Math 233 Final Exam December 14, °07

Assume all functions are sufficiently well behaved (continuous, differentiable, etc.) so that out
theories apply.

Part I, True or False, 3 points each. Answer A for True, B for False.

1. Suppose C is the positively oriented boundary curve of the region R, as in the figure, and that
the area of R is 4.

A= §—ydx.
C
D>

2. Ifthe vector field F(x,y) = M(x,y) i+ N(x,») j is the flow field (= velocity ficld) of a fluid
rotating steadily counterclockwise in the plane then the divergence of F, divF, is positive.

3. IEM(x,y), N(x,y) are functions defined in a region R in the plane and throughout that region

G- 8
sy M= 2
then for any closed loop C in R we have
é M + Ndy = 0.
c

4. If f{x,y,z) has a local maximum at the point (xg,y0,20) in the interior ( = inside) of its domain of
definition then at (xp,)0,20) the gradient of fis zero, gradf{xg,V0,20) = 0.

5. I flx,y) and g{x,y) are two functions defined in a region R in the plane and if at every point in R
gradf = gradg then at all points of the region f{x,y) = g(x, ).
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Part II, Multiple Choice, 6 points each.

6. Suppose f{(x,y,z) = x? + 2y°z. Find the direction in which fis decreasing most rapidly at the
point (0,1,0).

(0,0,-1)
(0,0,1)
(0,1,0)
(0,-1,0)
(1,0,0)
(-1,0,0)

~0P o200

7. The tangent plane to the surface x* +y3 + z* = 18 at the point (3,0, 1) cuts the z —axis at the
point (0,0,a). What is a?

9/2

1172
13/2
15/2
17/2
19/2

-~ @ 800
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8. The function flx,y) = x? ~ 2xy +* — 3 has two critical points, one, 4, in the first quadrant (i.e.
x,y > 0), and another one, B. Classify these critical points.

A loc. max; B loc min.

A loc. max; B loc max,

Aloc. max; B saddle point.

A loc. min; B loc min.

A loc. min; B loc max.

4 loc, min; B saddle point,

A saddle point; B loc min.

A saddle point; B loc max.

A saddle point; B saddle point.

— T8 w0 00T

9. Evaluate
§ Y dx+xdy
C

where C is the positively oriented boundary of the square bounded by the coordinate axes and
thelinesx =1, andy = 1,

< (1,1)

Y

(0,0)

- e 200
th B W R = O
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10. Let R be the rectangle 0 < x < 1, 1 < y < 3. Evaluate
X
2dA.

J1.3

wis rj—

2In3

-~ 0 006 OTDo
L"JMILA!

3+In3

11. Suppose R is the triangle with vertices (0,0), (0,2), (1,2). Evaluate f Le xdA.

1/2
1/4
1/3
322
2
3

-~ ® 000w
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12. Find the area in the first quadrant (i.e., x,y > 0) between the curve x = (x2 + 32)*” and the
horizontal axis,

a

b.

C. t+ix
d 1-7
e l+rx
f =z

13. Find the volume of the region above the disk x2 +3y2 < linthez = 0 plane and below the
surface z = 1 +x2 4 2.

3n/2
S5x/3
2r/3
n/2
2

22

=9 20T
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14. Suppose g(x,y,z) is the potential function g(x,y,z) = x? + z2. Let C be the curve
r(f) =costi+sintj+1k, 0<t<2n
Find the work done by the force field F = Vg in moving an object over this curve.

1+4x2

-0 00T
i Y
8

15. Find the average value of the function f{x,),z) = xz on the three dimensional region 0 < x < 1,
0<y<3,1<z<3.

=0 000w
L B R
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16. Suppose that § is the part of the plane x +y + 3z = 6 on which x,,z > 0 and that F is the
vector field F(x,y,z) = y k. Suppose that the normal vector for the surface is pointing toward
you (rather than away). Evaluate

~P o0 T

IIS(V x F) »n do.

1
9/(247)
1743
J11/3
18//1T
2/(347)

17. Suppose F is the vector field F(x,)) = y i —x j. Evaluate the circulation around (= flow
integral along) C, the positively oriented boundary of the region x* + y* < 1,y = 0.

~"0 R0 TN

Yl
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18. Suppose F is the vector field F(x,y) = 2xy i+ (x? + 1) j. Decide if F is a gradient vector field.
If it is find its potential function f{x,y)} and evaluate f{1,1) — 10, 0).

a. f11,1)-70,0) = -1

b. f1,1)-/0,0) =0

. A1,1)-f10,0) = 1

d AL1)-f0,0)=2

. fi1,1)-A0,0) = 3

f. F is not a gradient vector field.

Q

1]

19. Suppose B is the unit box, B = {(x,y,z) with 0 < x,y,z < 1}. For the vector field
F(x,y) = 2xyi—x%z j —y k. Evaluate the divergence integral

jjjBV-FdV

1/2
3/4

-0 000N

= W S



Formulas for Grad, Div, Curl, and the Laplacian

Cartesian (x, y, z)

i, j, and k are unit vectors
in the directions of
increasing x, y, and z.

M, N, and P are the
scalar components of
F(x, v, 2) in these

directions,

: _af,  8f,  af
Gradient Vf = Ei + i + =k

aM 8N ap

Divergence | V-F = = + > + =

1 T

i s 2

Curl VXF= dx dy dz

M N P

. B & @

Laplacian | v25 = 2L L 8 &

a2 @yt a2

Vector Triple Products

(it Xv)w=(vrxXwu=(wxu)y

BX(vXw=(awkv—(nvw

Vecior Identities

In the identities hers, f and g are differentinble scalar functions, F, F,,
constents,
VX (V) =0

V(fg) = fVg + gVf

V' {gF}) = gV:F + Vg-F
VX{(gF)=gVXF+ Vg XT

V' (aF; + bFy)

= aV'F; + 6V F,

The Fundamental Theorem of Line Integrals

L Let F=Mi+ Nj + Pk he a vector field whose components are
continuous throughout an cpen connected region D in spoce. Then
there exists o differentiable function f such that

O, 8f.  &f
F=Vf=goitgi+5k .
i end only if for all poinis 4 and B in D the value of [7F - dris inde-
pendent of the path joining 4 to B in D,

2. Ifthe integral is independent of the path from 4 o B, its value is

]
l F-dr = f(B) — f(d).

Green’s Theorem and Its Generalization to Three Dimensions

.\}{F'uds=/]v'FdA
R

C

D

Nomma] form of Green's Theorem:
Divergence Theorem:
Tangential form of Green's Theorem: j[F ~dr = .[/ VXF kdd

c Fd
‘l)’t{F-a‘r=.[/‘ VXTFrndoe
c &

Stokes’ Theorem;

V- (F X ¥;) =F-YXF —~F'VXT

VXA(Ft X Fy) = (Fo V)F, — (B;-V)F; +
(V-F)F, ~ (V-F)F,

VX(VXT)=YV-F) — (V- V)F = V(V-F) — VF
(VXF})XF = (F-V)F —%V(F-F)

Coordinate Conversion Formulas

CYLINDRICALTO _ SPREERICAL TO SPHERICAL TO
RECTANGULAR RecTancuLar CyYLmDRICAL
x=roosf x = psin¢gcosf r=peindg
y = rsind Y= psindeing Z=peosg
I=z Z=pCosg B=8
Corresponding formulas for 4V in triple intagrals:
dV = dxdydr
- = dz rdrdf

= p*sing dp dip df

and F; are differentieble vector fields, and a and b are real *



