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1. Show that if A is a matrix, and p(x) is a polynomial such that p(A) = 0, the the
minimal polynomial of A divides p(x).

2. Let V be an n-dimensional vector space, and let T : V → V be a linear transfor-
mation. Show that the characteristic and minimal polynomials of T have the same
roots.

3. Let V be a finite dimensional vector space. Let W1, . . . ,Wk be subspaces of V and
let W = W1 + · · ·+Wk. Show that the following are equivalent:

(1) W1, . . . ,Wk are independent.
(2) For each j, 2 ≤ j ≤ k, we have

Wj ∩ (W1 + · · ·+Wj−1) = 0.

(3) If Bi is an ordered basis for Wi, then B = (B1, . . . ,Bk) is an ordered basis for
W .

(4) dimV = dimW1 + . . . dimWk.

4. (The Gram-Schmidt Process) Let V be an inner product space, and let β1, . . . , βm

be linearly independent vectors in V . Show that there are orthogonal vectors α1, . . . , αm

in V such that
Span{α1, . . . , αj} = Span{β1, . . . , βj}

for every 1 ≤ j ≤ m.

5. Show that if V is a finite dimensional inner space, and if W is a subspace of V ,

V = W ⊕W⊥.
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