
Math 416 Complex variables

Solutions to Problem Set 5

1. (i) We have (1
t − i)

2 = ( 1
t2
− 1)− i(2

t ). Therefore,∫ 2

1
(
1
t
− i)2 dt =

∫ 2

1
(
1
t2
− 1) dt− i

∫ 2

1

2
t
dt

= (
−1
t
− t)|21 − i(2 log t)|21

=
−1
2

+ 1− 2 + 1− i(2 log 2− 2 log 1)

=
−1
2
− 2i log 2.

(ii) Assume z = a+ ib. Since d
dte

zt = zet, we have d
dt
−e−zt

z = e−zt, and so∫ ∞
0

e−zt dt = lim
s→∞

∫ s

0
e−zt dt

= lim
s→∞

−e−zt

z
|s0

= lim
s→∞

(
1
z
− e−sz

z
)

= lim
s→∞

(
1
z
− e−sa(cos(bs)− i sin(bs))

z
)

=
1
z
.

2. If m = n, then we have∫ 2π

0
eimθe−inθ dθ =

∫ 2π

0
1 dθ = θ|2π0 = 2π.
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If m 6= n, then we have∫ 2π

0
eimθe−inθ dθ =

∫ 2π

0
ei(m−n)θ dθ =

ei(m−n)θ

i(m− n)
|2π0 =

ei(m−n)2π − 1
i(m− n)

= 0.

3. Write f(z) = u(x, y) + iv(x, y) and z(t) = x(t) + iy(t). Then we have,

w(t) = u(x(t), y(t)) + iv(x(t), y(t)).

So by the chain rule

d

dt
w(t) = (

d

dt
u(x(t), y(t))) + i(

d

dt
v(x(t), y(t)))

= (uxx′ + uyy
′) + i(vxx′ + vyy

′)
= (uxx′ − vxy′) + i(vxx′ + uxy

′) (by Cauchy-Riemann equations)
= (ux + ivx)(x′ + iy′)
= (ux + ivx) z′(t).

On the other hand, if f = u+ iv is analytic, then d
dzf = ux + ivx, so

d

dt
w(t) = f ′(z(t))z′(t).

4. (i) Let C1 be the line segment from 0 to 1, C2 be the line segment from 1 to i+ 1,
C3 the the line segment from i+ 1 to i, and C4 be the line segment from i to 0.
Then C1 is parametrized by z(t) = t, 0 ≤ t ≤ 1, z′(t) = 1, and∫

C1

f(z) dz =
∫ 1

0
πeπt dt = eπt|10 = eπ − 1.

C2 is parametrized by z(t) = 1 + it, 0 ≤ t ≤ 1, z′(t) = i, and∫
C2

f(z) dz =
∫ 1

0
πieπ−iπt dt = −eπ(1−it)|10 = eπ − eπ(1−i) = 2eπ.

C3 is parametrized by z(t) = (1− t) + i, 0 ≤ t ≤ 1, z′(t) = −1, and∫
C3

f(z) dz =
∫ 1

0
−πeπ(1−t−i) dt = eπ(1−t−i)|10 = e−πi − eπ(1−i) = eπ − 1.
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C4 is parametrized by z(t) = (1− t)i, 0 ≤ t ≤ 1, z′(t) = −i, and∫
C4

f(z) dz =
∫ 1

0
−iπeπ(−1+t)i dt = −eπ(−1+t)i|10 = e−πi − 1 = −2.

Thus∫
C
f(z) dz =

∫
C1

f(z) dz +
∫
C2

f(z) dz +
∫
C3

f(z) dz +
∫
C4

f(z) dz = 4eπ − 4.

(ii) Let C1 be the arc from −1− i to 0 along y = x3 and C2 the arc from 0 to 1 + i
along y = x3. Then C1 is parametrized by z1(t) = t+ it3, −1 ≤ t ≤ 0, and C2

is parametrized by z2(t) = t+ it3, 0 ≤ t ≤ 1. We have z′1(t) = z′2(t) = 1 + 3it2.∫
C1

f(z) dz =
∫
C1

1 dz =
∫ 0

−1
(1 + 3it2) dt = (t+ it3)|0−1 = 1 + i.

∫
C2

f(z) dz =
∫
C1

4y dz =
∫ 1

0
(1 + 3it2)4t3 dt = (t4 + i2t6)|10 = 1 + 2i.

So ∫
C
f dz = (1 + i) + (1 + 2i) = 2 + 3i.

(iii) Assume C is parametrized by z(t), a ≤ t ≤ b, z(a) = z1, z(b) = z2. Then∫
C

1 dz =
∫ b

a
z′(t) dt = z(t)|ba = z(b)− z(a) = z2 − z1.

(iv) We have z′(θ) = ieiθ, and

f(z(θ)) = e(−1+i)(ln1+iθ).

So∫
C
f(z) dz =

∫ 2π

0
ieiθe(−1+i)iθ dt =

∫ 2π

0
ie−θ dt = −ie−θ|2π0 = i(1− e−2π).
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