Complex Analysis, Fall 2017

Solutions to Problem Set 7

1. We have proved the statement for automorphisms f such that f(i) = i. Assume
now f(i) = zp. It is enough to show that there is a matrix M € SLo(R) such that
fav(z0) = i, since this gives fyr o f(i) = ¢, and therefore fy; o f = fn for some
N € SLy(R), so f = f]\_Jl ofn = fu-1n-

Now note that if 29 = a + b, and
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then fp(ib) =1i., s0 fpa(z0) =i and B, A € SLa(R).

2. For |z| > 1, we have
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3. (a) Let ¢, = Res,—,(f), and let R be sufficiently large so that |z;| < R for all j.
Then residue formula gives
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(b) Let R be large enough so that all the poles of f(z) are outside the circle
2| = R, and so f(1) is holomorphic on {z : 0 < |2| < £} Then the residue theorem

for g(2) == 27 f(L) gives:
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4. We let a = f(0) and g = 1), o f, where 1, € Aut(D)

Then we can apply Schwarz lemma to g(z) since g(0) = 0.

5. Let g(z) = f~1(if(2)). The

if'(2)
FIFHif (=)
(f is conformal everywhere, so f~! is holomorphic and (f~!)'(w) = W by the
chain rule.) Since f(0) = 0 and f is injective, f~1(0) = 0 which implies that g(0) = 0.
Also, ¢'(0) = lf,((g)) =1, so since |¢'(0)| = 1, Schwarz lemma gives g(z) = ¢'(0)z = iz,
and so f(iz) =if(z).

g'(z) =




