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1. Basic Assumptions. Let s(z) be a continuous, strictly-increasing func-
tion s(z) on Iy = (0,1) and let m(dz) be a Borel measure m(dx) on Iy (that
is, m(K) < oo for compact subsets of K C Iy). Then we can define a
“Feller-type operator”

Lf(z) = f(z) (1.1)

for appropriate functions f(x) on Iy. Here s(z) is called the scale function
of Lf(x) and m(dx) is the speed measure. (See e.g. Feller 1952, 1954, 1955,
Ito and McKean 1965, Sawyer 1974.)
Assume further that
s(z) € C*(Iy) NnC(I), s'(x) >0, s(dr)=s(z)dx
m(dz) = m(x)dz, m(z) >0, m(x)e C(l) (1.2)
for 0 <z <1 and I =10,1]. Since s(x) € C(I), s(0) and s(1) are finite. (By

C(S) we mean the set of all continuous functions on S and by C*(S) for an
open set S the set of all k-times-continuously differentiable functions on S.)

Then L g .
L) = s (i ) (1)

if f(x) € C%(Iy). In the following we also assume that

1

1/2
| ) = so)midn) <o, [ (s(1) = st)mldy) <00 (1)
0 1/2

Condition (1.4) is called the condition that the operator Lf(x) has “exit
boundaries” at 0 and 1.
The motivating example that we have in mind is

s(z) == and m(dzx) = %

and more generally

1—e 2% 2e277 dg;

s(x) = > and m(dx) = 20 —2) (1.5)
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for v # 0. We leave it as an exercise to show that (1.3) and (1.5) correspond
to the differential operator

Lf(x) = (1/2)z(1 —2)f"(z) +y2(l — z) f'(x)

2. An Integral Equation for Lf(x). Define

ofa.9) = i (2.)
(s(1) = s(x)) (s(y) — 5(0))
_ s(1) — s(0) Osyswesl
(s(1) = 5(y)) (s(x) — 5(0))
s(1) — s(0) Oszsysl

where Ay = min{z, y}, and zVy = max{x, y}. Then since s(x) is increasing

9(z,y) = g(y,) (2.2)
g(z,z) < min{s(l) — s(x), s(z) —s(0)} <

g(z,y) < min{g(z,), 9(y,9)}

Define the linear operator

1
Kf(x) = / gz, y) f (y)m(dy)

[ -

s(z) — s(0)
s(1) — s(0)

for f(x) € L*(dm) = { f(= fo m(dz) < oo }. By Cauchy’s inequality

/0 90, )h(y)lm(dy) < \/ / oy, 9)>m(dy) \/ / h(y)2m(dy)

where g(x,y) < g(y,y) < C and [; g(y,y)m(dy) < co by (1.4) and (2.2).
Thus by dominated convergence each K f(x) € Cy(Ip) where

/ (s(1) = s(y)) f (y)m(dy) (2.3)

Co(lo) = {h(z) € C(Ip) : lim h(x) = lim h(z) =0} (2.4)

rz—0 r—1
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The following theorem shows that the integral operator K f(z) in (2.3)
is the inverse of the differential operator Lf(x) in (1.1) and (1.3) with zero
boundary conditions (that is, Lf € Cy(1p) ).

Theorem 2.1. If f(x) € L?(dm), then h(x) = K f(z) is the unique function
h(z) € C1(Iy) N Cy(Ip) such that h'(z) is absolutely continuous in Iy and
Lh(z) = —f(z) for m(dz)-almost every = € Iy. If also f € C(Iy), then
h € C?(Iy) and L h(z) = —f(z) for all x € Iy.

Proof. Assume h(z) = K f(z) in (2.3). Thus

h(z) = 1 “8 /O 0)) f (y)m(dy)
s(z) — s(0)
+ 2222 / (s(1) — 5(4)) f(¥)m(dy)

As above, h € C(I) with h(0) = h(1) = 0. Also, h(z) is absolutely continuous
in z with

/ _S/ x ' 3(1) _S(y) m . * S(y)—S(O)
)=o) ([ 2020 st [ X5 s (dy()Q)

for almost every x. Since the right-hand side above is continuous, h'(x) ex-
tends to a continuous function on C(Iy) such that both h’(z) and h’( )/s’ x)
are themselves absolutely continuous. Moreover, (d/dx)(h/(z)/s'(z)) =
—f(z)m(z) for almost every z. Thus by (1.3) Lh(z) = —f(x) for m(dx)
almost every x € Iy. If f € C(ly), then h € C?(Iy) and L h = —f by the
same proof.

Conversely, suppose that hi(z) € C'(Iy) N Co(Iy), h}(z) is absolutely
continuous, and Lhi(z) = —f(x) for almost every x. I now claim that
hi = h = Kf(z). First, let g(x) = h(x) — h1(x). Then, following the same
convention as in (2.5), g(z) € C*(I5)NCy(Iy), ¢’ (x) is absolutely continuous,
and L,g(z) = Lh(z) — Lhqi(x) = 0.

In generation, the relations (1.3) and g € C*(Iy) with ¢’(z) absolutely
continuous implies

ot
~—

§(@) = (@) + () [ Lagwm(w)dy (26)
zo
for 0 < z,29 < 1. Thus ¢'(x) = 0 if L,g(z) = 0 for m(dx)-a.e.  and g(x) is
constant. Since g(0) = g(1) = 0, we must have g = h — hy = 0 and h = hq,
which completes the proof of Theorem 2.1.
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We have actually proved a little more:

Lemma 2.1. Assume g(z) € C'(Iy) N C(I), g(0) = g(1) = 0, ¢'(z) is
absolutely continuous, and

Lote) = s (50)) = et (2.7

m(z) dz \ s (z)

for m(dx)-a.e. x and some constant A\. Then either g(z) =0 for 0 < z < 1
or else A > 0.

Proof. By (1.3), (2.6) holds with L,g(y) = —Ag(y) for arbitrary 0 <
x,x9 < 1. If A =0, then ¢’(z) = 0 for a.e. z and g(z) = ¢g(0) = g(1) = 0.
Now assume A # 0.

Assume maxg<z<1 g(z) = g(xo) > 0 and A < 0. Then (2.6) implies that
g (z) >0 for zyp < z < xg + € for some € > 0, which is inconsistent with the
assumption that xg is an interior maximum of g(z). Thus A > 0.

Lemma 2.2. Assume f(z) € L*(I,dm) and

1
Kf(x) = / g(x,y)f(y) m(dy) = A () ae. dm (2.8)

for some constant A\. Then either f(z) =0 a.e. dm. or else A > 0.

Proof. By Theorem 2.1 and Lemma 2.1.

3. Kf(x) is a Hilbert-Schmidt Operator. That is, I claim
Theorem 3.1. For g(z,y) in (2.1)

/o /0 g(x,y)Qm(da:)m(dy) < o0 (3.1)
Proof. By (2.2) and (1.4)
be) = [ o) < o) [ awama) <o 62)
Thus

/01 /Olg(x,y)Q m(dz)m(dy) = /01 k(x)m(dx)

2

< (/Olg(y,y)m(dy)> <00
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We can use a similar argument to obtain

Theorem 3.2. Suppose f,, f € L*(I,dm) and

lim

1
Jim [ () = 7)) midy) = 0
and K f(z) is given by (2.3). Then

lim Kf,(z)=K(z) uniformly in x

n—oo

Proof. Then
2

K fo(z) — Kf(2)? = Awaxn@wwaM@>

< /0 g(x,y)Qm(dy)/O (fuly) — f(y) m(dy)

:kuyé(n@»—ﬂwfmuw—ﬁo

uniformly in z since k(x) is bounded by (3.2)—(3.2).

4. Eigenfunctions and Eigenvalues of K f(x). Since K f(x) is a (sym-
metric) Hilbert-Schmidt operator, or equivalently since g(x,y) is a Hilbert-
Schmidt kernel in L?(I, dm) by Theorem 3.1, there exist eigenfunctions ¢, ()
of K in L3(I,dm)

K%wzégwM@@wmsz%m (4.1)

for nonzero real eigenvalues p,, # 0 satisfying the following conditions (see
e.g. Riesz and Nagy, 1955, p242). The functions ¢,(x) are orthonormal,
that is

<¢n,¢m>::Jﬁ () b () (d) = Gy (4.2)

where

1
U@=LJ@M@M®) (4.3)

for f,g € L?(I,dm), and any f € L?(I,dm) can be written

f =g+ Z Cn¢n (4'4)
n=1



One-Dimensional Diffusion Operators............ ... it 6

where Kg = 0, (g,¢,) = 0 for all n, and the series converges in L?(I,dm)
(Riesz and Nagy ibid.).

By Lemma 2.2 with A = 0, Kg = 0 implies g = 0, so that g = 0
n (4.4). Thus the functions ¢, (x) are complete orthonormal in L?(I,dm)
and ¢, = (f, ¢,) in (4.4). That is, the expansion (4.4) with g = 0 holds for
any f € L*(I,dm) with ¢, = (f, ¢,,). Similarly, the eigenvalues j,, > 0 by
Lemma 2.2.

By Theorem 2.1, the relations (4.1)—(4.2) implies ¢,(x) € C?(Iy) N
C()(IO): (bn(o) = an(l) = 07 and ¢n(m> = _NnL¢n(x>‘ Thus (41) is equiva‘
lent to

Lx¢n(x) = _)\nqbn(x)a >‘n = 1/“717 ¢n(0) = ¢n<1> =0 (45)

We can use the Hilbert-Schmidt property (3.1) and the properties of ¢,,(x)
to find out more information about the eigenvalues p,,.

Theorem 4.1. The function g(z,y) in (2.1) satisfies

with convergence in L?(I2,dm?). Moreover

1 1 [e%e)
|| st mtammian) = 3" < (47)

Proof of Theorem 4.1. Since the functions ¢,(z) in (4.1) or (4.5) are
complete orthonormal in L?(Iy,dm), the functions {¢,,(z)¢,(y)} are com-
plete orthonormal in L?(I%,dm?) where I? = Iy x Iy and dm?(dzdy) =
m(dz)m(dy). This means that if k(z,y) is any measureable function on the

unit square with fol fol k(z,y)? m(dz)m(dy) < oo, then

=) > crndm(2)dn(y) (4.8)

n=1m=1

with convergence in L?(I%, dm?) and

1 1
A / / 9w, 2) b (2) b (w)m(dz)m(duw) (4.9)

Moreover

i icfnn / / (z,y)? m(dz)m(dy) < oo (4.10)

n=1m=1
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Since g(z,y) = k(z,y) is in L2(I1%,dm?) by (3.1), g(z, y) satisfies (4.8) in the
same sense. Since fg(w,y)¢n(y)m(dy) = ,Ulnd)n(x) and (¢n7¢m) = 5mn7 the
Fourier coefficients in (4.9) are ¢y = tindmn. This implies (4.6) and (4.7).

Theorem 4.2. Under the assumptions (1.1)—(1.4)

[6n(2)] < ACiVg(z,2) (4.11)

for an absolute constant C;. If in addition fol g(x,z)m(dx) < oo,
|bn(@)] < C2AL g(a, ) (4.12)

Proof. By (4.1) and Cauchy’s inequality

1 1
AW¢L;M%M%M@UJL<%@Vme

< /\n\/g(x,x)\/ /0 9(y, y)m(dy) (4.13)

|¢n ()]

IN

since g(x,y) < min{g(z,x),9(y,y)} by (2.2). The right-hand side of (4.13)
is finite by (1.4). Similarly by (4.1) and (4.11)

|%WMSA¢Agmmwmwmwm
< Cv\ig(x,fr)/o V9(y, y)m(dy)

by (2.2).
We also have

Theorem 4.3. The series
9@, y) = D tndn(r)én(y) (4.14)
n=1

converges uniformly absolutely for 0 < z,y < 1. In particular by (4.14)

/0 g(z,x)m(dx) = Zun/o bn(z)?*m(dr) = Zun < oo (4.15)
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Proof. This is a special case of Mercer’s Theorem (Riesz and Nagy, 1955,
p245). We give the proof for completeness. First, consider the remainder

gn(z,y) = g(z,y) Zumk W) = Y mdr(@)éely) (4.16)

k=n+1

with convergence in L?(I?,dm?). Since the ¢,(z) € Co(I), the function
gn(z,y) is continuous in I? and satisfies

o0

/ /f Wgn(zymldeym(dy) = S mlfio)? > 0 (417)

k=n+1

by (4.16). I claim that this implies g,(z,z) > 0 for all n > 0 and z. For, if
9gn(x0,x0) < 0 for some xg € Iy, then g,(z,y) < 0 for x,y € (xg — €, 20 + €)
for some € > 0. Let f(xz) € L?*(I,dm) be any positive continuous function
with support in the interval (zg — €, 29 + €). Then

/L/f )9, y)m(d)m(dy)

/mo—i-e /xo-l-e ooy < 6

which contradicts (4.17). It follows that g,(z,z) > 0 and
<> mdr(x)? < gla,x) (4.18)
k=1

for 0 < x < 1. Next, by Cauchy’s inequality

> ndr(@) )] < (| D mdr(@)? | Y pdn(y)?
k=m k=m k=m

< > mdr()? | Voly.y) (4.19)
k=m
by (4.18). This implies that, for each fixed x, the series
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converges uniformly in y. Recall that B(z,y) = g(z,y) a.e. dm? in the square
by Theorem 4.1, but we will need pointwise identity.

For any f(y) € C.(Iy) (that is, a continuous function of compact support
K C Ij), the series

Bf(x) = /0 Bz, )/ an (f, 6)

converges numerically for each x. By Theorem 3.2

1
Kf@) = [ g Z tinon(2)(f, 610)
0
with uniform convergence in x. It follows that

/0 (B(z,y) — g(z,y)) f(y)m(dy) = 0O

(B(z,y) —g(z,y))¥(y)

for every x and f € C.(Ij). Since we can take f(y) =
z,y) = g(z,y) for all (z,y).

where ¢(y) > 0 and ¢ € C.(1y), we conclude B(x
Thus

o(.2) = Ble.x) = 3 pudn(a)’ (4.20)
n=1

for all x with 0 < = < 1, with (4.20) being trivial for z = 0 and = = 1.
Since both g(z,z) and ¢, (x) are continuous on the closed interval [0, 1], and
since the convergence in (4.20) is monotonic since p,, > 0 and ¢, (x)? > 0, it
follows from Dini’s theorem that the convergence in (4.20) is uniform in z.
It then follows from (4.19) that the series (4.14) converges uniformly in 12,
which completes the proof of the theorem.

(A quick proof of Dini’s Theorem: For each = € [0, 1], the series con-
verges within 2¢ > 0 for n > n,, and hence within € > 0 for n > n, and
ly — x| < d, and y € I for some d, > 0. Note [0,1] C Uy(z — dz,x + d,) and
use the Heine-Borel theorem.)

5. Diffusion Semi-Groups and Non-negativity. Define

p(t,z,y) Z “An tgbn n( ) (5'1)

for 0 < t < oo for the eigenvectors and eigenvalues ¢, (x) and A, defined in
(4.5) and (4.1). Since |¢n ()| < Cy1 A, by (4.11) where > 7, (1/),,) < oo, the
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series converges uniformly for 0 < z,y < 1 and a <t < oo for any a > 0. By
Mercer’s Theorem (Theorem 4.3), > (1/A)én(2)dn(y) converges absolutely
uniformly for 0 < z,y < 1. Thus

/OOO p(t, =, y)dt = g(x,y) (5.2)

with uniform convergence of the integral for 0 < z,y < 1.
Since the series (5.1) converges in L?(I,dm) for each =,

p(t+5,7,2) = / p(t, 2, 9)p(s, v, 2)m(dy) (5.3)

for t,s > 0. Similarly, define

1
Quf(a) = /0 (o) fy)m(dy),  fel*(dm)  (5.4)
It follows from (5.3) that

Qirsf(x) = Qu(Qsf)(x), s,t>0 (5.5)

The main result of this section is
Theorem 5.1. For p(t,z,y) in (5.1) and ¢t >0, 0 <z <1,
(i) ptiz,y) >0 (0<y<1)

(ii) fo (t,z,y)m(dy) <1
(iii) For any f € Cy(Ip),

1
lim [ p(t,z,y)f(y)m(dy) = f(z) (5.6)

t—0 0

uniformly for 0 <z < 1.

Proof. Choose h(z) € C?*(I) such that, for some a > 0, h(z) = 0 for
0<z<aand1—a<z<1andset f(x) = —L,h(x). Then f € C(I) also
satisfies f(x) =0for0 <z <aand 1 —a <z <1.

Since py, = 1/A,, in Theorem 4.3 (Mercer’s theorem), the series

ritay) =Y eAn 6n(y) (5.7)

n=1
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converges uniformly for 0 < z,y < 1 and 0 < t < oo. Also, 7(0,z,y) =

S (1 A)dn(x)Pn(y) = g(x,y). Since m(dy) = m(y)dy where m(y) is
bounded and continuous for a <y <1 — a, the function

u(a.t) = / rltoo,)f)m{dy (5:5)
- (ZGA <y>> F(y)m(dy)

n

- /m

with uniform convergence for 0 <z <1 and 0 <t < oo. Also

£,0) = ZlA—{yn(x) / () (y)m(dy)

= [ 0w @mdy) = [ gle)f@mdy) = bis)
0 0

by (4.14) and Theorem 2.1. Thus by (5.7), (4.15), and (4.5), the function
u(x,t) in (5.8) is continuous for 0 < z < 1 and ¢ > 0 and satisfies

%u(az,t) = Lyu(x,t), 0<zx<l, 0<t<o (5.9)
u(0,t) = u(1,t) =0, 0<t< o (5.10)
u(z,0) = h(x), 0<z<1

It follows from (4.1) and g(z,y) = g(y, z) that

/O bn(2)h()m(dz) = / / e dz) f(y)m(dy)
=% /0 On(y) f(y)m(dy)

u(et) = 3 e () / G (y)h(y)m(dy)

1 oo
= [ e on@en ) hwmia)

1
:Amwmwmw> (5.11)

Hence by (5.8)
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By maximum principles for parabolic linear partial differential equations,
any solution of (5.9) that is continuous for 0 < x < 1 and 0 <t < T satisfies

t 5.12
ogmgql,agigtgcru(x’ ) ( )

= max{ max «(0,t), max u(1,t), max u(zx,0) }
0<t<T 0<t<T 0<z<1

with a similar inequality for the minimum. (See Lemma 3, p167, of Protter
and Weinberger, 1967.) If 0 < h(z) < 1in (5.10), this implies 0 < u(z,t) <1
for0<z<land0<t< 0.

We have now shown that u(x,t) in (5.11) satisfies (5.12) for any h €
C?(I) with h(z) = 0for 0 <z <aand 1 —a < x < 1 (some a > 0).
If either p(to,xo,y0) < 0 or folp(to,wo,y)m(dy) > 1 for any tp > 0 and
0 < zg,yo < 1, we quickly arrive at contradiction. This completes the proofs
of parts (i) and (ii) of Theorem 5.1.

If f(z) is smooth and vanishes near the endpoints, part (iii) of The-
orem 5.1 follows from (5.11) and the arguments from (5.8) to (5.10). By

part (ii)

1
Quf @] < [ ptanlfeindy) < ] = max 1) (5.3
0 <y<l
for f € C[0,1]. The uniformity in (5.13) implies that if (5.6) holds for all h
is a subset £ C Cy(Iy), then it also holds for all h € £ with closure in the
uniform norm on (0, 1). Thus (5.6) follows for all f € Cy(Iy). This completes
the proof of Theorem 5.1.

6. Hille-Yoshida Theory. The linear operators @ defined in (5.4) satisfy
Qt—i—s - Qth by (55) and

m Q. f = f]| = 0 forall f&Co(lo) (6.1)

by (5.6) where || f|| = maxo<z<1|f(z)]. In other works, Q; is a strongly-
continuous semi-group of linear operators on the Banach space B = Cy(lp).

The infinitesimal generator of a strongly continuous semigroup of linear
operators on a Banach space B is defined to be the linear operator on the
subspace D = D(A) C B defined by

D(A) = {heB: 71i£[(1)|](1/t)(ch— h) — f|| for some f € B} (6.2)

with Ah = f. The operator A is linear on D(A), but generally D(A) C B.

In general D(A) = B if Q; is strongly continuous, since, for any a > 0 and
f€B, h=[]Qfds € D(A) with Ah = Q.f — f.
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If |Qt fl| < C|f]| for all f € B and any t; > 0 and C' < oo, then exists
constants C';7 > 0 and real K such that

1Q:fIl < Cre™*|Ifll (6.3)

for all t < oo and f € B. If A > K, the resolvent operator

R\f = /O h e MQ, fdt (6.4)

is then a bounded linear operator on B.

Lemma 6.1. Let (; be a semigroup of linear operators on a Banach
space B satisfying (6.1) and (6.3). Then, for any A > K for K in (6.3),
Ry maps B onto D(A) and

A — Ah = f whenever h = R)f

Proof. If h = Ry f for f € B, then

Qh = [ e Quafis = & [ qupas
0

t

t
— €>\th—€)\t/ e*)\SQSde
0

Thus (1/h)(Qth — h) — Ah — f as t — 0. This implies that, for any f € B,
h=Rxf € D(A) and Ah = Ah — f, or (A — A)h = f. In particular, (i) the
range of Ry is contained in the domain D(A), (ii) the range of A I — A is all
of B, and (iii) (A — A)Ryf = f for all f € B.

Conversely, assume hy € D(A). Set f = (A — A)hy and h = Ry f. Then
AN—Ah=f=AN—A)hy and,if g=h—hy, g € D(A) and (A — A)g = 0.
In general if g € D(A) and s > 0, then

(1/t)(Qt - I)ng = (1/t)(Qt+s - Qs)g = Qs((l/t>th - g) - QsAg

as t — 0. This implies that Qsg € D(A) and AQs; = Qs;A. If Ag = Ag,
then Qg € D(A) for all t > 0 and A(Q:g) = Q+Ag = A\Q:g. This implies
Q:g = ey, which violates (6.3) if g # 0 and A > K. Thus g = 0, which
implies h; = h. Hence the range of Ry is all of D(A), which completes the
proof of the lemma.

We can find A and D(A) exactly for the semigroup Q; defined by (5.4)
in Section 5 for B = Cy(1p).
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Theorem 6.1. Let L, = (d/dm(z))(d/ds(x)) be the operator in (1.1) and
let Q; be as in (5.4) for B = Cy(lp). Then

D(A) = {h:he C*(Iy)NCy(ly) and L,h € Cy(Iy)} (6.6)
with J J
dm(x) ds(x) h(z)
Proof. It follows from (5.1), (4.11), and Theorem 5.1 that

Ah(z) = Lyh(x) =

|Quf(z)] =

1 [e’e)
/0 p(t,x,y)f(y)m(dy)‘ < Y Re ]
n=1

for f € C(I) and 0 < ¢ < co. Since ¥(t) = (3o A2e ) /e Mt s
bounded and continuous for 1 < ¢ < oo with limy_, ¥ (t) = C where C is
positive and finite, it follows that

Qef(2)] < Ce ™| f]

for 0 <t < co. Thus (6.3) holds with K = —A;. Hence by Lemma 6.1 with
A=0

Rof(x / Q. f(s)ds = / 9(z,9) F(y)m(dy)

by (5.2). Hence D(A) is the range of Ry on B = Cy(Iy), which by Theo-
rem 2.1 is exactly D(A) in (6.6). By Lemma 6.1, h € D(A) if and only if
h = Ry f for some f € B with Ah = —f, so that Ah = L,h by Theorem 2.1.
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