Ma 4121: Introduction to Lebesgue Integration
Homework Assignment 6

Prof. Wickerhauser
Due Thursday, April 25th, 2013

Please return your solutions to the instructor by the end of class on the due date. You may collaborate
on these problems but you must write up your own solutions. Late homework will not be accepted.

1. For fixed c € (0,1), define f : R* — R as follows:

def [(1—y)/(x—y), H0<zxz<land0<y<z;
fl@y) = {O, otherwise.

Prove that f € L(R?) and evaluate [, f.

2. Suppose that S C R? is a measurable set with the property that A(S,) = 0 for almost every y € R,
where A is 1-dimensional Lebesgue measure on R, and

Sy et {zeR: (z,y) € S}

Prove that the 2-dimensional Lebesgue measure of S is zero. (Note: This is a partial converse to
Theorem 15.5 on p.412 of our text.)

3. Suppose that f; : R — R is defined and bounded on the compact interval [a;,b;] C R. If f; € L([ay, bs])
fori=1,...,n, prove that

b1 bn
/ fl(xl)"'fn(l'n)d(mlau'»xn): ( fl(xl)dfc1> (/ fn(xn)d$n> ,
Q a1 an

where Q = [a1,b1] X -+ X [an,b,] C R™.
a

b

(a) Prove that fR2 eV =1 by transforming the integral to polar coordinates

(b) Use part(a) to prove that [g e~ = VT

(c) Use part (b) to prove that [, e=llel® = gn/2,

(d) Evaluate [g e~ for t > 0, and find ¢ for which the value is 1.

5. Let V,,(a) denote the volume of the ball of radius a in R", that is, the n-dimensional Lebesgue measure
of the open set {x € R" : ||z|| < a}.
(a) Prove that V;,(a) = a"V,,(1).
(b) Prove that, for n > 3, we have the formula

V(1) = Vu_s(1) x/o% {/01(172)"/2%@ do = vn_z(l)Qi.

n



10.

(¢) Use the recursion in part (b) to conclude that

71'”/2

Va(1) = T(lnt 1)

where I' is the special function defined on p.277 of our text.
Suppose that f: R? — R is defined by

Fz,y) e¥ sin , if x is rational,
= 2 e .
Y e~ Y if x is irrational.

Prove that f € L(R?) and compute [g. f.
Let f(z,y) = (22 —4?) /(22 +y*)? for 0 <2 < 1,0 <y < 1, and put £(0,0) = 0. Prove that both

iterated integrals
1 1 1 1
[ remar anaa [ e a
y=0 =0 =0 y=0

exist but are not equal. Conclude that f ¢ L([0,1] x [0, 1]).

Let f(z,y) = e ®sinzsiny for x > 0 and y > 0, and let f(x,y) = 0 otherwise. Prove that both
iterated integrals

/ [/ fz,y) dx] dy, and [ fz,y) dy] dx
yeR LJzeR zeR LJyeR

exist and are equal, but that f ¢ L(R?). Explain why this does not contradict the Tonelli-Hobson test
(theorem 15.8, p.415).

. Let I =10,1] x [0,1], let f(z,y) = (x —y)/(x +y)* if (z,y) € I\ {(0,0)}, and let f(0,0) = 0. Prove

that f ¢ L(I) by considering the integrals

/yl_o [/:_Of(m,y)d:v] dy, and /:_O {/yl_of(x,y)dy} dx

Let I = [0,1] x[1,4+00) and let f(x,y) = e~ %Y —2e~ 2% if (x,y) € I. Prove that f ¢ L(I) by considering

the integrals
o) 1 1 e’}
/ [/ f(w)dx] dy, and [ U f(x,y)dy} da
y=1 =0 =0 y=1



