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As for the points Z=Inw (B =1,4,...,iV), write

L _p@

— , where p(z)=1and g(z) = z*sinz.
z'sinz g{z)

Since
pann) =10, q(znn)=0, and ¢ (Fnx)=n’m’cosnz =(-1)"n'z* =0,

it follows that
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So, by the residue theorem,

Rewriting this equation in the form

N (___ I)n+l "r dZ

5 ——

il 12 4jdcy Z%sinz

and recalling from Exercise 7, Sec. 41, that the value of the integral here tends to zero as N
tends to infinity, we arrive at the desired surnmation formula:

@\ues*ﬁfﬂﬂ /
The path C here is the positively oriented boundary of the rectangle with vertices at the
points £2 and *2+i. The problem is to evaluate the integral

I dz
c(Zt-1+3
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The isolated singularities of the integrand are the zeros of the polynomial

g2y =" - 1" +3.

Setting this polynomial equal to zero and solving for z*, we find that any zero z of g(z) has
the property z* =1++/3i. It is straightforward to find the two square roots of 14+/3i and

also the two square roots of 1—+/3i. These are the four zeros of g(z). Only two of those
78108,

7 = Do i = ~/3+i

s N3+
7, =2 =22 and -% = ,
0 \/5 ¢ Jj‘
lie inside C. They are shown in the figure below.
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To find the residues at z, and ~Z,, we write the integrand of the integral to be evaluated as

! _r@
@ -1’+3 g2’

where p(z)=1 and g(z) = (2" - 1)" +3.

This polynomial g(z) is, of course, the same g(z) as above; hence g(z,) = 0. Note, too, that
p and g are analytic at z; and that p(z,)# 0. Finally, it is straightforward 1o show that

q'(z) = 4z(2* 1) and hence that
g'(z,) = 4z,{z = 1) =~2v6 +6+/2i 0.
We may conclude, then, that z, is a simple pole of the integrand, with residue

pzy) _ 1
q'(z,) =26 +632i

Similar resuits are to be found at the singular point —Z,. To be specific, it is easy to see that
7'(~%) = —q'(%)) = =4 (z,) = 2V/6 +642i # 0,
the residue of the integrand at ~Z;, being

p(_Z(}) - 1

q'(-Z,) 2W6+62i




116

Finally, by the residue theorem,

o B N
c(* -1 +3 2406 +64/2i  24/6 +642i ) 2+/2

We are given that f(z)=1/[g(z)]*, where q is analytic at z;, g{(z,)=0, and q'(z,) #0.
These conditions on g tell us that g has a zero of order m=1 at Z,- Hence

q(z) = (z — z,)g(z), where g is a function that is analytic and nonzero at Z,; and this enables
us o write

:-----—-———¢(z) h "_-""'"""—‘1 a
TGy ™ $O

So fhas a pole of order 2 at z,, and

6y = 28 Z)
%ZSf(Z)m ¢'(z,) = {g(zu)ﬂl" :

Bat, since ¢(z) = (z - z,)g(z), we know that

g (@) =(z-2)8 (@) +glz) and ¢"(2)=(z-2,)g"(2)+2g¢'(2).

Then, by setting z = z, in these last two equations, we find that

q'(z;) = g(z,) and ¢"(z,) =2g"(z,).

Consequently, our expression for the residue of fat z, can be put in the desired form:

{a) To find the residue of the function csc’z at z = 0, we write

csc’z= where  g(z) = singz.

i
1169) i

Since g is entire, g(0) =0, and g’(0) = 1# 0, the result in Exercise 7 tells us that

7"(0)
[q'OF

Rescsc’z=~
z=0
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§-3 The problem here is to establish the integration formula

J________ =27 using the simple
A 2+l 33
closed contour shown below, where R> 1.

y

Rel‘!#!!

There is only one singularity of the function f(z) = —3‘—%{, namely z, =¢™°, that is interior
z

to the closed contour when R>1. According to the residue theorem,

d
J‘ I 3z =2miRes
¢z +1 C 7 +1 Gz +1 =u 7 +1

where the legs of the closed contour are as indicated in the figure. Since C, has parametric
representation z=r (0Sr<R),

O"——-aba

Jciz +1

and, since —C, can be represented by z =re”™ (0<r<R),

J‘ Z“J _ji ?iwad" . iZnIST dr _
Gzl +1 -G z? +1 ! (re™*y +1 < +1
Furthermore,
i 1 1
Re §—prmom 22 ormes 22 e
=u 22 +1 3zt 37
Consequently,
2mi dz
:21!:!3 -
)J‘ r +1 36123‘13 -[CR z3 +1 :

But

_[ ;iz < 31 -ZER%OasRam.

Crz”+1 -1 3

This gives us the desired result, with the variable of integration r instead of x:

JR dr _ 27 _ 27i _r 2=
! el 3(e£2x13 ___emrfs_e-ism) 3(€izms ___e-—:'Zm'S) - 3sin(27 / 3) 3@'
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According to the residue theorem,

R ekdx iz :
-JR (* +a*)(x* +b%) ¥ c:[f(Z)e HoImE B
where
B = R “ = elz = e“a
1 zfm_s{f(z)e } (z+ai)(z2 +b2)__z._.a,' za(bz _al)i
and
iz . -b
B, =Res[f@e*| = ————| =00
z=bi (Z"+a Nz +bi) ], 2b(a* ~b*)i
That is,
t r (e’ e ;
-[a(_x +a)(x +b2) az—bz(?_ a )_if(Z)e dz’
or

-b

R
cosxdx o om [t e .
_jg(x2+a2)(x2+b2) ) ath( b a )"‘Recflf(z)e dz.

Now, if zis a pointon C,

\f()I< M, where M,= 1

(Rl __az)(Rz _bZ)

and le®l= e £1. Hence

iz it . R
ReLx f(2e dz‘SUCR f(R)e"dd < M nR = TR ~> 0 as R — oo,

So it follows that

T cosxdx _m (ef e
_J;(x2+a2)(x2+b2)wa2mb2(m a ) (a>b>0).

. This problem is to evaluate the integral j__z +1dx, where a=20. The function
x
]

1 . .. . . .
f(@) =TT has the singularities £i; and so we may integrate around the simple closed
z

contour shown below, where R> 1.

b VA

Ci




We start with
j ch+[f&k”& 27iB,
where
i e e’
B=Res e = ] =
z=i [f(Z) ] z+il=i 2i
Hence )
R em _
.£f+ﬁ&:m _iﬂﬂfu&
or
j ERE dx=me ~Re j flz)e™dz,
e X +1
Since
Lf(DI€ M, where M, =i§~1-~*l-,
we know that
i : nR
Re “dz) < 7 (4 S ;
L{f(Z)e z C};f(z)e o
and so
[ 958 g e
Lxt+1
That is,
I cosax T _,
2 =3¢
s X +1 2
To evaluate the integral j xm:_z; dx, we first introduce the function
x
foy= -

+3 (z—z[)(znfl)’

where z, =+/3i. The point z lies above the x axis, and z, bies below it. If we write

zexp(i2z)
A E{ ’

f(z)e"2==f~’;_(—zzl where  9(z) =
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§. The integral to be evaluated is f w%qu, where a>0. We define the function

3

f(z)= m; and, by computing the fou_rth roots of —4, we find that the singularities

z :ﬁemm =I1+i and g NV = [2eim!4 w2 =(1+0)i=~1+i

both lie inside the simple closed contour shown below, where R>~/2. The other two
singularities lie below the real axis.

y
Cr
X X
-22 Z]
0 - R x

The residue theorem and the method of Theorem 2 in Sec. 69 for finding residues at simple
poles tell us that

R
j;‘e dx+j f(2)e"dz = 27i( B, + B,),

~R +
where
3 daz 3 uzzl ing, ia{1+i) wg _ia
e
BlzResi _ e : _er e e
=u 7' +4 4z 4 4 4
and
Z3 £ za iaz, er‘az, PISED et
B, =Res A = =
=n 7 44 4z2 4 4 4
Since
_al € +e _
2ri(B+B)=m “(-—T-—)mze “cosa,
we are now able to write
x sinax
I e X = 71" COS G — Imj e d.
x*+4 @ “

-R
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Furthemmore, if z is a point on Gy, then

. 3
Ifz)is M, where Mkm%—;—éOasR—)m;

and this means that

— 0 as R—> e,

IIm .. f(z)e"“*dz[s; ! . f@e=dz

according to limit (1), Sec. 74. Finally, then,

oo

j'xasindx
xt+4

dx = me™* cosa (a>0).

x*sinxdx

C+DE +9) we introduce here the function

8. In order to evaluate the integral I
0

3

z
&= i@+
consider the simple closed contour shown below, where R>3.

Its singularities in the upper half plane are iand 3i, and we

y
C
y XK3i
X i
0 > R x
Since
Res[ f(0e] = —2—| =]
(z+iXZ*+9) )., 16e
and
Rcs[f(z)ef‘] _ ze® 9
=3 (Z+D(z+3i) ], 16¢°
the residue theorem telis us that
R 3 ix
x’e” dx ; i 9
+ “dx =2mi| —— + —-
L(x2+1)(x2+9) Lnf(Z)e dx m( 16e+16e3)’

f xPsinxdx T(9
:[: & + D +9) mgz(;;—l)—lm ICR f(2)e"dz.
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Limit (1), Sec. 74, then tells us that

RejCR f(z)ei‘dzIS“CR f(z)eizdzl—% 0 as R~ oo,
and so

(x+cosx T, '
P.V.| 5————dx =—(sin2 - )
_J x*+4x+5 e (sin2 - cos2)
Aveston 5
. (a) Since the function f(z) = exp(iz®) is entire, the Cauchy-Goursat theorem tells us that its

mtegral around the positively oriented boundary of the sector 0<r<R 058< /4
has value zero. The closed path is shown below.

Reiﬂ-’fd-

0

A parametric representation of the horizontal line segment from the origin to the point
Ris z=x (0<x < R), and a representation for the segment {rom the origin to the point

Re™*is z=re™* (0<r<R). Thus

R R
.2 .2 : 2
je“ dx+jc et dz-e"‘“je*’ dr=0,
R
4] 4}

R R

2 ., ) 2
je" dx:e"’“]e T dr--J‘C et dz.
a R

0

By equating real parts and then imaginary parts on each side of this last equation, we
see that

Icos(xz)dx = V%-Ie"zdr - RcJCR e dz

and

R

3y 1
| 7l

¢ dr— ImJ' e dz.
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(b) A parametric representation for the arc Cy is z=Re”® (0< 6 < 7/ 4). Hence

xi4 xi4
J X dy = J’em*e’” Rie®d0 = iR Je—xzsinzeem’mzsewd&
Cr ’ .
a2 . N
Since J¢™ ****|=1 and |¢|=1, it follows that

nl4

J‘C eizzdz <R J‘e-kzsenzsd&
) 0

Then, by making the substitution ¢ =28 in this last integral and referring to the form
(3), Sec. 74, of Jordan's inequality, we find that

R 2 R = w
izz <_ —RZSin¢ — 8 ———— it o
chne dz| < !e de < 5 —0as R— oo,

{c) Inview of the result in part (b) and the integration formula

T ey §

it follows from the last two equations in part {a) that

.!cos(xz)dx = %\gf and .[J;sin(xz)dx = %\[32":

_SECTION 77
ﬁues%@; 6

The main problem here is to derive the integration formula

I cos(ax) - cos(hx) . _ 12"5 (b-a) (@az0,b20),

) X

using the indented contour shown below.
¥
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Applying the Cauchy-Goursat theorem to the function
% — g

f(D)=——,
Z

we have

[ f@de+ [ f@de+ | fde+ [ fldz=0,

J, f@dz+ [, f@de==]_ f@dz-|, fDdz

Since L, and —L, have parametric representations

Ll:zm'rem:r(pSrSR) and —I.A,':z“—“rei":mr(psrgR),

we can see that

R ~ibr

ar _ ibr R —iar _
J st | s@de=], f@d=[, f@d=[tdrs [t

r

R, jar —iary __ ¢ ibr w ibr R _
_ J- (" +e )~ (" +e™) dr=2 J- cos{ar) zcos(br) dr.
P P

2

r r

Thus

R
9 f cos(ar)r—2 cos(br) dr =
p

-], f@d- |, f@d

§

In order to find the limit of the first integral on the right here as p ~» 0, we write

_ Al ez Gazy®  Gaz) ) _{, bz (b2)  (ibz)
f(z)_zz{(l'i' T TR T +-») (1+¥+——é—!~+m§§——+---

ila—b)

¥4

4+ (O <izi<eo),

From this we see that z =0 is a simple pole of f(z), with residue B, =i(a ~b). Thus

lim Jc,, f(2)dz = —B, i = —i(a - b)7i = n(a—b).




140

As for the limit of the value of the second integral as R — o, we note that if z is a point on
C,, then

Flo) < |& |+ ™% _ e+ < 1+1 =_g__
iz R TR RY

Consequently,

| 2 2
_[Ckf(z)dz|..<..?an—R;—->0 as R — oo,

It is now clear that letting p — 0 and R —> o= yields

5 ,[ cos{ar) :COS(Z”' ) dr = (b —a).

r

This is the desired integration formula, with the variable of integration r instead of x.
Observe that when a =0 and b = 2, that result becomes

Tlncos(Zx) g =1

2

s X

But cos(2x)=1—2sin’ x, and we arrive at

Let us derive the integration formula

__(-ar
!x T r Y Teostan ! 2) (Fl<a<3),

where x* =exp(alnx) when x >0. We shall integrate the function

_ z exp(alogz) T 3n
f@)= ( +1)2 Z 31 (Ezl>0, 5 <argz<— )

whose branch cut is the origin and the negative imaginary axis, around the simple closed
path shown below.




