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Chapter 9. Nonlinear Differential Equations and Stability

TABLE 9.3.1 Stability and Instability Properties of Linear and Almost Linear Systems

Linear Sysiem Almost Linear System
ry T Type Stability Type Stability
M0 N Unstable N Unstable
<< N Asymptotically N Asymptotically
stable. stable
rm<l<r SP Unstable sp Unstable
re=ra>0 PN orIN Unstable N or SpP Unstable
r=r;<0 PN orIN Asymptotically N or SpP Asymptotically
stable stahle
=2 + f[J.
A=0 SpP Unstable SpP Unstable
A<l SpP Asymptotically SpP Asymplotically
stable stabie
F| =i, 2= —ij C Stable C or SpP Indeterminate

Note: N, node; IN, improper node; PN, proper node; SE, saddle point; SpP, spiral point;
C, center,

Even if the critical point is of the same type as that of the linear system, the
trajectories of the almost linear system may be considerably different in appearance
from those of the corresponding linear system, except very near the critical point.
However, it can be shown that the slopes at which trajectories “enter” or “leave” the
critical point are given correctly by the linear equation.

Damped Pendulum. We continue the discussion of the damped pendulum begun in Ex-
amples 2 and 3. Near the origin the nonlinear equations (8) are approximated by the
linear system (16), whose eigenvalues are

—_y = 2 3
nory = LEV A (18)

The nature of the solutions of Eqgs. (8) and (16) depends on the sign of ? — 4w? as
fallows:

1. If y* —4w? > 0, then the eigenvalues are real, unequal, and negative. The critical point

(0,0) is an asymptotically stable node of the linear system (16) and of the almost linear

system (8).

1fy* — 4w = 0, then the eigenvalues are real, equal, and negative. The critical point (0, 0)

is an asymptotically stable {proper or improper) node ol the linear system (16). 1t may be

either an asymptotically stable node or spiral point of the almost linear system (8).

3. If y*~4de? <0, then the cigenvalues are complex with negative real part. The critical
point (0,0) is an asymptatically stable spiral point of the linear system (16) and of the
almost linear system (8).
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1. Which of the following matrices have real eigenvalues?

o[ ) () o)

A1
1€
Il) oz) 31 a'iqgom' So =)
B) II '
C) m _TI\ (1-|f‘+(-i\=()
I,II po P 2R lf_ﬁ
. T - z
E) LIO
i) cOr )T
F) IL, III T} A or s
rz 2
G) LI, I

H) None of them



w(2).
A) 0
B) 1/3
C) 12
D) 1

E) 3/2

I} None of the above

a

wit)= l

t t

i

T

(31
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D , the Wronskian of the vector functions [J and (

2. Let w(t)=W(EJ,(;
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3. Which of the following vector functions x(t) are solutions of X' =( ] ]i’ ?

() =

A1

B) II

C) I
@L il
E) LI
F) I, III
G) LIL I

H) None of them

) =

rt 1Y~ + 320
(r v 3)(r 1) 20

r:-!_,-'s

r—-

[4-(—-)1)1?:6
[ ()
-%, txy 0

v

+ [g.e\& (;l_i-lk)

+ G ("1)2

y=-3

k]

[A-(-0T)E, =0
(-
£+ ()

31

-1t



4. Solvethel V. P,
@ 3-2e7
44

(243¢™
(1-2e7

(cosr]
sins

Q+MJ
L 8

B)

C)

D)

e.'!r
(¢

’)

J) None of the above
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Z
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rizo
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-2

= 4

-~
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b, ~ 3> >0
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5. Which of the following are solutions of X’ =( . Ji ?

-1
2e™ cos2t —2e'sin 2t cos 2t
Iy o 1)) . on |
e sin2r e cos2t sin 2¢

o

r‘l4 2r + g'—'o

B) II =
-2 tJy-2 -1 +2¢

= ——— T -

C) 1 z
Azl pd
D) LI
-

B) LI (- () =0
F) II, 10 -2; -~ V.o

( (“ -16\(”'\
Gy LILIO

¥, -2“3.1"0
H) None of them ?_(2:): ('i); (?é)b
g0y b3

-

xi

b .
= C‘ e-t( [?)[a( 2t - (:) Sta 2'!'-.) + C'Le ([‘:)ﬂ‘zt*(%)(u‘



6. Solve the I V. P. 5=[S —01]

Bl
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e
Fy [-l—e‘J K= < (( Veust = (Y siat) Hz((‘.') siat 3 (o)ees &)
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J) None of the above



7. Solvethe L V. P.

7 -1
a 272
4—4e™

{3t
E) eﬁ]

(1,
F) |4
—2¢'
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) J

I) None of the above

}?, #(0) =[3J
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8. Solvethe L V. P. f’=(0

B)

0 c?s rJ

£ +1

( cos2t
3 sin 2r

_e
D [49'Z‘J

I) None of the above
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9. The general solution of 55’=[4 Ji’ is ¥ =Cl[ }23’4—61(

method of undetermined coefficients to find the general solution of the nonhomogeneous

H = 1 ]‘—~ 2 t = _ =(e)
equation X' = X+ e, x=xX"+17:

4 1 ~1
3—2¢™ o - ot
A Xp = ne
)[4—43‘2'J F
E:a'-. (:‘H’;?’ e(2)et
B)[2+3e*} X
1-2e™ | Ret = (L )aet n(l)e
i 2
0 (cf)stj ;:(:‘,): P (2)
simf >
, .
(-37)=1 .,,,,)a
D) [1+4r] e
]
s (D (2 )5
I ..2.'-’-“1
e
E .
)(EZ:J I-»l"il
a-(2)

J) None of the above
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10. Solvethe LV.P. ¥'= [J, (0= (1] (There is no misprint here.)

" =27

A) 3-2e 1
4—4e7
(2+3e"'J

B)
\‘1 - 2€_r

p
cost
Q.
\ sIn?

D)

fl+4rj

L 8

I} None of the above

;(|$| x H=u
\,‘:l y{)=]
(S
y = i
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11. Classify the critical point [OJ of the system X' =[ }1'

0 -1
A) (Stable) center A wppe "rrianr,.,f.:,} Su
B} (Unstable) saddie point T B
\C) Asymptotically stable improper node rolvy L0

D) Unstable improper node

E) Asymptotically stable spiral point

F) Unstable spiral point

G) Unstable proper node

H) Either a node or spiral point, which is unstable

I) Either a node or spiral point, which is asymptotically stable

I} None of the above
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12. Which of the following are critical points of A 7 ?

o) » ) =

i ~¥x +Ixy=0

A) 1 Yaa o
B) 1l
& m ~ 3 4 Ty Y
s (= 1324)50

D) LTI

Cese T Y =0
E) L. IO

) ) \[— \(1=D

F) 1L, I v
¢l o,

(ase ~1424>0 [
H) None of them — oo A

. [+ 2



0 B =5+’
13. 0 is a critical point of the almost linear system & / . Classify it.
=Xty

A) (Stable) center = 4\‘2
B) (Unstable) saddle point = ry
C) Asymptotically stable improper node
) Asymptotically stable improp Fx =2y
D) Unstable improper node Gy = G_‘_‘ =

E) Asymptotically stable spiral point
F) Unstable spiral point ( Y \
(3) Unstable proper node
L@ Either a node or spiral point, which is unstable €, "1_;0
I) Either a node or spiral point, which is asymptotically stable

I} None of the above



-1 d%fr =1-y
14. : is a critical point of the almost linear system v/ . Classify it.

Ja =Y
A) (Stable) center
) (Stable) €= 1ny
iBﬁ (Unstable) saddle point 2 Aty ?
C) Asymptotically stable improper node
F&'-'— 0 Ry =- ‘
D) Unstable improper node
. b,z =2y
E) Asymptotically stable spiral point b= 2 !
F) Unstable spiral point o -l )
- 1 -
(3) Unstable proper node
H) Either a node or spiral point, which is unstable rq £~ -2 O
) Either a node or spiral point, which is asymptotically stable S 2 3J91%
- Tz
I) None of the above
_ =22
T Tz
J\: = Juz



¥=(01-x-y)x
15. The competing species equations = [3
4 2

1
hence a possible coexistence point at {A] . Classify it.

i
A) (Stable) center
B} (Unstable) saddle point
@ Asymptotically stable improper node
D) Unstable improper node
E) Asymptotically stable spiral point
F) Unstable spiral point
(G) Unstable proper node

H) Either a node or spiral point, which is unstable

I) Either a node or spiral point, which is asymptotically stable

T) None of the above

1 J have a critical point {(and
———X—y |y

Frz = ¥ (-x-y) ﬁ,: ~X
G‘x" 2N Gq':-‘f"(r,-éa-'
-1 A}
F3 i
""J- -J
i 2
\
rz-(-r 30
IO e B PN
r= -
T 2
'Ky L=t Su ity lo



. x'=(4-2y)x ”
16. The predator — prey (Lotka — Volterra) equations q | have critical
y'=(3+x)y
. 0 3 i . (3

points only at 0 and aE Classify the point al-
LZ:)_] (Stable) center : F= [ ‘4-1\') X%

B) (Unstable) saddle point G=(-333)y

C) Asymptotically stable improper node €. l"l‘lu,) F‘f 2 ~2x
D) Unstable improper node

G-k= \( GY: (_3"-*)

E) Asymptotically stable spiral point

F) Unstable spiral point

o -6 \

(3) Unstable proper node 2 g

H) Either a node or spiral point, which is unstable

I) Either a node or spiral point, which is asymptotically stable re o4z 0

I) None of the above r= 123 ¢

So ot o Spiral point - br

kno- .or(a’sh,r P"-f\.( s OIL"‘ys A (&t



17. Find the Fourier coefficient by of f(x)=sinx.

A) 0 -
b‘: ;—:g Siax  SiaX 0‘\'
B) 1/3 -7
2 rA
C) 1/2 *n ga an1 X O‘X

D) 1 = a7

E) 32 < ‘:‘( - - -%s;-m\\:
F) 2 ‘

@) 512 =5 lw-iot-fo-
) 3 | = |

) 4

I} None of the above



18. Let f(x)=x on [—~ T, x], extended periodically to all of R. Find the Fourier
coefficient by of f(x).

LW
A) 0 b= r,f_n x §in x O
B) 1/3 = . § k Siax
C) ]./2 ' sz ‘:“'(OSK“
dvzdsn  dvE Sixda
D) 1
E) 372 < %( —ytaSk‘ 4 _(;cos.!.Jk )
@2 "".:;. ( -3 fosd +Sin X‘)\
5/2
G) 5/2 ‘E( N o)~ [ -0 +u\‘
H) 3
= 2
)4

T} None of the above



-7 if—-7r<x<l
19. Let f(x) be the square wave function on [— T, ?r], ()= z zf e
7 if0<x<nm

extended periodically to all of R. To what value does the Fourier series of f(x)
' converge when x =07

@0 in f6V: in w=
X0 ot
B) 1/3
be foys: lw -fi=-T
C) 12 eag e
D) 1
m + (-m)
E) 3/2 — =0
F) 2
G) 52
H) 3

I) Fails to converge at x=0 because f(x) isnot continnous there.

I} None of the above



20. Let f(x)=x" on [-m, =], extended periodically to all of R. Note that f{x) is odd.
Find the Fourier coefficient a; for f(x). —

oY
B) 1/3
Q) 12
D) 1
E) 372
F) 2
G) 5/2
H) 3

I) None of the above



