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7:O|IK°�°�C�J�IK7:V,C@;/L:O�9[CEa�?�C�O�;�CWL:�Ä Ç R � Æ�E¤Ä Ç R � Æ�E07:O�J¥Ä Ç R Ì�Ö Æ
Ä�9<IKO�;�CHV,A�CtV,C/D[°�9 IKO�´ZL:=K´�IKO�¯¦V,A�CíC/O�JQ®¤L:IKO�VtÒ;/7:O�;/C�=1C�7:;YAQL:V[A�C�D,Æ(RGïta�?�7:=KIKV"¹bÄ Ç R Ì Ø Æ
IK9^7 ;�L:O�9<CMa�?�C/O�;/C�L:HV[A�C¥¯:C/O�C/D[7:=UD[C/9<?�=KV|IKO��UIK=K»¤C�D[V�9<®�7:;�C�V,A�C/L:D[¹�p�IK�\Á7:O�Júù
7:D[CíL:D[V,A�L:¯:L:O�7:={®�D[L[ZsC/;�V,IKL:O�9 9<?�;YA�V,A�7:VW\ Ë ùæIK9@7:O�L:D[V,A�L:¯:L:O�7:=³®�D,LeZsC/;/V[IKL:O³E�V,A�C/O
\hù Õ Ö R��UC�D,C�IK9�7U9<IK°�®�=KC�®�D[LqL:GL:�V,A�IK9�y7:;�V�R(«¬³ÄJ\ Ë ù�Æ Ã Õ \ Ë ù�E(V,A�C�IKJ�C/°�®¤L:V,C�O�V
®�D,L:®�C/D[V,IKC/9íL:b\47:O�J³ù ¯:IK´ZC�?�9Ä\hù Õ Ð6ù�\�R<FWA�?�9wEÏ\hù Õ \ Ã ù Õ Ð6\6ù�\ Õ
ù�\tÃ Õ ù�\�R&}�IKO�;/C£\6ù Õ Ð6ù�\&7:O�JÇ\hù Õ ù�\&IKVWgL:=K=KLw²�9UV,A�7:V�\hù Õ ù�\ ÕÂû R

>UO�L:V,A�C/D�;/L:O�9[CEa�?�C�O�;�C~L:�yL:D[°~?�=K7NÄ Ç R � Æ�IK9H7z9<IK°�®�=KC�;BA�7:D[7:;/V,C�D[IKº/7:V,IKL:OlL:�V,A�C
IK°�7:¯:C�üzÀ Õ \�ÀZÂ Ã Ä�« ¶>ý�Æ L:�\1ÀGRdV{C�V ?�9U9<7w¹QV,A�7:VU7|y?�O�;�V,IKL:ObµlIK9¦a[f�a[p_þBn(i�i�ÿ���egj�u
��a<xv��aYm[j³j[nUÑìn/p å Ñ�ÐYgBÓ/Ñ Ë g,ç�IK�7:O�J�L:O�=K¹tIK�µ�Ä Ç Ñ�ÐíÉ³Æ Õ µ�ÄKÉ�Æ�Ä¡µ�Ä Ç Ñ�Ð~É�Æ Õ ÐHµ�ÄKÉ�Æ[Æ
²�A�C/O¦É©l å Ñ|Ð_gBÓ�Ñ Ë gsç¡R&wH»�9[C�D[´ZC�V[A�7:VíÄ Ç R � Æ�;�7:Oz»¤CH²WD[IKV,V,C/O�IKOQV[A�CHgL:D[°

ÄJ\�ÀZµ�Æ�ÄÏÉ�Æ Õ Õ<ÀqÄKÉ�Æ���ÄKÉ³ÆBÓ Ä Ç�Ô�Ì T Æ
²�A�C/D[C���ÄKÉ�Æ Õ Õ[ÀqÄKÉ³ÆBµ�ÄKÉ³Æ�â½Õ<ÀGÄ Ç ÑíÐ^É�ÆBµ�Ä Ç ÑíÐ^É�Æ�â¯Õ[À�Ä Ç ¦Ð|É³ÆBµ�Ä Ç �Ð^É�Æ�R�Ó
?�V�V,A�IK9
g?�O�;/V,IKL:O�IK98LqJ�JQÄ�C/´:C/O�Æ�²�IKV[A�D[C/9<®¤C/;�V�V,LíÑzL:O å Ñ�ÐÀgBÓ/Ñ Ë g,ç�IK�Ð�Ä Ë Æ8IK98;YA�L:9[C�Od»¤C/gL:D[C
V,A�C�9[C/;�L:O�JzV,C/D[°4IKONÄ Ç R � Æ�7:O�JzIK9�LqJ�JNÄ�C/´:C/O�Æ�²�IKV[AzD[C/9<®¤C/;�V
V,Lh�L:O å �Ð³g0¤�Ó® Ë g0¤yç
IK³Ð�Ä Ë Æ�IK9�;BA�L:9[C�O�»�C/gL:D,CWV,A�CWV,A�IKD[J¦V,C�D,°�R:«¬¤V,A�IK9�L�J�J��:C�´ZC�O�®�D[L:®¤C/D[V¬¹~;�L:D,D[C�9[®¤L:O�J�9wE
7:V�7:O�C�O�J|®¤L:IKO�V�L:�Å�E0²�IKV,A|V[A�CHÐ�� Ë ®¤L:=K7:D[IKV"¹�L:�Åí7:V�V[A�IK9
C�O�J�®¤L:IKO�V(E0²�CU9[7.¹�V[A�7:V
µÒA�7:9�V,A�CÀ¹�·PîAK�É+ÌPºL·Pµ�GJ´�ñ]·P¹�Å�A�7:9�7:VdV,A�IK9�®¤L:IKO�V(RÏwH?�Dd;YA�7:D[7:;/V,C�D,IKº�7:V,IKL:O L:�üzÀ�E
V,A�C/O{EqIK9 ¯:IK´ZC�OQ»�¹�p
¦í+�����)w��! é ¥ _ ©�� ë _Qµ_l_üzÀ Õ \1À:Â Ã Ä
	 �UÆ�GL×ó·P¸qìAÌP¸CºLñ¯GL×@µ Õ Õ���÷�ÆQÈ�K�µEK�úGL¹£·
×®Ù[¸qËM´¶GLÌP¸DGL¸lÂ Ã Ä
	 �UÆóÈC·&Å�GL¸Côc´¶ÈqKØ¹�·PîcK§É+ÌPºL·Pµ�GJ´�ñY·P¹�Å£·°´QGJ´¶¹�K®¸qì£É+ÌPGL¸�´�¹�I
èt).�1���{ø�¿�D[L:° Ä Ç R Ì T Æ�²�C@9[C�C V[A�7:V�C/7:;YA�C�=KC/°�C/O�V�L:düzÀ�A�7:9�V,A�C@yL:D[°4µ Õ Õ���R��@Lw²
9[?�®�®¤L:9[Ctµ�A�7:9�V,A�IK9WgL:D[°�RG>U®�®�=K¹lÄ Ç R � Æ�V[L�µ Õ Õ���7:O�JQ²�CHL:»�V[7:IKO�p
ÄJ\�ÀeÕ���Æ�ÄKÉ�Æ Õ Õ Ã ÄKÉ�ÆUÕwÄKÉ³Æ���ÄKÉ�Æ:â|Õ.ÄKÉ�ÆUÕ Ã Ä Ç Ñ ÐíÉ³Æ���Ä Ç Ñ ÐíÉ³Æ:â|ÕwÄKÉ³Æ1Õ Ã Ä Ç �Ð~É³Æ���Ä Ç �Ð~É³Æ

Õ ¼�� ���������������"ÄKÉ�ÆUÕwÄKÉ³Æ���ÄKÉ�Æ y Õ Ã ÄKÉ�Æ Ë Õ Ã Ä Ç Ñ|ÐbÉ�ÆUz Ë ¼ � ������� � ���   � ÄKÉ�Æ1Õ.ÄKÉ³Æ���ÄKÉ�Æ Ë
¼ � �!���   � �"���   � ÄÏÉ�Æ1Õ.ÄKÉ�Æ#�
ÄÏÉ�Æ y Õ Ã ÄÏÉ�Æ Ë Õ Ã Ä Ç �ÐbÉ�Æ1z Õ Õ.ÄKÉ�Æ#�
ÄÏÉ�Æ

»�¹lÄ Ç R � Æ(Ä T Æ�E³Ä � Æ�E�Ä � Æ�E�Ä ¢ Æ�E�7:O�JNÄ Ì�Ö Æ�R
¿8IKO�7:=K=K¹�E�=KC/V¦?�9�9[A�Lw² A�Lw² V[L#?�9<C�V,A�C/9<C�®�D[LeZ�C�;/V,IKL:O�9¦V[L#J�C�;/L:°�®¤L:9[C¥Â Ã Ä�« ¶ Æ

IKO�V,Lt7HJ�IKD[C/;�V�9<?�° L:¤°~?�V,?�7:=K=K¹dL:D[V,A�L:¯:L:O�7:=G9<?�»�9[®�7:;/C�9�V,A�7:V�7:D,CWIK°�7:¯:C�9�?�O�J�C/D�9<?�;YA
®�D,LeZsC/;/V[IKL:O�9�p

Â Ã Ä�« ¶ Æ Õ Ê lNî üzê Ô Ä Ç�Ô�Ì�� Æ
MNC~J�L|V,A�IK9�7:9@gL:=K=KLw²W9�p�;YA�LqL:9[C~7|9[CEa�?�C�O�;�C y Ñ�ê�zwê%$�&3L:�D[C/7:=K9@7:O�J¥7:;/;/L:°�®�7:O�¹�IKO�¯
®¤L:9<IKV,IK´ZCHO�?�°~»¤C/D[9 y g�êßzd9[?�;BAQV,A�7:V
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gL:D�7:=K=�X�RQFWA�?�9wE8C/7:;YAì®�7:IKD�L:@7:JeZs7:;/C/O�V�IKO�V[C/D[´w7:=K9^ÅBê � ß Õ å Ñ1ê � ß/Ó/Ñ1ê�ç�7:O�J�Å<ê Õå Ñ1êqÓ�Ñ�ê.Þ³ßYç1IK9�7�;�L:°�®�7:V,IK»�=KC�®�7:IKD(RßV{C�V>Õ<ê Õ Õ[À#'�»¤C�V,A�C�»¤C�=K=�L.´ZC/DUÅ<ê�7:O�Jc\�ê�sn\�À#'ZR
V{C/V
?�9
7:=K9<Ld;YA�LqL:9[C@V,A�C/9[C@®�D[L[ZsC/;�V,IKL:O�9�9[L�V,A�7:V
V,A�C/¹�A�7w´:C@L:®�®¤L:9[IKV[C@®¤L:=K7:D[IKV"¹�7:VWÑ�ê�R
MNCHV,A�C/OQA�7w´:CH« ¶ Õ ê%$�& ÅBê�IK (*)*+ê%,.- � Ñ1ê Õ âHÙäR&}�IKO�;/C

/
ê10 � /

ÅBê Õ å Ñ � / Ó/Ñ / Þ�ß�çyÓ

IKV�gL:=K=KLw²W9WyD[L:°ÁÄ Ç R Ì�Ç Æ�V,A�7:V
/

ê10 � /
\�ê Õ \ Î » �32 é » 24��5 Ð Ä Ç�Ô�Ì�� Æ

V{C/V[V,IKO�¯füzêxs \�ê0Â Ã Ä�« ¶ Æ�E�Ä Ç R Ì Ø Æ�7:9<9[?�D[C/9�?�9HV,A�7:Vóüzê76äü98�IK Ê;:Õ=< R�¿�D[L:° Ä Ç R Ø Æ
²�CH9[C�C�V,A�7:V

\ Î � » 2 é » 24��5 Ð µ Õ ¼�� � ��2 ��� ��2 �>� 2��35 ��� 24��5?� µ ËA@ / µGÓ
²�A�C/D[C @ / µ�IK9W7�y?�O�;�V,IKL:OQ9<?�®�®¤L:D[V,C/JzIKO�V,A�CHV¬²�L¦IKO�V,C/D[´w7:=K9

å Ñ � / Ð_g � / Ó�Ñ � / Ë g � / ç�7:O�J å Ñ / Þ�ß�Ð_g / Þ�ß/Ó/Ñ / Þ�ß Ë g / Þ³ßYç Ô
wHO�V,A�C~¸�D,9<VUIKO�V,C/D[´w7:= È Ä @ / µ�Æ�ÄKÉ�Æ È IK9@J�L:°�IKO�7:V,C/J�»�¹ È µ�ÄKÉ�Æ È Ë È µ�Ä Ç Ñ � / ÐNÉ�Æ È 7:O�J{E
L:O3V,A�C¦9[C/;�L:O�J{E1»�¹ È µ�ÄKÉ³Æ È Ë È µ�Ä Ç Ñ / Þ�ß�Ð�É�Æ È R<�@C/O�;/C�ECB @ / µDB Ã á Ö 7:9E á Ù
7:O�JzIKVWgL:=K=KLw²W9WV,A�7:V

=KIK°
E á Ù B�µ�Ð¡\ Î � » 2 é » 24��5 Ð µDB Ã Õ Ö�Ô

F�A�C/9<C�;�L:O�9<IKJ�C�D,7:V[IKL:O�9�;/=KC�7:D[=K¹�¯:IK´:CH?�9WV,A�CHJ�C/;/L:°�®¤L:9<IKV,IKL:ONÄ Ç R Ì�� Æ�R
¨GF _§¦~+����������������������������$������ ] �������¦�"��)�Â Ã Ä¡ª>H�Æ Ô
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IKt²�ClV,7:X:ClIKO�V,LS7:;/;�L:?�O�V|V,A�ClV"²�LS®�L:9[9[IK»�=KC¥®¤L:=K7:D[IKV,IKC/9z7:V^C/7:;YA�C�O�Jä®¤L:IKO�V^L:dÅ�R
MNCz7:9[X�E�¸�D[9<V�E�V,A�Cz9[IK°�®�=KC�DÄa�?�C�9[V,IKL:Oqp�IKUV,A�Cz®�D,LeZsC/;/V[IKL:O�IK9�V,A�CzL:O�C^L:»�V,7:IKO�C�J�»�¹
°~?�=KV,IK®�=KIK;�7:V,IKL:ON»�¹N¼8½wE�²WA�7:V�7:D[C�V,A�C�@�O�7:V,?�D[7:=LBz»�7:9[C�9HL:�V,A�C�IK°�7:¯:C�9[®�7:;/C�Â Ã Ä¡ÅZÆ
gD,L:°ÍV,A�C�®¤L:IKO�V{L:G´�IKC/²#L:G7 A�7:D[°�L:O�IK;�7:O�7:=K¹�9<V�vØ}�IK°�®�=KIKg¹�IKO�¯ g?�D,V[A�C�D�E�=KC�V{?�9{7:9<9[?�°�C
Å Õ åõÖ Ó Ì ç¡R{P�L:V[IK´w7:V,C�J3»�¹bV,A�C¦®¤L:=K7:D[IKV¬¹l®�D[L:®¤C/D[V,IKC�9t²�C�A�7w´:C¦»¤C�C/O3J�IK9[;/?�9[9<IKO�¯�E�²�C
9[C�C/XN9[L:°�C|L:D[V,A�L:O�L:D[°�7:=�»�7:9[C�9~L:@Â�Ã.Ä Ö Ó Ì ÆdV[A�7:VdD[C!I�C�;/V~V,A�C/9<C|®�D[L:®¤C�D[V,IKC/9wR³FtIK´ZC�O
µAl Â Ã Ä Ö Ó Ì Æ =KC/V ?�9 C�¾�V,C/O�J�IKV V,L�V,A�CíIKO�V,C�D[´w7:= åõÖ E Ç ç{9<L¦V,A�7:VUIKV ¯:IK´ZC�9 ?�9U7�y?�O�;�V,IKL:OJ ³V[A�7:V
IK9�C�´ZC�O^²�IKV[A^D[C/9<®¤C/;�V�V,L Ì L:O^V,A�IK9�=K7:D,¯:C�D
IKO�V,C/D[´.7:=¡Rq>UO�7:=K¹�V,IK;/7:=K=K¹�V,A�IK9�°�C�7:O�9J 
ÄKÉ�Æ Õ µ�Ä Ç ÐlÉ�Æ�yL:D�ÉÇl åKÌ Ó Ç ç¡RGMNC�V,A�C/OQC/¾�V,C�O�J J �V,L�7:OzLqJ�Jzy?�O�;�V,IKL:OzL:O å Ð Ç Ó Ç ç¡R
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−2 −1

f

The extension of  f on [0,1] to [-2,2] so that it is even at 1 and odd at 0.

0 1 2

F�A�IK9�=K7:9<Vdg?�O�;/V,IKL:OS;/7:O�V[A�C�O�»¤C^J�C/´:C/=KL:®¤C�J IKO�V,Lb7l¿�L:?�D[IKC/D�9<C/D[IKC/9�L:O å Ð Ç Ó Ç ç
»�¹
°�C/7:O�9�L:�V,A�CHL:D[V,A�L:O�L:D[°�7:=1»�7:9<IK9

y ÌÇ Ó
Ì
K Ç 9<IKO

Ê
Î
É
Ç Ó ÌK Ç ;�L:9

Ê
Î
É
Ç z:Ó Ê~ÕæÌ Ó Ç Ó Ô/Ô/Ô�Ô Ä Ø Ô�Ì Æ

}�IKO�;/CÒ²�Cì7:D[CÒJ�C�7:=KIKO�¯ ²�IKV,A 7:O LqJ�J y?�O�;�V,IKL:O L:O å Ð Ç Ó Ç ç¡E�V[A�CìC/´ZC�O ®�7:D[V
y ß Ã Ó

ß
L Ã ;�L:9

ê � �Ã z:Ó ÊäÕ Ì Ó Ç Ó Ô/Ô�Ô E�®�=K7w¹�9|O�L D ML:=KC�IKO�V,A�IK9^C/¾�®�7:O�9<IKL:O³R�¿�L:D^V,A�C¥9<7:°�C
D[C/7:9<L:O³E:7:°�L:O�¯~V,A�C@D[C/°�7:IKO�IKO�¯íV,C/D[°�9(E�L:O�=K¹�V,A�L:9<CUV,A�7:V�7:D,CUC�´ZC/O|²�IKV[A�D[C/9<®¤C/;�V�V,L Ì
L:O åõÖ Ó Ç ç�¯:IK´ZCd?�9�Ä�®¤L:9<9[IK»�=K¹�ÆUO�L:O�±vº/C�D[L�;�L�C!N�;�IKC/O�V,9@IKO¥V,A�IK9@¿�L:?�D[IKC/D@9[C�D[IKC/9@J�C/´ZC�=KL:®�±
°�C/O�V�RCF�A�IK9 9[A�Lw²�9WV[A�7:V@µ�;/7:O�»¤CHC�¾�®�7:O�J�C�JzL:O åõÖ Ó Ì ç³IKO�V,C/D[°�9WL:�V,A�CHL:D[V,A�L:¯:L:O�7:=
g7:°�IK=K¹ y 9<IKO Ã ê�Þ�ßÃ Î

ÉSz:Ó Ê~Õ Ö Ó Ì Ó Ç Ó Ô�Ô/Ô R
�U7:Jì²�C�C/¾�V,C�O�J�C/J$µ V,LNL:»�V,7:IKOÒV,A�CQL:V,A�C/D�V,A�D[C/CQ®�7:IKD[9�L:@®¤L:=K7:D[IKV,IKC/9�7:V�V,A�C

®¤L:IKO�V,9 Ö 7:O�J Ì E�²�C�²�L:?�=KJ�A�7w´:C�L:»�V,7:IKO�C/J�V,A�D[C/C�L:V,A�C/D�9[?�»¤;�L:=K=KC/;/V[IKL:O�98L:�V,A�C�g7:°�IK=K¹
Ä Ø R Ì Æ�RCF�A�C/9[CH;/L:O�9[IKJ�C/D[7:V,IKL:O�9�¯:IK´ZCt?�9
èt).� ¨�������*������é F _ ¥ ë _PO�·°Ë{ÈfÌP×Q´�È�Kç×HÌPºLºLÌ(ÆQGL¸Cô�×HÌ°Ù[µ�¹�ñß¹�´�K�îÔ¹t×HÌPµ�î`¹t·P¸fÌPµ�´¶ÈdÌP¸CÌPµ�î`·Pº
ðe·P¹�GL¹ó×HÌPµ@Â Ã Ä Ö Ó Ì ÆEõ

Q G�R y K Ç 9<IKO Ã ê�Þ�ßÃ Î
ÉÏz:Ó Ê~Õ Ö Ó Ì Ó Ç Ó Ô/Ô/ÔTS

Q GLG�R y K Ç 9<IKO Ê
Î
ÉÏz:Ó Ê~Õ Ì Ó Ç Ó Ø Ó Ô/Ô/ÔTS

Q GLGLG�R y K Ç ;�L:9 Ã ê�Þ�ßÃ Î
ÉÏz:Ó Ê~Õ Ö Ó Ì Ó Ç Ó Ô�Ô/ÔTS

Q GJÅ R y Ì Ó K Ç ;/L:9 Ê
Î
ÉÏz:Ó Ê~Õ Ì Ó Ç Ó Ø Ó Ô/Ô�Ô I

Ö ÈqK§É�ÌPºL·Pµ�GJ´�GJK®¹óÌP×§K®·°Ë{ÈxÌP×§´¶ÈqK§×®Ù[¸qËM´¶GLÌP¸d¹óGL¸]´¶ÈqK§Údµ�¹�´óð[·P¹�GL¹ó·PµEKtÄ¡ÐHÓ Ë ÆØ·°´WÄ Ö Ó Ì ÆM÷&GL¸
´¶ÈqKQ¹�KMË�ÌP¸�ì`ðe·P¹�GL¹�´�È�K�ñ£·Pµ�K Ä¡ÐHÓ/Ð@ÆM÷«GL¸©´¶ÈqKb´¶ÈdGLµ�ìf´¶È�K�ñÄ·PµEKUÄ Ë Ó/Ð@Æ�·P¸�ìoGL¸Ç´¶ÈqKQ×HÌ°Ù[µ�´¶È
´¶ÈqK®ñY·Pµ�KtÄ Ë Ó Ë ÆMI

V{C/V@?�9@O�L.² D[C/V,?�D[O¥V,L|V,A�C~9<V,?�J�¹�L:�V,A�C~9<®�7:;�C�üzÀ Õ ü Î �Zéõß�Ð Õ \�ÀZÂ�Ã�Ä�« ¶ Æ�R+F�L
¸�¾~L:?�D�IKJ�C/7:9�=KC�V�?�9�7:9<9[?�°�Cb\�ÀUIK9�;YA�L:9[C/O�²�IKV,A¦O�C�¯:7:V,IK´ZC�®¤L:=K7:D[IKV¬¹~7:V Ö 7:O�J�®�L:9[IKV,IK´:C
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