TABLE 13.1  Mass and first moment formulas

THREE-DIMENSIONAL SOLID

Mass: M = \\. odV
D

First moments about the coordinate planes:

ﬁu&\ x & dV, Enn\\ y8dv, E@H\\\mm%
D D b"

Center of mass:

§ = 8(x, y, z} is the density at (x, y, 2).

‘w&ﬂ - M, L Eda
M YT T M

X =
TWO-DIMENSIONAL PLATE

Mass: M = \\ &(x, y)YdA 8(x, v) is the density at {x, ).
"R

i

First moments: M, = \\ x 8(x, y)dA, M, = .\\. v 8(x, y)dA
R R

__ M M
Dmim..omﬂmmmn wl@d %Hl.al&a
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TABLE 13.2 Moments of inertia (second moments) formulas

THREE-DIMENSIONAL SOLID

About the x-axis: I = (y2 +z2)8dV 8= 8(x, 1.z
About the y-axis: L = \\. (x2 + 20 8dV
About the z-axis: L = (x2 + 33 §dV

. r{x, y, z) = dislance from the
About a line L: Iy = r28dv point (x. 1, ) to :_ma I
TWO-DIMENSIONAL PLATE
About the x-axis: I = wm 0 dA4 & = 8(x, )
About the y-axis: I, = x*8 dd
About a line L: I = %MOP u\u 8 dA, rix, ¥) = distance from

(x,to L

About the origin Iy = ,\.\ x* +3%)8dd =L + I,

(polar moment):

Copyright © 2007 Pearson Education, Inc. Publishing as Pearson Addison-Weslay

Slide 13

60



Coordinate Conversion Formulas
CYLINDRICAL TO SPHERICAL TO SPHERICAL TO
RECTANGULAR RECTANGULAR CYLINDRICAL
X = rcosb X = psinccosf r = psing
Yy =rsing y = psin¢ sin o Z = pcos ¢
z=2z zZ = pcos¢ 6 =20
Corresponding formulas for d¥ in triple integrals:
dV = dx dy dz
= dz r dr db
= p*sin¢ dp do do
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TABLE 14.1 Mass and moment formulas for coil springs, thin rods, and wires lying
along a smooth curve Cin space

Mass: M= ,\y m@“ v, z) ds 5 = 8(x, v, ) is the density at (x, ¥, =
C
First moments about the coordinate planes:

EEH\H@&E M, = | ydds, M., = [ z8ds
c c C
Coordinates of the center of mass:

x = M, /M, y = My /M, z = My /M
Moments of inertia about axes and other lines:

L= .\ (y2 + z2) 8 ds, I, = (x? + z%) 8 ds, I, = \Onm + y2) 8 ds,
C c C

Ir = »28 ds (x, v,z) = distance from the point {x, v, z) to line L
JC
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Math 233 Exam III November 12, °07

Part I, True or False, 3 points each. Answer A for True, B for False.

1. Suppose D is a region in three dimensional space that is filled by an object whose density,
8(x,y,z), is constant. Then y, the y —coordinate of the center of mass of the object, equals the

average value of the function f{x,1,z) = y on D.

@ H‘ gggf)g CQ\/-'-' C'Q/o{,u.ma eg D) since § constundt
V= --—"-"—-—m——m g%&\/: 5___.._22_—__.-_“5 ot z S\,%D%___&\/ vy vebe 20 00 D,
m Q(UDLLLME OQD) me.u.m@.og, R (

2. The area inside the circle (x — 1)* + 3% = 1 and outside the circle x + % = 1 is given by

=2cce B G= 5 ( area = Img rmgr drdf. \)/
o

"1] ‘g (Y3
r=2cps® = I
et

~

}_”@LSQJ
jadeos @ C-)=‘-T£

3. If C'is a curve in Three dimensional space then Ic ds is the length of C.
G-/‘C-LGJ\%

p—

Shrue

4. If f{x,y,z) gives the temperature at the point (x,y,z) then at each point Vf, the gradient vector
field of , points in a direction is which the temperature is not changing.

ﬁaise;. \7—}2 p@‘i s in +he dire C}Lfcf)‘m ozD aremrf—ef‘rff p@s;%ic{i Q,Lz,wac‘f,;e,

5. If Cis a loop in the plane, a closed curve, and F is a force field then the work done by the force
F in moving an object around C is zero.

);L/LSQ.' @n&d Hrue r@ }:}'rs 6 conservedive «Q:rcg
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Part II, Multiple Choice, 6 points each

J'J'Rx—yd,q

where R is the triangle with vertices (0,0), (2,0) and (2,1).

6D C. %(e%)x 51 gl{% Juy it = S xy-3 %Xoﬂ%

6. Evaluate the integral

o

o, 2
- J", ’1 : ‘3- ?, } --."'\
= 5 =X OOX S XS— d'\)(-_f,
O Q

c.
d.
e

owl R
-

7. Find X, the x coordinate of the center of mass (center of gravity) of a triangular metal plate with
corners at (0,1), (1,0), and (1, 1) and having constant density é(x,y) = 3.

a 1/4 ' &
. 12 M= ([ 2 dde3) g o

@ " T :—_35\ l-'(:!_-x)OQ)(=3SIXOQJ§= :5’3__
o . o

-2 r _ _ al ] -l R
%3 ) Sy&%cﬁ\x——% Uy %= ) X dx
/ O Q
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8. Suppose a metal plate with density §(x,y) = 1 occupies the region in which | < x2+3? < 4 and
¥ 2 0. Find the second polar moment (the moment of inertia about the origin) of the plate.

T 4 r=2
S%) de

o) r=

a. 2=

9. Find the volume of the region in three dimensions which is in the first octant, i.e., x, ¥,z =0,
inside the sphere centered at the origin of radius 2 and outside of the cone in the picture. That
cone has vertex at the origin, the positive z —axis as its axis and boundary making an angle /4
with the z —axis.
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10. Find the volume in the first octant (1 e. x,7,z = 0) below the plane x + 2y + 3z = 6.
a. 2 6 %= (('J “R- Quf)/g

[ (0 SC‘*‘ £

o © 0
e. 12 _
_ B(E'Qu)l (G"Q T 'z
20, i b dly =h 3g-a¢y 947 d. ’“’@'(’“& DT’% )) -
"'ﬂ"" O 3 6 ‘j "L Lg L& v
5, 0
1.5+

é—(z@-m 9+423)= 6

X . 7‘LI-1$
i5
xrﬂp&:Q

11. The region inside the sphere centered at the origin having radius 2 and in the first octant (i.e.

x,¥, and z are all positive) is filled w1th material of density z. Find the mass of this object.
a. /4

b. #/2 RS Z= eme,c};
. T
j e costp poS1 ode d4da
‘: iz o o O
v W, (T, -?a
=" ‘ = gt cosrf)gm(b) 696 = ( ( Ueoe heieddfdo= 17( S,qxc}
)c) jo i Q Jc) ; 0
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12. Suppose R is the triangular region in the plane with vertices (0,0), (2,2), and (3, 1) and that
you are going to evaluate

I IR x+3yd4
by making the substitutions x = 3u +v, ¥ = # +v. This leads to the which integral?

1 1-u
b. J. I 61 + 4v dvdu

—2u

_[ 121 + 8v dvdu
0

12
Y
0

00
1 utl 0 1-u

c. I J- 6u + 4v dvdu d. J. J. —12u — 8v dvdu
—1u-l -1 0

e. j- :f 3u + 2y dvdu

-1y

)

&(Kf”[,) -
(3(%1) ] |

well-yy | @)

=3 -1 =2

N . U R-w
\V = _'(3_ "X) (Og &) (@,0) S S Bw;-vﬁ(uw)] advd
A [é (2’2) (O) ;2) o o
(gz ') (I) (‘:) |22

S S 2y +Yv dvdu

o “o
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13. To evaluate the integral

.fcx +2yds
where C is the part of the curve y = x? starting at (0,0) and finishing at (1,1) you can compute
which?
. 1
(0= <6, &5 a. fﬂ(r+2t2),/t+t2 dt
1
: \/(,Jo) = < ll Rt) b. J.D(2t+2t2)dl‘

1
IV(*?)':W c. I0(2t+t2)Jr~+4dr
d. J.;(t—:—tz)dt

I
) (iratz ) ok
5%4 v ) e. I;(t+2r9)1/1+4t?-cD

14. Suppose F = x i+ 2 j a force field. Suppose C is the part of the circle centered at the origin and
with radius one in the first quadrant. C is oriented with starting point (1,0) and finishing point
(0,1). Compute the work done by the force in moving an object along the curve.

o PTCmLE O fies o

b. 12
Lz T
£y /2.
e 2 (/\.)ﬂf‘kg ( oA N A -.;(‘ I S S I | ¥
Y LU} v ) S LS ALt A COS0 W
w; -0

Ta o=
= —}-\fa—j}a

= COS™t +sint
- 9 a

X
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15. For the force field F = x i+ y j compute the flux of F across the circle of radius one centered at
the origin traversed counterclockwise.

z: :iﬁ r=<cost, st ) Ay =-sutéE CQ% - cont AE
c. 0 : sz - coe {j
d. =
iE. 27 | N:"&is”m'b
*T
T o ,
S . ﬂcﬂé{"C@S’ﬁcﬁ‘b*‘ 514{367'5"/1'{:))007{) = go 4 di’{; = Q,T -
0 .

16. In order to have

we must have

a. a(x) = J1—-x2, b(x) = 1-x2

b. a(x) =0, b{x) = J1-x2

c. a(x) =—4J1-x2, b(x) = 1/1:3:2’)
d. a(x) =—-J1-x2,b(x)=0

e. a(x) = -(1-x2), b(x) = 1 —»?
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Name ID Number

Part ITI, Hand Graded, 20 points. Show enough work so that it is clear
how you arrived at your answer.

1. Compute the volume of the region above the interior of the circle (x — 1)% + 3 = 1 and below
the plane z = x.

4

da poler cwﬂ%, (x—lj"»ruﬁl becomes, =2cos O (see Pro‘atem Q—)

X =vcos &
Vol = S Srcoe,@r-cﬁro()@ S fws@) OQS'LS:L 86’0 J6
i1 _TL 3 r=0 = >
a

pi=

x )
~ 2{35 (I*Q%QB do = EJ |+2r_059~94—c051.=19c9@- -

-
&

I
2

2 o, 1 20 2
- + £ Sl ==
g | +2¢c0g 28 + de = 3
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Name

ID Number

Part ITL, Hand Graded, 20 points. Show enough work so that it is clear

how you arrived at your answer.
2. Suppose R is the triangle with vertices (0,0), (1,

(2, 0
1) and (-i-,!=1')).-Evaluate the integral

(], =

using the substitution x +y = 2u, x —y = 2v {or by some other method if you choose).

Xz UrV (ﬁj}__ ()
(0[0) @10)
4= UV
(i) U,O)
B
w1
o
-1 j \

v

0 “p 0

“I‘ v o Y
5- S Tor 2| dady = L;g W
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