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Math 493
Final Examination — December 19, 2011

Name

General Instructions: Please answer the following, showing all your work, and
without the aid of books, notes, or calculators. Total number of points = 40.
Write all probabilities involving normal random variables in terms of the standard
normal pdf.

Integration by parts formula: [wdv =uv — [vdu.

1. (1 points each) True/False. Please read the statements carefully, as no partial
credit will be given.

(a) If X and Y are independent continuous random variables with pdfs
fx and fy, then X 4 2Y has density function

fxiav(t) = %/_OO Ix(t— @)fy(g)dQ?.

(b) If Y1,Ys,... are i.i.d. exponential random variables with FE(Y;) = p,
then
PriYVi+---4+Y,<n-u)—0 asn— oo.
(c) FPr(X+Y+27Z<1)=0.99, then E(X +Y + Z) < 100.
(d) If A and B are independent events, then the probability that exactly

one of the two events occurs is Pr(A) + Pr(B) — 2Pr(A) Pr(B).

(e) By linearity of variance, we have for any random variables X and Y
that

Var(2X + 3Y) = 2 Var(X) + 3 Var(Y).

(f) If X and Y are independent random variables, then

E(X*Y?) = E(X*)E(Y?).

(2) If X is a Cauchy random variable (with pdf m), then F(X) = 0.

(h) If X and Y are the outcomes of independent die rolls, then X + Y
and X — Y are independent random variables.

(i) If X is a continuous random variable with support [—2,2], then

E(X) = 0.



(a) (6 points) Prove that if X is a continuous uniform random variable on [a, b],
then —X is continuous uniform on [—b, —a].

(b) (6 points) Suppose that Z is a standard normal random variable, with pdf
\/%e*tQ/Q. Find the pdf of Z2.

vy



3. (a) (6 points) Let X and Y be independent random variables, so that X has the

Cauchy distribution (with pdf m), and Y has the continuous uniform

distribution on [0, 1]. Find the pdf of X + Y.

(It may be helpful to recall that & tan™"' ¢ = 7).

(b) (5 points) Let X and Y be independent with the exponential pdf

f(t) = {et ift>0

0 else.

Find the pdf and expected value of M = min(X,Y).



4. A standard deck of cards consists of 52 cards, each with a value (2, 3, ..., 10,
Jack, Queen, King, Ace), and a suite (O, &, <>, #). You are dealt a hand of 13
cards, uniformly at random.

The random variable ) is calculated as follows. For each suite such that your
hand contains the ace and king, count 2. For each suite such that your hand
contains the ace but not the king, count 1. For each suite such that your hand
does not contain the ace, count 0. (@ is a measure of the strength of your hand
in a game such as bridge.)

Thus, for example, if you were dealt the hand

VAK32 &AQ9 OQS MKT42
then the value of () would be 3, since there is an Ace-King in © and an Ace in é.

(a) (4 points) Find Pr(Q = 0) and Pr(Q = 8).

(b) (4 points) Calculate E(Q).
(Linearity of expectation may be helpful.)



