
Analysis I, Fall 2017

Solutions to Problem Set 2

1. We have lim supn→∞ |an|
1
n = 1

R1
and lim supn→∞ |bn|

1
n = 1

R2
. For every ε > 0

there is N such that if n ≥ N , |an|
1
n < 1

R1
+ ε and |bn|

1
n < 1

R2
+ ε. So for every n ≥ N

|anbn|
1
n ≤ 1

R1R2
+ ε(

1

R1
+

1

R2
) + ε2.

Therefore lim supn→∞ |anbn|
1
n ≤ 1

R1R2
.

2. Let w = z
1+z , and an = 1√

n
. Then since lim an = 0 and an is non-increasing, by

a convergence test that we proved in class, the series is convergence if |w| ≤ 1 and
w 6= 1, and obviously if |w| > 1 or w = 1, the series is divergent since the limit of the
terms is not zero. But w cannot be equal to 1, so the series is convergent whenever
| z1+z | ≤ 1. That is |z|2 ≤ |1+z|2. Let z = x+ iy, then we want x2+y2 ≤ (x+1)2+y2.

This holds when x ≥ −1
2 .

4. Let fk(z) =
∑k

n=0 anz
n. To show the statement it is enough to show that for

every ε > 0, there is N such that for every k > m ≥ N and every z with |z| ≤ 1 and
|z − 1| ≥ δ,

|fk(z)− fm(z)| = |
k∑

n=m+1

anz
n| < ε.

Let Bk = 1 + z + · · ·+ zk and M = 2
δ . We have |Bk| ≤

∑k
n=0 |zn| =

1−|z|k+1

1−|z| ≤M for
every k ≥ 0. On the other hand, using summation by part we get

k∑
n=m+1

anz
n =

k−1∑
n=m+1

Bn(an − an+1)− am+1Bm + akBk.

Since limn→∞ an = 0, there is N such that for every k ≥ N , |an| < ε
2M , so

|
k∑

n=m+1

anz
n| ≤M(am+1 − ak) + am+1M + akM = 2am+1M < ε.
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5. The image is the strip {z | − π
2 < Im z < π

2 }.

7. (a) Note that if A and B are such that a0 = A+B and a1 = Aα1 +Bα2, then by
induction, for every n ≥ 2: an = an−1 + an−2 = Aαn−11 +Bαn−12 +Aαn−21 +Bαn−22 =
Aαn−21 (α1+1)+Bαn−22 (α2+1). But α1+1 = α2

1 and α2+1 = α2
2, so an = Aαn1 +Bαn2 .

So it is enough to find A and B such that

A+B = 1

and
Aα1 +Bα2 = 1

which has a unique solution.

(b) Let α1 = 1−
√
5

2 and α2 = 1+
√
5

2 . Then

|an| = |Aαn1 +Bαn2 | = |B| |α2|n |
A

B
(
α1

α2
)n + 1|.

But |α1
α2
| < 1, so limn→∞ |an|

1
n = |a2|, so the radius of convergence is 1

α2
.

(c) If |z| < 1
α2

, then

∞∑
n=1

anz
n = A

∞∑
n=1

(α1z)
n +B

∞∑
n=1

(α2z)
n.

and both geometric series on the right hand side are convergent (since |α1z| < |α2z| <
1.) The first one converges to 1

1−α1z
and the second one converges to 1

1−α2z
. Therefore

the
∑
anz

n converges to

A

1− α1z
+

B

1− α2z
=

(A+B)− z(Aα2 +Bα1)

1− (α1 + α2)z + α1α2z2
=

1

1− z − z2

since α1 +α2 = 1, α1α2 = −1, A+B = a0 = 1, and Aα2 +Bα1 = (A+B)(α1 +α2)−
Aα1 = Bα2 = 1− a1 = 0.
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