�¾�¿ )
→ Ext

1å�æ�ç
(ηM)

“

Q(−d), Hi−1
ηS/ηM, Q ⊗H

2d−i
X,Q

”

→ 0

¡F�
ηM

�L�¡(¥b¡F«ì�ª�©3�|©&�|Ë�©+� yÙF¤�«¬©#�L��<>¡F��©¬��©b©#¢�®2�|Ë�© {[AJ(Zµ)]tri−1}
�|¡�Ü�©+¡�Ü£Í

�s�¦§��©b¢$�®�Qº¤�¡��|¦§©b���|®>¡Mí
AJ(Zµ)

�®�¦�� §4.2 Dx¥b¡F a¡Fª�ª�� aÚ 4.6
F3��L�Ë�¦�®�Ë�¡Fª§¢�®�¦�í

Zµ¥V��$Ü�©�«¬�¢�© ²v³c≡́ 0
<nM�Ë�¦�¥sË2íx¡Fª§ª�¡�M�®�íx a¡F«

[[Zµ]0 = · · · = [Zµ]i−1 = 0 =⇒ ]

Zµ

²v³c
≡́ 0

ì� a¡hÊº¦§¢�©b¢ñ¡F��©�®a®y¤�«©b®¸�¬p8Ø0ò
=⇒ ¡5Ø
ò íx¡F 

X
�¬�z���|Ë�¦§®�¥V�®a©�<

�|Ë�©�¢�¦p�ÙF y�« �|Ë�©#��¥b¡F««2¤��y©b®0Ü@©b¥b�¤�®y©]DaQº¤�¦§�|©�Ù�©b��©# |�ª§ª§Ú^F��yË�©2�|¡Fì@¡Fª§¡FÙF¦�¥b�ª
¦���ÊM� y¦�����A¡�íRhD

1
Íc{�F�í]�«¬¦§ª§Ú
¡�í

AJ
¥bª��®y®a©b®mDx¡�í:¥3Ú£¥#ª�©#®ï¡F�$�í]�«¦�ª�Ú0¡�í:ì� y¡gÎa©#¥3Í

�|¦�ÊF©�Ê�M y¦�©3�|¦§©b®�¡hÊ�©b  M nq��©�FAÙF¦§Ê�©b®��|Ë�©5íx¤���¢:�«©b���|�ªL¥bªpM®y®ï¡Mí��|Ë�©5í]�«¦�ª§Ú
¡�í
¥#Úº¥bª§©b®"�ZM`©�¤�®y©`�yË�¦�®�¥b¡F«$Ü�¦���©#¢hM�¦§�yË��yË�©Dá:Ü@©b �M�¦�®a©mÂ�Ã�����©3�|Ë2¢�©#¥b¡F«ì@¡F®y¦��|¦�¡��Dxíx¡F 

X × Sµ

F3�SL�Ë�©�¢�©#®y¦§ y©b¢%¥b¡���¥bª§¤�®y¦§¡F�+íx¡Fª�ª§¡�M�®�M��¡F��¥#©��
�

t ©+��¡��y©¬�|Ë�M�2¦§�î¥VM®y©
X

¦§®2�®a¤� aí]M¥b©»DxË�©b��¥#©
i = 2

F8¢�©#á:��©b¢
/Q̄

<>��¡
¥b¡F�hÎa©b¥#�y¤� y©#®/��©b©#¢��|¡0Ü@©��®a®y¤�«©b¢ ¢ p�Ø
ò�D 1, 2,S F�¦�®:Îa¤�®a�SrA©3íx®y¥sË�©3�vTZD 1, 1 F�íx¡F 
S <RM��¢ [Zµ]0 = [Zµ]1 = [Zµ]2 = 0 =⇒ ∃ Zµ

²v³c
≡́ 0

¥V���Ü@©8¢�©b¢�¤�¥b©b¢%íx y¡F«r;©#íx®y¥sË�©#�vToD
1, 1

FDíx¡F 
X
��®y©#©$� aÙF¤�«©b����¦�� §6.3 �

®£� � � !����a�»���S�������a�^�f�a�)�����)�¾�fÒ|���7��½f���1$/�a��½��j�f�U�)�7� L�Ë�©# y©�¦�®����¦§�L�y©b �Í
©b®H�|¦���ÙÇ y©#ªpM�y¦�¡F��®yË�¦§ì%Ü@©#�cMD©b©#�(�|Ë�©�>�©�=£ì@©b¥3�sM�y¦�¡F�j@�MÜ�¡�ÊF©$���¢�Ç¥b¡F�hÎa©b¥#�y¤� |Mª
¢�©b®a¥b a¦�ì��y¦�¡F��¡�í/�|Ë�©±rA©# |VÚ%á:ª§�y |M�y¦�¡F�%¡F� H2d

D (X,Q(d))
Di���¢(®a¡+¤�ª��|¦�«¬M�y©bª§Ú

¡F�
CHd(X/K)

F3� Û
ª�M�VÚº®�r;©b |VÚ ¦§®2íx¡F 
π : XU → U

Dx¡F �<5¦�� �yË�©�ª�¦§«¬¦���<
X→ ηS

F�¤���ª�©#®y®�¡��|Ë�©b �M�¦§®y©8¦���¢�¦�¥bM�|©#¢��
É:¡F 0¡F a¢�¦���� aÚ�¥b¡FË�¡F«¬¡�ª�¡FÙ�Ú��¥b¡F� y®a©�¢�©b®a¥b y¦§ì��|¦§¡F�(¡�í(r;©b |VÚ�¤�®y©#®8�yË�©�á:ª�Í

�| yM�|¦§¡F��¡F��íx¡F y«®�íx y¡�« §5.3 <
LiH2d(XU ,C) =

¦�« {
H2d(XU ,LiΩ•

XU
)→ H2d(XU ,Ω

•
XU

) ∼= H2d(XU ,C)
}
.

Û-«¬¡� y©2¦§�LÊM� a¦p����0Ê�©b a®y¦�¡��ñ¢�©#á:��©#¢ñíx¡� 
Q
Ín¥b¡º©"q¥b¦§©b���|®8¤�®a©b®��|Ë�©¥b���¡F��¦�¥VMª

á:ª§�y |M�y¦�¡F�
τ≤•

<�¢�©#á:��©#¢�¡F���¥b¡F«ì�ª§©�=
K• Ü�Ú

τ≤`K
j :=





Kj , j < `
(ker d ⊆ K`), j = `
0 , j > `



 .

tî a¦§�y¦���Ù K• íx¡F � π∗ Íz�¥#Úº¥#ª�¦�¥
 y©b®a¡Fª�¤£�|¦�¡���¡�í Q
D]Ü�Ú�®yË�©bVÊF©b®�¡F�

XU
F�<

LiH2d(XU ,Q) =
¦�« {

H2d(U , τ≤2d−iπ∗K•)→ H2d(U , π∗K•) ∼= H2d(XU ,Q)
}
.Ä�0



Éï¦����ª�ª�ÚZ<F�|Ë�©b y©�¦§®D�yË�©0íx¡Fª�ª§¡�M�¦���Ù�¢�©b®a¥b a¦�ì��y¦�¡F�+¢�¤�©0�|¡�Û� |�ì�¤� |_� Û
 �¡SDaMD¡F �WM©b¢
¡F¤��mM�¦��|ËÔÆ�¡F a¦xF ¢

LiH2d(XU ,Q) =
⋂

V⊆U
ker
{
H2d(XU ,Q)→ H2d(XV,Q)

}
,

M�Ë�©b a©$�|Ë�©$¦����y©b y®a©b¥3�|¦�¡��4¦�®�¡hÊ�©b 
(i − 2)

Ín¢�¦�«©b��®a¦�¡F���ª;®y«¡£¡M�|Ë�®a¤�Ü�ÊM� y¦§©#�|¦§©b®
V ⊆ U ¢�©#á���©b¢

/C
�5�z���yË�©8ª�¦�«¦§�5�|Ë�¦�®�Ü�©#¥b¡F«©b®

LiH2d(X,Q) =
⋂

T ⊆S
ker
{
H2d(X,Q)→ H2d(XηT ,Q)

}

M�Ë�©b a© T «2¤�®H��Ü@©
very general

D]¡�íï¢�¦�«%�
i− 2

F�¦�� S íx¡F ��|Ë�©8 y©#®a�y y¦�¥3�|¦§¡F�
íx y¡F«

ηS
�y¡
ηT

�y¡0«ÇnW�©�®a©b��®a©��JD\Æ�¡0 |g�|¦�¡��:�ªFíx¤���¥3�|¦§¡F� ∈ Q̄(S)∗
 y©#®a�y y¦�¥3�|®ï�y¡

0
¡F� T �¬F��z�8�|©b a«¬®;¡Mí£á:©#ª�¢�®"<h¦§í Q̄(S)

∼=→ K ⊆ C
¦�®�á^=£©b¢�<g�|Ë�©/¥sË�¡�¦�¥b©�¡�í

ηT ⊆
ηS

¦�®�©b®a®y©b���y¦p�ª§ª§Úñ©�QL¤�¦�Ê�Mª�©b�����|¡4�¥sË�¡F¦�¥#©+¡�í
L ⊆ K

®b� �V���y y¢�©#Ù
(K/L) =

i − 2
DxM�Ë�¦�¥sË�ÙF¦�ÊF©b® M M�¦��|Ë S ρ→ M ¡�í� a©bªS�8¢�¦§«��

i − 2
F��y¡FÙF©#�yË�©b PM�¦��|Ë

���¡��yË�©b `¦���¢�©#ì�©#��¢�©#�L��©#«2Ü@©b¢�¢�¦§��Ù
L ↪→ C

DxM�Ë�¦�¥sË�ÙF¦�ÊF©b®�2¥sË�¡F¦�¥#©0¡�í�ì�¡�¦����
µ ∈ ηM(C)

<>Ë�©b��¥#©Çá:Ü@©b $¡Mí
ρ
F3��Û
ª§�y©b a�:M�|¦�ÊF©#ª§ÚZ<�¡F��©¬¥b¡F¤�ª�¢ ¥sË�¡º¡F®a©¬íx y©#©bª�Ú

���¡��yË�©b �¥#¡F«ì�ª�©�=�©b«$Ü�©#¢�¢�¦���Ù
K̃

¡�í
Q̄(S)

<:�|Ë�©#��Îa¤�®H��¥sË�¡£¡�®y©
L ⊆ K̃

�{
¡º©b®�è®a¦�«¦�ª�� Ç¢�©#®y¥# y¦�ì£�|¦�¡�� Ë�¡Fª�¢ íx¡F �ª�¡�MD©b®H�aÍîMD©b¦§ÙFË��4MÜ�®y¡Fª§¤��|©ñØ�¡£¢�Ù�©
¥b¡FË�¡F«¬¡�ª�¡FÙ�Ú�<ºÊº¦OT��
(])i : LiH2d

D (X,Q(d))
ÀÂÁ �
=

⋂

T ⊆S �/Ã ¯ Ã
(i−2) Ä ¦ À ´ÆÅ ® Ã

ker

{
H2d

D (X,Q(d))
I∗

ηT
↪→ H2d

D (XηT ,Q(d))

}
,

M��ª§©V�®H��íx¡F 5�|Ë�©0¦§«ÇMÙF© (
H2d

D (X,Q(d))
)

¤ ®°¯
¡�íA�|Ë�©0¥3Úº¥bª�©�«¬�ì

cD
dÎs�¡º¢�¤�ª§¡

�|Ë�©�íx¡Fª�ª§¡�M�¦���ÙÇò`Ë� y¦§®a�y«Ç�®Jt ¦�®aËuM`©$¥V��(®aË�¡�M ¦��
¦§®0M�
ª�©b�®a�
©�QL¤�¦§ÊM�ª§©b���
�y¡
�|Ë�© � =£ì�©#¥#�|M�|¦§¡F�%�Ü�¡�Ê�© ¢
�g�����������f�|½f�

(CW )i

þ��ní Z ∈ Li−1
(K/Q̄)

CHd(X/K)
M�¦§�|Ë

[Z]i−1 = 0
���¢

[AJ(Z|T )]i−2 = 0 ∈ Gri−2
L Jd(XηT )

íx¡F 0�ª�ª T ⊆ S Ê@�qÙ���¡�í5¢�¦�«%�
(i − 2)

<
�|Ë�©#�

[AJ(Z)]i−2 = 0 ∈ Gri−2
L Jd(X)

�
å�³3Æ¿�¼sÒ ®º�¬È ä �n�A¦�®l©V�®HÚ0�|¡�®a©b©/�|Ë:g�A¤���¢�©# ��|Ë�©#®y©�¥b¦§ y¥b¤�«¬®H�s���¥#©b®

[AJ(Z)]tri−2 =
0
<�Ü�¤����|Ë�©8©�=º�y |&ª�¦§�a�|ª§©
Ü�¦���®y©#©b«®���¡��L�y y¦�Ê£¦��ªS�
,g½f�#�S�)���x�f�U�)�¶2��dW|�

(])
¡�Ç È
i =⇒ (∗)i

Ó�¿�Â@¸�¿g´s´3½ºÆ�ÁÐÂº¹
(CW )≤i

µ
(∗)≤i =⇒

(])
¡�Ç È
≤i

ä
� ¼s·�·�Ï#ä ò`¡F��®y¦�¢�©b ��yË�©`íx¡Fª§ª�¡�M�¦���Ù�á�ÊF©�¥b¡���¢�¦§�y¦�¡F��®�¡F�2
¥#Úº¥bª§© Z ∈ CHd(XK)

�
(A)i ¢ Z ∈ Li

(K/Q̄)
CHd(XK)

� Ä�z



(B)i ¢ ψ(Z) ∈ LiH2d
D (X,Q(d))

�
(C)i ¢ ∀ {T ⊆ S Ê���Ù��

(i− 2)
Íz¢�¦�«Ô[qªi� } , I∗ηT (ψ(Z)) = 0 ∈ H2d

D (XηT ,Q(d))
�

(D)i ¢ ∀{M/Q̄, ρ : S →M  a©bªi�¢�¦�«%�
i− 2

}
, 0 = {[AJ(Zµ)]i−2}µ∈ηM(C);

(E)i ¢ [Z]i−1 = 0
M��¢

[AJ(Z)]i−2 = 0.D\Æ�¡��|©��|Ë�M�
(D)i

���¢
(E)i

 y©�QL¤�¦§ y©¬�� �¤j=£¦�ª§¦p� HÚ�¥#¡F��¢�¦��|¦§¡F��<�íx¡F 8©�=��«ì�ª§©
(A)i−1

<A¦§� ¡F a¢�©b ��y¡�Ë:VÊ�©¬«©V���¦���Ù��¬Fèò`ª�©VM yª§Ú
(A)i

<
(B)i

<����¢
(E)≤i

� a©
©�QL¤�¦�Ê�Mª�©b�����ÕM�Ë�¦�ª�©

(C)i =⇒ (D)i
���¢

(A)i−1 +(D)i =⇒ (C)i
íx a¡F« �yË�©

�Ü@¡hÊ�©�¢�¦�®a¥b¤�®a®y¦�¡����ÍBº¦���¥#© LiH2d
D (XηT ,Q(d)) = 0
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CHd(XηT /L) →
cD

H2d
D (XηT ,Q(d));

�|Ë�©#�
(]) ¤ ®°¯i =⇒
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CHd(X × S/k)
·�Ï

Z
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ÊM� y¦��Ü�ª�© ⊕ ¥b¡F��®a�sM�L�
M�Ë�©b a©

H0(U, L′) = 0
���¢

WiH
1(U, L′′) = W1H

1(U) ⊗ L′′
µ = 0

Dx®y¦���¥b©
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Ë:�®��ª§ÙF©bÜ� |�¦§¥�Â�Ã�����©3�|Ë%¥b¡F«ì�¡���©b���|®

∆̃X,j =





0 j
¡£¢�¢

, 6= n
1
D
Hn−i

X ×H i
X j

©#Ê�©b�
= 2i, 6= n

∆X −
∑

k 6=n ∆̃X,k j = n

¦��
CH0(X ×X/Q̄),

M�Ë�©b a©ÌDx®|VÚ^F
H i

X := X ∩ {z1 = 0} ∩ · · · ∩ {zi = 0} �yÆ�¡fM ª�©#�
K

Ü�©
á:��¦��|©bª�Ú�ÙF©#��©b yM�|©#¢

/Q̄
���¢ Z ∈ CH ²v³c´0 (XK) [= L1CH0]

���yË�©b�(¨/ a¡Fì�¡�®y¦�Í
�|¦§¡F�

4.3(b)
¦§«¬ì�ª§¦�©#®D�|Ë�M� Z −∑2n>j>n

〈
∆̃X,j

〉
∗
Z ∈ LnCH0(XK)

��ÌD¤��
Hn−i

X · Z = 0
íx¡F 

n > i
<@���¢�®y¡ Z ∈ LnCH0

��ò`¡F��®y©"QL¤�©b���|ª�ÚZ<l���Ú�¢�¦ON�©b �Í
©b��¥#©8¡�í��cMD¡Çì@¡F¦§�L�y®�D]®y�Ú�<:¡�í

X(C)
F�Mª� y©b�¢�ÚÇÜ�©#ª�¡F��Ù�®��|¡ LnCHn(XC)

�
É:¡F ��¥3Ú£¥#ª�©¡�í`�y |���®y¥b©#��¢�©#��¥b©�¢�©#ÙF y©#©

n
<��|�W�© Z = p − o <�M�Ë�©# y© p ∈

X(C)
¦�®�ÊF©# aÚ�ÙF©b��©# |�ª����¢

o ∈ X(Q̄)
��tî©�¥V��%�s�WM©��®
¥#¡F«ì�ª�©3�|©�®yì� a©V�¢

Z̄ = ∆X−{o}×X
¦��
X× (S = X)

<º���¢Ç¥bª§©V� aª§Ú
[Z]∗n : Ωn(X)→ Ωn(S)¦�®���¡��L�y y¦�Ê£¦��ª-�ºË�©#��¥b©

[Z]n 6= 0 =⇒ Z /£O¤-¥≡ 0
�L�¡ ¡FÜ��|�¦��  ¥#Úº¥#ª�©4¡�í
�| |M��®y¥#©b��¢�©#��¥b©(¢�©bÙF a©b©

n − 1
<�¡���©�¥#¡F��®y¦§¢�©b a®�

ì�©#��¥b¦§ª
P1 f← X̃

b→ X
¡�íDËLÚºì@©b aì�ªp���©®a©b¥3�|¦�¡���®�M�¦§�|Ë

o ∈ Ü:�®a©3Ínª�¡º¥b¤�®���M� a¦§�|©
Yµ := b(f−1(µ))

Iµ

↪→
X
<
q ∈ Yµ(C)

Ê�©b HÚ ÙF©b��©# |�ª\< ′Zµ := (Iµ
∗ (q) − o) ∈ Z0(XC)

íx¡F �M�LÚ
µ ∈ P1(Q̄)

�kI0��©�«ÇVÚñ�|Ë�¦§�	Wî¡Mí��yË�©b®a©�M®±>zÙF©b��©b |Mª�@¬¥#Úº¥bª§©b®&¡F�Å>�®aì�©#¥b¦��ª�@
Ë�Ú£ì@©b aì�ªpM��©�®y©#¥#�y¦�¡F��®#�/ÌDÚ��|Ë�©#¡F y©#«

7.6
<M�|Ë�©# y©�©�=�¦§®a�y®

µ0 ∈ P1(Q̄)
®y¤�¥sË&�|Ë�M�

′Zµ0 /£O¤-¥≡ 0
Di���¢ ¤���¢�©# $¥#¡F�gÎa©b¥3�|¤� y�ª5¥b¡F��¢�¦§�|¦§¡F��®"<ï�ª§®y¡

[AJ(′Zµ0)]n−1 6= 0
F��

�|Ë�©��yË�©b¡F a©b« ¢�¡£©#®���¡����|©#ª�ª
which µ0

M�¦�ª�ªl®y¤^q¥b©M�
òDÚº¥bª§©b®`¡Míl�| y���®a¥b©b��¢�©b��¥#©0¢�©#ÙF y©#©

n−2
¦§�
CH

²v³c´
0 = Ln ®aË�¡F¤�ª§¢�<º�®y®a¤�«�Í

¦���Ù&Ì`Ì�ò q <�Ü@© £l¤-¥≡ 0
D]«¡º¢�¤�ª�¡2�y¡F y®a¦�¡F� ã Fe�ò`ª�©b� yª�Ú �| y���®a¥b©b��¢�©b��¥#©4¢�©#ÙF y©#©

n − 1
¦�®��|Ë�©%¦����y©b y©#®a�y¦���Ùñ¥V�®a©����|Ë�¦§®¬¦§®M�Ë:M�mMD©8®y©b©"W���¡�M �y¡©�=º�|©b��¢%�y¡¬�¢�¦�Nl©# y©#�L��®a©#��¡�í�©�=��«ì�ª�©#®�<�®aì�©#¥b¦�á:¥V�ª§ª§Ú

íx¡F 
n = 3

�
f�� � � ý±�e½n�Z�Õ�£1a���)�\���U�K�fÒ�½f�Õ�Õõî�)�\����� t ©�á: y®H�D a©b¥b�ª�ª��yË�©�¥b¡F��®a�| a¤�¥#�y¦�¡F�uD]¢�¤�©
�|¡Ô��Ì`¡ 1 <�× � ¡VF�<	M�Ë�¦§¥sËÔM�¦§ª�ªlÜ@©bÙ�¦��_M�¦§�yË��cMD¡¦���ÙF a©b¢�¦§©b���|® ¢
D]��F � �� ©bª§ª�¦�ì£�|¦�¥%¥b¤� aÊF©

E/Q̄
M�¦§�yË

o ∈ E(Q̄)
<
dz ∈ Ω1(E)

<
���¢ ¦���Ê�¡MÍ
ª�¤��y¦�¡F�

ι
á^=£¦§��Ù

o
�EI0��©�Ë:�®

ι∗(dz) = −dz <
á^=£©b¢£Ínì�¡�¦�����®y©3� FP (ι) =

{4 2
ÍS�|¡F a®y¦�¡�� ì@¡F¦����y® } =: E [2] </���¢ E πι

→ (E/ι) ∼= P1 �Ôt  y¦��|©
T
íx¡� ��yË�©Ä ö



πι Ín¦�«¬�ÙF©$¡Mí`�|Ë�©&�y¡F y®a¦�¡F��ì@¡F¦����y®�¡Mí E  y©#ªpM�y¦§ÊF©2�y¡
o
DaM�Ë�¦§¥sË �ª§ª>Ü@©bª�¡���Ù��|¡

E(Q̄)
F�<R���¢

T[2]

íx¡F 
πι(E [2])

�
D]�a��F � ¸D]®a«¬¡º¡��|ËHF5Â�È�®a¤� aí]�¥#©

S/Q̄
M�¦§�|Ë

ω ∈ Ω2(S)
���¢¦���Ê�¡Fª�¤��y¦�¡F�


M�¦��|Ë

∗(ω) = −ω �kI0��©�Ë:�® C := FP ()
©b¦§�yË�©b �©#«¬ì£�zÚ ¡F &(¢�¦§®xÎa¡F¦§�L�2¤���¦�¡��

¡�í�®y«¡£¡��yË ¥#¤� aÊ�©b®ÎD]©b®a®y©#�L�y¦p�ª§ª§Ú ¥#ª�©b� 2íx y¡F« �|Ë�©�í]�¥#�&�yË:M�
ω
¦§®���¡�M�Ë�©b a©3Í

ÊM���¦�®aË�¦���Ù	��®a©b©Ö��Ì`¡ 1 ¡�íx¡� Ç y©"QL¤�¦� a©b«©b���|®+¡�� �|Ë�©b¦� ¬ÙF©b��©b |ZF3�ÜÛ0¤�¡M�|¦�©#���|¦���Ù
Ü�Ú4�|Ë�©�¥3�|¦§¡F�(¡�í


Ú£¦§©bª§¢�®8GD]Ü� y���¥sË�©#¢eF8¢�¡F¤�Ü�ª§©�¥b¡�ÊF©# 

S
π

→ (S/) =: R �¨/ª�©b���zÚ�¡Mí�©�=��«ì@©b®SM`©# y©��s�Ü�¤�ªpM�y©b¢Ü�Ú�Æ�¦OWº¤�ª�¦��]D]�Ù��¦§��®y©b©g��Ì`¡ 1 ¡VF���MD©/Îa¤�®H�
«¬©#���|¦�¡����íx©�M ¢
Di�F ä �ní C = ∅ �|Ë�©#� S π

→ R ¦�®�M�nq3�s�ª§©+¥b¡�Ê�©b &¡�í��� � �� y¦OQº¤�©b®�®y¤� aí]�¥#©���¬I
�yË�©b �M�¦�®y© R ¦�®� yM�|¦§¡F�:�ª5D]Ü�¦§ |M�y¦�¡F�:Mª@�y¡
P2 Fe�Ç¡

D]ÜeF ä
S

π

→ P2 = R �|Ë�©Ç¢�¡F¤�Ü�ª§©+¥b¡�Ê�©b &Ü� |M��¥sË�©b¢ �ª§¡F��Ù44®a«¬¡º¡��yË ®y©�=º�y¦�¥D]ÙF©#�L¤�®
10
F`¥#¤� aÊ�©�D

= C Fe�
D]¥�F ä r;©3�

Ŝ
Ü@©2�|Ë�©&¢�¡F¤�Ü�ª�©�¥#¡hÊ�©b 8¡�í

P2 Ü� |���¥sË�©b¢ñ¡hÊ�©b 
6
ª�¦§��©b®
¦��(ÙF©#��©b y�ª

ì�¡�®y¦§�y¦�¡F�!�L�yË�¦�®D¦�®5®y¦§��ÙF¤�ª�� D¡�Ê�©b `�yË�©0ª�¦§��©b®"[
15

¦§�L�y©b a®y©b¥3�|¦§¡F�+ì@¡F¦����|®#��Ì`ª�¡�M�¦§��Ù
Ŝ
¤�ì4g���yË�©b®a©ºDi���¢�ª�¦�íÐ�|¦§��Ù��|Ë�©�¦���ÊF¡�ª�¤��y¦�¡F���®y®a¡£¥#¦pM�y©b¢%�|¡

Ŝ
2→ P2 F�Úº¦§©bª�¢�®

S
π

→ R D
S =

ÂYÈ^< R  |g�|¦�¡��:�ªPM�¦§�yË
h1,1(R) = 16

F�Ü� |���¥sË�©b¢ ¡�ÊF©# 
6

disjoint
 |g�|¦�¡��:�ªl¥#¤� aÊ�©b®#�D�ní��|Ë�©

6
ª§¦���©#®�¦��

P2 MD©b y©�¥b¡�«¬«¡F�+�sM��ÙF©b���y®��y¡�¥#¡F��¦§¥
Q
<M�yË�©b�

S
¦�®A�|Ë�©XÂ�¤�«¬«©b A®a¤� aí]�¥#© û Ð �®a®y¡º¥b¦pg�|©b¢��|¡��|Ë�©�ÝF�¥b¡FÜ�¦p���¡�í

�|Ë�©gDxÙF©b�L¤�®
2
F>¢�¡F¤�Ü�ª�©�¥b¡�Ê�©b `¡Mí

Q
Ü� y���¥sË�©#¢+¡�ÊF©b ��|Ë�©

6
ì@¡F¦����|®�¡�í@�sM��ÙF©b��¥#ÚD���Ì`©"¡VF3�

D]¢eF ä �ní
E2, E3

� a©�©#ª�ª§¦�ì��y¦�¥Ç¥#¤� aÊ�©b®Ç�yË�©b�
(E2 × E3/{1, (ι2, ι3)}) =: Ŝ

¦§®
�|Ë�©]Dx®y¦���ÙF¤�ªpM +F

2
Ín¥b¡�ÊF©# �¡Mí

P1 × P1 Ü� |���¥sË�©b¢ ¡�ÊF©# 
8 P1 [�®�¦§�L�y©b a®y©b¥3�|¦§��Ù�¦§�

16
ì�¡F¦§���|®���Ü�ª§¡fM�¦§��Ù �yË�©b®a©4ì@¡F¦����|®¤�ì Úº¦�©#ª�¢�®&�|Ë�©ÎÂ�¤�««¬©# ¬®a¤� aí]�¥#©

S
¡�í

E2 × E3
<5M�¦§�yË

S
π

→ R Ü� |���¥sË�©b¢ ¡�ÊF©# 
8
¢�¦�®ÐÎa¡F¦����� |M�y¦�¡F���ª�¥b¤� HÊF©b®ÔD]���¢

h1,1(R) = 18
Fe��Ø�©b a©


¦�®�¦���¢�¤�¥b©#¢%íx a¡F«

(ι2, 1) ∼ (1, ι3)
¡F�

Ŝ
�

Æ�¡�Mî�yË�©�¦���ÊF¡�ª�¤��y¦�¡F�
(ι, )

¡F�
E×S Ë:M® FP Íz®y©3� E [2]×C <fM�Ë�¦§¥sË�¦§®A�¢�¦§®xÎa¡F¦§���¤���¦§¡F��¡�í�¥#¤� aÊ�©b®�Dx©���Ù��O<

4 × 6 = 24
 yM�|¦§¡F�:�ªA¥b¤� aÊF©#®�¦§í

S
¥#¡F«¬©#®
íx y¡�« ¥V�®a©D]¥�F��Ü@¡�ÊF©�F3�º����¢�©b 8�|Ë�©�QL¤�¡��y¦�©b����<

FP (ι, )
Ü@©b¥#¡F«©b®8�|Ë�©®y¦§��ÙF¤�ª�� �®y©3�2¡�í

X̂ = E×S/(ι, ) ��Û�ª�ª�MD©D¤�®y©/íx y¡F« �|Ë�©5Ì`¡� y¥b©bgÍn×�¡�¦�®y¦§��¥b¡F��®a�| a¤�¥#�y¦�¡F��¦�®��yË:M�
�|Ë�©
Ü�ª�¡�M�Íz¤�ì�¡�í

X̂
�ª�¡F��Ù$�|Ë�©#®y©�¥#¤� aÊ�©b®�ÙF¦§Ê�©b®�ºDx®y«¡£¡��yËeF`ò5ó

3
Íníx¡Fª§¢

X/Q̄
�D]�z��ì:� H�|¦§¥b¤�ª�� �<

dz ∧ ω ¦§®
(ι, )∗

Ín¦���ÊM� y¦������<�®a¡¬¢�©b®y¥#©b��¢�®��|¡
Ω ∈ Ω3(X)

�¬F
û Ð ? PydHY3kqk�^SmgYs^R~#UqT#PHZ�YeZ�Y3�MPakqU�YeZ�TsYeQSUqPH^x�

A
\ecLf�UW_�PHZg[iUW\3Z

2
X;U�^Sm`UWZVT3\#kq��^SUq\#Z

σ = −id }^SmhP < �g_`_�PaQ
[i�hQic�Y3d�P$Y3[S[]\�dHUWYe^iPafÇ^S\
A
UW[�^SmhP�QSPa[i\3kW��^SUq\#Z�\ec

A/{1, σ} \3��^nYeUWZhPaf%�V��hkW\sX;UWZh~D�gv0Ye^;^imhP
16
[iUqZg~3�hk�YeQ�v�\3UWZ#^n[AYeQSU�[]UWZh~DcuQi\#_ ^imhP

2
o§^S\3Qn[]UW\3Z�vM\#UqZb^n[�\ec

A
�Ï��



É:¡F /���Ú
ξ ∈ P1(C)\T[2]

<F¡F��©�Ë:�®��¢�¦pMÙF |�« ¡�í�����ª§ÚL�|¦§¥DÊM� a¦�©#�y¦�©#®
/C ¢ ûc×

E × S
θ

%% %%LLLLLLLLLL
X

f

��

b

xxxxrrrrrrrrrrrr
Yξ := f−1(ξ) ∼= S_?Iξ

oo

��

E×S
(ι,)

= X̂

yyyyrrrrrrrrrr

&& &&LLLLLLLLLL

R = S/ E/ι ∼= P1 {ξ}_?
oo

�z�%��:�ª§¡FÙ�ÚÇ�y¡ §8.1 <	MD©YM`������|¡®yË�¡�M �|Ë�©�íx¡Fª§ª�¡�M�¦���Ù
�h�U�H�UÓC� L�Ë�©b a©©�=£¦�®a�y®

µ ∈ P1(Q̄)
®y¤�¥sË��|Ë�M�¸DaM�¦��|Ë

q ∈ Yµ(C)
ÊF©# aÚ�ÙF©#�£Í

©b y�ª-<
q0 ∈ Yµ(Q̄)

���Ú��ª§ÙF©bÜ� |�¦§¥0ì�¡�¦�����F
Zµ := Iµ

∗ (q − q0) /£l¤-¥≡ 0
¡F�

X
�

Ø�©# y©8¨/ y¡Fì@¡F®a¦§�|¦§¡F�
7.5

D]¦i�q©M�O<�¦��+�|Ë�©0íx¡F y«�¡�í>2¥#¡F y¡�ª�ªpM aÚª�¦OW�©�L�Ë�©#¡F y©#«
7.6

F
¦�®���¡&ª§¡F��ÙF©# ��ì�ì� a¡Fì� y¦�M�|©n<����¢ÔMD©�®aË:�ª§ª�¤�®y©��yË�©�rA©�M�¦�®� y©#®y¤�ª��V�B£¦§��¥b©

b−1 ¦�®?MD©bª§ª�Ín¢�©#á:��©b¢�¡F� θ ((E \ E [2])× S
) <�MD©�Ë:VÊF©+«¬�ì

θ\2 :

(E \ E [2]) × S → X
�krA©3�

q0 ∈ S(Q̄)
Ü�©%���Ú Mª�ÙF©#Ü� |�¦§¥Çì@¡F¦����]DxM�Ë�¦�¥sË

��©b©#¢ ��¡���VÊF¡�¦�¢ C F�<����¢yM� y¦��|©
θ
\2
q0

íx¡� Ç�|Ë�©�¥b¡F«ì�¡�®y¦§�y©�¡�í
θ\2

M�¦��|Ë �yË�©
¦����|©# y�:Mª/ì� y¡gÎa©#¥#�y¦�¡F�

πq0 : E × S → E × {q0} ↪→ E × S
Dx y©#®a�| a¦�¥3�|©b¢ñ�|¡

(E \ E [2]) × S Fe�±L�Ë�©&ÙF |Mì�Ë�®�¡�í θ\2, θ\2q0

©b«$Ü�©#¢ñ¦§�
(E \ E [2]) × S × X <

���¢+�|�WL¦���Ù$�yË�©b¦§ �¥bª§¡F®y¤� y©b®`¦��
E × S ×X Ù�¦§ÊF©#®�¥b¡� y y©#®yì@¡F��¢�©#��¥b©#®

Γ
<
Γq0 ∈

Z3(E × S × X)
� Æ�©�=º�Ç�|�W�©

p ∈ E(C)
<
q ∈ S(C)

ÊF©b HÚ Ù�©b��©# |�ª����¢
�ª�Ù�©bÜ� y�¦�¥b�ª�ª�Ú�¦���¢�©bì@©b��¢�©#�����:���¢%¥#¡F��®a¦�¢�©#  Z0 := (p, q)− (o, q)− (p, q0) +

(o, q0) ∈ L3CH0(E × S/C)
�JI�Ü�Êº¦�¡�¤�®yª�Ú

(p) + (ι(p)) − 2(o) £O¤-¥≡ 0
�HMD©2�ª§®y¡

��©b©#¢%�yË�©�íx¡Fª�ª§¡�M�¦���Ù ¢
�ä��ÓÌÓò���

∗∗((q)− (q0)) = (q)− (q0) + ((q))− ((q0))
 ¢¡ u≡ 0

ä
� ¼s·�·�Ï#ä R ¦§®�©#¦§�yË�©b ��� � �� a¦lQL¤�©#®2®y¤� Hí]�¥b©¬¡F ��Ü�ª�¡�M�Ín¤�ìî¡�í

P2 DaM�Ë�¦§¥sË  y©eÍ
ì�ªpM¥b©b®�ì�¡�¦����|®�ÜLÚ� |g�|¦�¡��:�ª�¥b¤� aÊF©#®+Fe�5ò`ª�©VM yª§Ú�¦§���|Ë�©�ªpM�a�|©# �¥b�®y©�M�LÚ

2
ì@¡F¦§�L�y®

� y© £O¤-¥≡ ¡F� R ���yË�¦�®�Ë�¡Fª§¢�®��ª§®y¡2íx¡F  � �� y¦OQL¤�©b®�Ü�ÚG�qÌ(Â�r!¡i��Û
ì�ì�ª§Ú+�yË�¦�®��y¡ (q)���¢
(q0)

�
�ûc× ÞÐZ$vgYeQi^iU�d��gkWY3Q

f−1(ξ)
U�[/[]_�\V\e^SmL�äÞpc

ξ ∈ P1(Q̄)
^imhPaZ�Uq^�UW[>Y3kW[i\
Y
f�U�Ye~#QSY3_ \3c

Q̄
oTsYeQSUWP�^iUWPa[a� � \sX�PaT3PaQºUqc

ξ[∈ P1(C)]
UW[
not

Y3kq~#PH�hQnYeU�de}y^SmhP;UW[i\3_�\#QivhmgUW[i_
S ∼= f−1(ξ)

U�[
notf�P r ZhPyf�\sT3PaQ

Q̄(ξ)
�h��^>\sT3PaQ�Y�fhPH~3QSPHPHo

2
P�ÿb^SPHZg[iUW\3Z8U�[]\#_�\3QSvhmhU�d/^i\

Q̄(E)
�5ÞÐZ8^SmhUW[ïdHY#[]P\#ZhP�_D�g[x^;[ivMPyd�Uqcu��X;mhP�^SmhPHQ Iξ

_�PaYeZM[R^SmhP>_�Y3v
S ↪→ X t X;Uq^im�^imhP/f�Pa~3QSPHPHo 2 P�ÿV^iPHZM[]UW\3ZM{\#Q

f−1(ξ) ↪→ X
}gY3Zgf
cu\3Q��g[AUq^�X;UWkqk���P/^imhP5cu\3QS_�PHQy� � \�cu\3Q

ξ ∈ P1(C)
}
q ∈ S(C)
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£l¤-¥≡ 1

2
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Y1 = E
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Y2 = S
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E1 × E2 × E3 ¢
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σ∗Box
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}
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