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Question 1. (60pts) Let p and v be two finite Borel measures on R. For any Borel set A C R, define

e

prxv(A)=pxv({(zy) eR*:z+yeA}).

(a) Justify that uw* v is a finite Borel measure in R (Make a clear outline of everything that needs to be
checked. You may take for granted that the set {(z,y) € R? :z +y € A} is Borel when A is Borel).

(b) Prove that if either v or v is absolutely continuous with respect to the Lebesgue measure, then p* v is
absolutely continuous respect to the Lebesgue measure as well.

(c) Assume that both 1 and v are absolutely continuous with respect to the Lebesgque measure with Radon-
Nikodym derivatives f and g respectively. Prove that f * g is the Radon-Nikodym derivative of p* v.
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Question 2. (/0pts) Let f, : [0,1] = R be a bounded sequence of functions in L2([0,1]). That means that
there exists Cy > 0 so that

Ifn(@)|lz < Co for alln.
Assume that f, converges to f in L*([0,1]). Prove that f € L%([0,1]) and ||f||r2 < Co.
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