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SOME ERGODIC THEORY

2.1 MEAN ERGODIC THEOREMS

We shall work here with a measure space (Q, % p), of possibly
infinite measure, and a linear operator T defined in L(Q, & u)
such that

(1) f>0ae.=>Tf >0ae.;
@ [ 1mdus | 1f1dw
Q Q
Sometimes ‘we shall also require T to satisfy the condition that for

allC > 0,
B)Ifl<Cae=|Tf| < Cae.

Our main object of study here will be the almost everywhere con-
vergence behavior of the ratios

Tf 4 o + T"
2.1.1 R(f) =L fn++1+ )

as n — oo.

The classical result of G. D. Birkhoff states that in case u(£2) < oo
and Tf(x) = f(Ex), where E is a measure-preserving transformation
of Q into itself, then R,(f) is almost everywhere convergentas n — oo
for all fe L,. The result of E. Hopf, which is also classical now,
asserts that the same is true when u(Q2) < oo and T in addition to
(1) and (2) satisfies instead of (3) the condition

(3 T1=1
18
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It is easily seen that (1) and (3') imply (3). Thus we shall be working
in a setup that includes both the results of Birkhoff and Hopf.
Indeed, at the end of this section we shall consider also the cases in
which (1) is not assumed at all, and we shall obtain the ergodic
theorem of Dunford and Schwartz. However, before getting into
these matters we need to establish a few fundamental properties of
such an operator T. We shall present these in the form of separate
propositions.
ProrosITON 2.1.1.  If f1,f3 s fu€ Ly, then

2.1.2 max Tf, < T max f,.

l<v<n 1<v<n

PROOF. Since

fy < max f,

lsu<n

by the linearity of T and (1) we get
If, < T max f,.

l<pusn

Taking the maximum with respect to v, 2.1.2 follows.
ProrosiTiON 2.1.2. If | f] < F with Fe L, and f, — f a.e., then

If, » Tf ae.

PROOF. We can clearly assume f = 0. Set g, = SuUPp» .| ful- Then
by our assumptions we have

213 (a) g,l0ae.;
(b) g < Fel,.

Since the sequence Tg, is monotone, if Tg, fails to converge to zero
a.e., then for some ¢ > 0 we have

w{inf Tg, > ¢4 =6 > 0.

Thus, by (2),
0<e95ng,,dy§jg,,du vV n
e o

However, in view of 2.1.3, this inequality yields a contradiction when
n — oo.
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PRroPosITION 2.1.3.  If T in addition to (1) and (2) satisfies (3),
then for any constant C > 0 and any ge L, we have

2.14 (Tg - O)" < T(g - O)*.t
PROOF. Set
Cwheng > C
g =94 —Cwheng < —C3}, Re=g - gc.
gwhenlg < C

It is easily seen that in any case
Rc<(g - O
Thus using (1) and (3) we get
Tg =Tgc+ TR < C + T(g — C)*,

and 2.1.4 clearly follows by the positivity of T(g — C)*.
ProrosiTiON 2.1.4. If T satisfies (1), (2), and (3), then for any
g€ L, n L, and any p > 1 the function Tg is in L, and

2.1.5 f;Tg;"dusf lgl” du.
Q Q

Thus sucha T always admits a unique extension to a linear operator of
L, into itself for every p > 1.

PROOF. This result is usually obtained by means of the M. Riesz
interpolation theorem. However, we shall see that there is no need
here to use such a sophisticated tool.

First, we notice that since | Tg| < T|g|, we need only show 2.1.5
for g > 0. Our point of departure will be the inequality 2.1.4,
which we integrate over Q and obtain by means of (2):

f (Tg—C)*d/,tSf T(g——C)J’dusf (g — O du
Q Q Q
It is worthwhile writing this relation in the form
216 [ (Te— Oty O du < [ (¢ - Ote
Q Q

T By (x)* we mean max[0, x]; we also set (x)” = max[0, —x].
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with
1 ifu> C,

C =
A €) {0 fusC

If we multiply the right-hand side of 2.1.6 by C?~ 2 (fora p > 1) and
integrate with respect to C from 0 to oo we obtain, by Fubini’s
theorem,

® i 1
[T - onte yauac - (—— - —) [rdu<co.
0 o p—1 pllo
Since the integrands are nonnegative, the left-hand side of 2.1.6 can
also be so integrated. Thus, again by Fubini’s theorem, we obtain

1 ’ N f ’
(p -1 p) Lngl < (p -1 p) gigl .
This establishes 2.1.5.
Here and in the following an operator T satisfying (1), (2), and
(3) will be assumed defined on each L, (p = 1) and satisfying 2.1.5.
ProPOSITION 2.1.5. Under the assumptions (1), (2), and (3) we
can define an operator P having also these same properties and such
that forany p > 1,

f+---—|—T"f_
n+1

2.1.7 lim

n=*oo

Pf| =0 V fel,.

p

Consequently, P must also satisfy the relation
2.18 TP = P.

PROOF. This result, which is usually referred to as the mean
ergodic theorem, is often obtained for p = 2 by Hilbert space
techniques. We shall establish it here by a little known method due
to F. Riesz.

The basic step is the following

THEOREM 2.1.1. Let T be a linear operator from L, to L, (for
a fixed p > 1) which is only assumed to satisfy

219 L|Tf|vdysfnff|w V fel,.
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Then for every f € L, the ratios

S+ T+~ +TY
n+1

R(f) =

form a Cauchy sequence in the mean. Consequently, if we denote by
Pf the limit function, it is easily verified that the operator P is linear
and satisfies

@ f=0=>P >0 (if the same is true for T);

2.1.10 (b)f \PAIP dy < L!fl"d#;
Q

© Ifl<C=|Pfl<C (if the same is true for T).
PROOF. Set
Uy = inf . 40 f + = + ATl u= igfﬂn'

Ao+ApteetAy=
;20

i

The crucial observation is that for all fe L,,
21.11 nlgn; IRANN, = p
In fact, let
g=Aof +~ + AT (420 +~+Ay=1)
be such that

lgll, <u+e

Then since

g+Tg+ -+ T f+=+TYf Tf + -+ TS

= /1.0 + Al
n+1 n+1 n+1
T + « + TV
4 e 4 ’lN f f,
n+1

we get
HRn(g) - Rn(f)”p

< f 1 ISl + -+ 0TSl + 1Tl + = + 1T,

a v=1 ' n+ 1

< 2Nl
n+1
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Thus
1< IR, < IR(f) = R, + IR, <

This clearly implies 2.1.11.
For p = 2 the convergence of the R,(f)’s then follows immediately
from the parallelogram inequality,

IRAS) = Rl D13 + [IRAS) + Rl )13 < 2IRLNIZ + 2IRA)N2

In fact, from the definition of u this gives

IRAf) = Ru( /)13 < 2LIRANI3 — #°1 + 20IRLNIZ — 4]
For p # 2 a slightly less simple inequality has to be used:

2112 Lm P du

<o [+ [ -2 2R

where C, is a constant depending only on p and falfil% ol fol
are to be less than or equal to one.

To complete the proof of Proposition 215 observe that if
feL, n L, then of course fe L, and

f+Tf +~+Tf
n+1

2N\ fllp
1 THET

N
2

as n — o0,

- Pf|l -0
2

Thus for every set E of finite measure we deduce that

im f ! +n ++1T"f L Ffdp

Consequently, for all such E,

LPstf Vo[>0

In other words, since |Pf| < P| f], when T satisfies (1),

[iesi<fir v seLioL..
+ This can be established by expressing

AP+ 117 =2

as an integral involving the second derivative of |x|?. The constant C, tends to infinity
asp— 1.

i + f|”
2
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This means that the definition of P can be extended to all of L, as
well, so as to satisfy the latter inequality for all fe L, .

2.2 MAXIMAL ERGODIC INEQUALITIES

As suggested by the continuity principle, we might expect, if the
ratios
[+ I+ -+ T

R{S) —

are almost everywhere convergent for every f € L, that there is an
inequality of the type

221 p{x:R¥f) > A} s%fﬂm du ¥V felLi,

where we have, of course, set
f+Tf+-+TYf
n+1

This is indeed what we are going to show in this section. To this
end let us introduce some notation. We shall at first assume only
that T satisfies (1) and (2). This given, for every fe L, set

E"(f) = {x :Orzlal( (f + Tf + - + T%) > 0},

R*(f) = su

nz

E(f) = {x: '(s)li;v)(f-b- Tf + ~ + T%) > 0}.
Clearly, as n = o0
E"(f) 1 E(f).
It will also be convenient to introduce the function

OuX1s Xgpo Xp) = Mmax (x; + Xz + = + x,) 7.
1<v<n

We see then that

222 E'(f) = {x : of, Tfrn T'f) > O}.

We observe that the function g, has the following property : When-
ever @, (X;, X3,.., X,) > 0, then no matter what is the value of x,+,
we have

2'2'3 Xy + (PH(XZ, X3 50005 Xnt 1) > (Pn(xl » X25eee xn)'
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This is easily verified. In fact, in any case

X1 4+ QulX2, X350 Xpt1) = lfgal( (Xy + X3 + =+ X))
v n

However, when @,(x;, X2,.., X,) > 0 we also have

n(xlaxz’ B n)_ max (xl +X2 + - +X)

<v<n

We are now in a position to prove the
HOPF MAXIMAL ERGODIC THEOREM 2.2.1.  If T satisfies

(1) and (2), then ¥V fe Ly,

f=0.
En(S)

Consequently, letting n — oo we also have

224 f f=0 vV fel;.
E(f)

PROOF. In view of 2.2.2 and 2.2.3 we get

225 f= f (0o Sy T') = @ Tf ey T" )] dp.
En(f) E™(f)

Using property (1) (and Proposition 2.1.1),

QT T"'f) = max (Tf + -~ + T )
< Omax T + —+ Tf)*
<v<n

< T max (f + ~ + T = To,(f. T'f).

0<v<n

Substituting in 2.2.5, and using the fact that ¢, > 0,

fzj O o T) = T frn T
Er(f) E™(f)

= J‘Q [q)n(fa“', T"lf) - T(Pn(fﬁ"'y Tr.lf)] d,u

> 0.

The result now follows from property (2).
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Let us now introduce the sets
EY(f) = {max R(f) >4},  Eif) = {sup R(f) > 4}.
We see that when u(2) < oo and T1 = 1, then
EN(f) = EXf - A).
[Indeed, R (f)>Ae=f+ -+ T —-(v+Di=(—-4)+-+
T(f — 4) > 0.] Thus for such a T (by 2.2.4) we must have

226 f (f— ) >0
Ei( )

This relation is easily seen to give 2.2.1. The remarkable fact is that
this same relation holds even under the sole assumptions (1), (2),
and (3). Indeed, we have

THEOREM 2.2.2. If T satisfies (1), (2), and (3), then for all fe L,
(p = 1)and all 1 > 0 we have

227 (a) w{EYS)} < o0

(d) (f=AH=0 vV n>0.
ENN)

In particular, when f € L, we obtain, letting n — oo,

1
228 WEAD} <5 [ 1fldu

PROOF. It is clear from the definition of E%(f) that

ENSf) = {olf = 4., T'f — 1) > O}

But, when ¢,(f — 4,..., T"f — 4) > 0, at least one of the inequalities
T’f > 2 must hold. Thus, if '€ L,, we deduce

WEN} < 3 WITS > ) <35 X [ 1T de < oo
v=0 A v=0vQ

This proves 2.2.7(a). Thus, as before, we can start with

f U>MZf (O = g T — 2)
ER(S)

ER()
= TS — Doy T"*If — 1)} dp.
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However, now, using Propbsition 213 with C=(v + )4, g =
[+ + Tf, we get
(Tf+-+ T -+ DA <Tf+~+Tf —(v+ DA .
Thus again we have
QAT = Aoy T" Y — ) < Tof — A, T — A).

This gives, as before,

f f — du > f (0] — Joua T — 2)
E™(f) [s)

= TOf — Iy T — W] d > 0,

and the theorem is established.

The process of replacing 2.2.7 by 2.2.8 is wasteful. Indeed, although
this is often not realized, 2.2.7 has considerably more content than
2.2.8. It will be rewarding to make a more efficient use of 2.2.7. The
basic idea here apparently goes back to N. Wiener and can be
expressed by the following

STRONG ESTIMATE THEOREM 2.23. Let X and Y be
two nonnegative measurable functions and assume that X € L, for
some p > 1. Further, suppose that for euch i > 0 we have

229 (@) p{Y > i} < o0,

1
) p{Y > 1} Sif X du.

{Y> i}

Then Y must necessarily be also in L, and

P
22.10 f YPdu < (L) f X? dp.
o) p—1 o)

PROOF. Let us first assume that Y itself is also in L,. This given,
we write the inequality 2.2.9(b) in the form

22.11 lf x(Y, A) du SJ 1Y, Ay du,
Q o

E: where we have set as before

1 when u > 4,
x(u, 1) = {

0 when 0 < u < A
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We then multiply both sides of 2.2.11 by A~ 2 and integrate with
respect to A from 0 to oo to obtain, by Fubini’s theorem and Holder’s
inequality,

1 1
—f Y"d,us—f XY’ 'du
DPvJa p—1Jg

1 1/p (p—1)/p
S——|:f X"d,uil J Y”dy:| .
p—11Ja I

This clearly implies 2.2.10, at least when Ye L,,.
To establish the result in full generality, observe that, for any
given C > 0, the function

{Y when Y < C,
YC =
C when Y > C,

satisfies also the inequality

£ 1

| wYe><z|  Xdut
ol A {Yc> A}

= In case u(Q) < oo, Y will be in L, and thus by the above argument
- it must satisfy

i fypd (—” )prd
< ? dy.
‘ o cau p—1 o U

Thus the result for Y can be obtained by letting C — co. In case
u(€2) = oo, the above observation at least shows that we can assume
without loss that Y is bounded. Let, then, 0 < Y < C and set for
convenience Z, = (Y — ¢)*. We see then [by 2.2.9(a)] that

wZ, >0} =ul{Y> ¢ < 0

and thus, since 0 < Z, < C, Z, must be in L,. Now note that, by
2.2.9(b), for all A > 0 we have

0 .
< WMZ > =pu{Y>1+¢ < J‘ Xdu
| A+ elysarg

< 1
RS

o T When 4 2 C, u{¥- > A} =0, and when 4 < C, the sets {¥c > A} and {Y > A}
b are the same.

X du.
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Therefore, we deduce that

f d (”)” Xxrd
VA4 S—~J‘ 2du.
Q “ p—1 Q #

The result for Y is then obtained by letting € — 0. This completes
the proof of the theorem.

By combining the results of Theorems 2.2.2 and 2.2.3 we can
deduce the following

CoROLLARY 2.2.1. If Tsatisfies(1),(2),and (3)and fe L, (p > 1),
then

2212 f [R*(f]"du<( ) f |17 dy
PROOF. Setting
R¥(f) =
n(f) 01'251;(" vV —+ 1 ’

Theorem 2.2.2 tells us that for each 4 > 0,
a) u{R¥(f) > A} < o0,

|f1 dp.

(B) w{RI(f) > 4} <+ e

Thus by Theorem 2.2.3, when fe L, (p > 1), we obtain

f[R* ]"du<( )flflpdu

The inequality in 2.2.12 is then obtained by letting n — oo.

23 THE THEOREM OF DUNFORD AND SCHWARTZ

We have now more than we need to prove the following
ERGODIC THEOREM 2.3.1. If T satisfies (1), (2), and (3),
then for every fe L,(p > 1)as n - o,

S+ TIf+ -+ T
n+1

2.3.1 RN = — Pf ae,

where Pf is defined according to Proposition 2.1.5.
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PROOF. - Let us first show 2.3.1 for p > 1. To this end for a given
feL,define

g(f) =limsup R(f),  h(f) = liminf R,(f).

In view of 2.1.8 in Proposition 2.1.5 it follows that for any v > 0,

f+Tf+-+Tf
8 v+1

h(f+Tf+"'+”—Pf) — Wf) - Pf.
v+ 1

Using 2.2.12 with f replaced by (f + -~ + T%/v + 1) — Pf we then
obtain, since both g and h are majorized by R*,

» X f+ -+ Tf B p
ng(f)—Pfl dyt < fn [R (—T+—1—— Pf)] J

- Pf) =g(f) - Pf,

p\’ ’
< (p—_T) j IR,(f) — Pf|? dp

Similarly,
flhf) Pfl”du<( )flR(f) PfI? d.

This inequality must hold for all v; thus by 2.1.7 of Proposition |
2.1.5 we get

glf) = h(f) = Pf ae

To obtain the result for p = 1, it suffices to use the techniques of :
Theorem 1.1.1. Indeed, for any e > 0 we can find g € L, such that }

[ir-dase

Q

Then by writing R,(f) — Pf in the form

(f—8g +~+T( - + Tg + ~ + T"

f—3) f g)+P(g_f)+g g g _ pg
n+1 n—+1

and setting

Qf) = lir'gsgp [RA(f) — Pfl,
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we obtain

Qf) <R¥f—g) + Plf — gl
Therefore we get, by 2.2.8 and Proposition 2.1.5,

{Qf) > ¢ < #{R*(f —g) > ;} + #{Plf - g > %}

2 2
<- If—gldu+—JPlf—gldus4e.
€J0 €Jo

In other words,
Q(f) = limsup |R,(f)— Pf1 =0 ae.

This establishes the theorem.

Remarks. Dunford and Schwartz have also shown that Theorem
2.3.1 remains valid even if we do not assume that T satisfies (1).
We have developed enough tools here to be able to carry out the
proof of convergence even in this case. There are two courses of
action that may be followed. We could reprove Propositions 2.1.4
and 2.1.5 and Theorem 2.2.2 directly only under assumptions (2)
and (3). This makes their proof slightly more cumbersome. The
other course of action is to introduce, as Dunford and Schwartz do,
“another operator T, by setting

1f = sup Tg V f=0.
g =<
This operator is easily shown to be linear, positive, and to satisfy (3)
whenever T does. It is somewhat less elementary but quite straight-
forward to show that T satisfies also condition (2) (see [11]).
Since we trivially have

T <TIfl Vv fel, (p=1)

(rom Theorem 2.2.2 and its Corollary 2.2.1 we immediately deduce
THEOREM 2.32. If T satisfies (2) and (3), then

232 L[R*(f)]”d#S(p—f—l)‘ [iran v fer, 0>

und

LR > 7} < %Lm i ¥ fel,
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If we recall, the mean convergence result of Theorem 2.1.1 was
established without any assumption of positivity for T. We can thus
again define the operator P, and it automatically follows that P
satisfies the conditions

(2 |fl<C=|Pfl<C ae
® [ ipldus [ 1flde ¥ feLint..
In fact, we do have
L|Pfl"dusfglf|”du V p>1 and felL,nL,;

thus the result must hold for p = 1. This shows that also in this case
the definition of P can be extended to all feL;. This given, the
proof of the Ergodic Theorem 2.3.1 can be used word by word to
show convergence without the assumption that T should be positive.

2.4 THE THEOREM OF CHACON AND ORNSTEIN

This section will be dedicated to the presentation of the theorem of
Chacén and Ornstein. We shall thus be concerned with the almost
everywhere convergence behavior of the ratios

S+ I+ +TY
g+Tg+~+Tg

R,(f,8) =

where f, ge L, g > 0, and T is a linear operator of L, into L,
which is only assumed to satisfy the two conditions

2.4.1 201 >0,

242 fﬂ|Tf|dﬂSfQ]f|dﬂ V fel,.

The above-mentioned result is the following
THEOREM 24.1. If T is an operator satisfying 2.4.1 and 2.4.2,
then for given f,ge Ly, g > 0, the ratios
S+ T+ -+ TS
g+Tg+~+Tg

R,(f, 8)
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are almost everywhere convergent in the set when the denominators
eventually become positive.

The existence of the limit, remarkable as it is in view of the
weakness of the hypotheses under which it holds, is not by itself very
illuminating as to the behavior of these ratios. For this reason we
shall also present here the work of Chacdn on the identification of
the limit.

Many different proofs of these results are now available. Largely
these new proofs have been stimulated by the work of Brunel [5].
Brunel discovered that the convergence result could be obtained
in a remarkably simple way by means of a maximal ergodic in-
equality which seemed to be of a new type. Unfortunately, Brunel’s
proof of this inequality is intricate and not very illuminating.
Several attempts have been made, the most noteworthy of them
being those of Akcoglu [1] and Meyer [33], to obtain Brunel’s
inequality by a more revealing path. The extent to which these
attempts have been successful is mostly a subjective matter. To
those who know well the work of Chacén and Ornstein [10] and
Chacén [9], Akcoglu’s paper may appear to tell what is really
behind Brunel’s inequality. To those who are familiar with modern
potential theory the work of Meyer may be more revealing. However,
to those who do not possess any extra information the shortest
path to Brunel’s inequality up to now could still be found in Brunel’s
paper. ;

Because of all the literature that has flourished on this subject few
people seem to be familiar with the contents of the now classical
paper of Hopf [18], which was indeed the starting point of this
branch of ergodic theory. We shall show here that it is now possible
to give a very lucid and reasonably short proof of all these results,
including Brunel’s inequality, by following the rather natural line of
reasoning adopted by Hopf. Indeed, we shall see that the only
additional basic tool needed to carry out Hopf’s original program is
the following theorem which appears in the work of Chacon and
Ornstein:

THEOREM 2.4.2. If T is an operator satisfying 2.4.1 and 2.4.2,
then for given feL,, pe L, p = 0 we have

I Tf
im =
nswp+ Tp+ -+ T

243

u.c. in the set where the denominators eventually become positive.
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