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614  Chapter 10 Vectors and the Geometry of Space
19. (a} x=3 (b) y=-1 (€) z=-2
20. (a) x=3 by y=—1I ) z=2
21. (@) z=1 (b) x=3 © y=-1
22, (&) X*+y*=4,2=0 ) y¥+22=4,x=0 € X24+22=4,y=0
23, (a) X2+ (-2 =4,2=0 by (y—2P+2=4,x=0 € x2+22=4,y=2
24, (a) (x+3)P+(y—4r=1lz=1 b) y—M+E—-1P=1x=-3
() x+3P2+Ez—-1P=1y=4
25. (a) y=3,z=—1 S ) x=lz=—1 (€ x=1,y=>3
26, /X2 +y 4+ =X+ (y-20+2 = x2+y2+z2.=x2+(y_—2)2—|—22 = y=y—dy+d = y=1
27. x2+y 422 =25,2=3=x>+y?> = 16in theplane z = 3
28 X24+y 41l =d4and P4y +z+ 1P =4 = P+yY+ -1 =C+y+(z+1)? = 2=0,2+y?* =3
29. 0<z<1 30. 0<x<2,0<y<2,0<2<2
31. 2<0 ' 2. 2= TR\
33. () (x=D*+@y-12+@E-1P<l M x—1D2+y—-12+@Ez-12>1
34, 1<x®+y?+22<4
35, PPyl = /B - P+ (31 + (01 = /5 =3
36. [PiPa| = /2 + 1)+ (5— 1P+ (057 = /50 =52
37 [PiPa| = /(4= 1 + (-2 47 + (1= 5) = /2 =7
38. PPl = /(2— 37 + 3-4P+(@-5=3
39. |PyPo = /@ =0+ (<2 - 0P +(-2- 0P =/3-4=2//3
40. |P,Pg|=\/(0—5)2+(0-3)2+(0+2)2=\/2E
41. center (~2,0,2), radius 2+/2 42. center (~},— 1, - 1), radius Y21
43, center (\/5, V2, —\/5) , radius /2 44, center (0, — 1, 1), radius @
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Section 10.2 Vectors 615
x-1P+@y -2+ (-3 =14 46. X2+ (y+ 1)+ (-5 =4
x+2P+y* +22=3 48. T +(y+ P +2 =49

+y + P +dx—dz=0= (X +dx+4)+y 4+ (2 —dzr4) =444
= (x+2P7+y—-0P+@Ez-27= (\/EY = the center is at (~2, 0,2) and the radius is \/E

XAy 42 -06y+82=0= X+ (Y -6y +9)+ (22 +82+16)=9+16 = x—-0P+(y—+@z+4* =5
= the center is at (0, 3, —4) and the radius is 5

14

2%+ 2y 28 x+y+z=9 = P+ ixty

+
a 2 2
= (CHix+ g+ (P Hlyr ) Erizr k) =3+ E = D D D= (2F)

+,— 1) and the radius is ay3

= the centerisat (— §, — 3, — 1

W3y +3P Yy —22=9 = P +yi+iy+r—32=3 = 4+ (YP+Iy+ P+ (P -2z+))=3+1

2
= x—0P+(y+ %)2 +(z— %)2 = (‘/35) = the center is at (0, — 1, 1) and the radius is @

oy

(a) the distance between (x,y,z) and (x,0,0) is 1/y2 + 22
(b} the distance between (x, y, 2} and (0, y, 0) is /% + 22
(c) the distance between (x,y, z} and (0,0, 2) is 1/x2 + y?

(a) the distance between (x,y,z} and (x,y,0)is z
(b) the distance between (x,y, z} and (0, y, z) is x
{c) the distance between (x,y,z) and (x,0,z)is y

5. |AB] = /(1 — (1) + (-1 =2 + (3= 1) = A+ 014 = /17

BC = /G~ P4 (4= (1) +5-37 = /AT B +d= VB

CA = /(=1 =3 + (2= 4+ (1 =5) = /I6+ 4+ 16= /36 = 6

Thus the perimeter of trinngle ABC is /174 /33 + 6.

PA| = /2= 3P + (1= 1+ (3-2 = T+ 1= 6
p

PB| = /(4 =3+ @3~ 12+ (1-2 = /TFd+1=
Thus P is equidistant from A and B.

10.2 VECTORS

1.

3

a) (3(3).3(-2)) = (9. ~6) 2. (@ (—2(-2),-2(5)) = (4, —10)
B /92 + (-6 =/117=3/13 (b) /42 + (=10)* = /116 = 2,/29
(@ (3+(-2),-2+5)={(1,3) 4. (m) (3—-(-2),-2-5)=(5-7)

® V12437 =+/10 B 3+ (-7 =72
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(ay 2u={2(3),2(-2)) = (6, ~4) 6. (1) —2u=(-2(3), -2(-2)) = (—6,4)
3v = (3(-2),3(5)) = (-6, 15) 5v = (5(=2), 5(5)) = (—10, 25)
2u—3v=(6-(—4),—4—15) = (12, -19) —2u+5v = (—6 + (—10), 4 +25) = (—16,29)

(b) /122 + (—=19)? = /505 By /(—16)* +292 = /1097

@ o= (36.3-2)=(3-%) B @ —fu= (4@ ~4-2) = (-4 8)
b= (3-2.4) = (-3.4) Bv= (B2, B = (-3, 8)
frdv=(3+(-9).-§+4)= (4. 4) = (-5 (H). 8+ 8)= (2.8

© @+ () =5 o) (=3 () = S

(2-1,-1-3) = (1,-4) 10. (22 —0, =52 - 0) = (-1,1)

. {0-2,0-3)=({-2,-3)
AB=(2-1,0—(-1))=(1,1), CD = (-2~ (—1),2-3) = (1, -1), AB+CD = (0, 0)
<cos Z, sin 23—'> = <—%, 32£> 14, <cos (—3£), sin (——%’5)> = <—71,_7, —715>

This is the unit vector which makes an angle of 120° 4 90° = 210° with the positive x-axis;
(cus 210°, sin 2]0°) = <__q\/.§"_., ._%>

(cos 135°,sin 135°) = (-3, 35 )

PiPy = (2—5)i+ (9—T)j+ (—2— (~1))k = —~3i+2j~ k

L

—

PPy = (=3 — 1)i+ (0— 2)j + (5 — O)k = —4i — 2j + 5k

AB = (-10— (-7))}i+ (8 — (=8))j+ (1 — Nk = —3i+ 16

AB=(—1—1)i+{@~0)j+(5-3)k=—2i+4j+2%

S Su—v=5(1,1,-1)—(2,0,3) = (5,5, -5) — (2,0,3) =(5-2,5-0,-5-3) = (3,5, -8) = 3i + 5§ — 8k

—2u+3v=-2(-1,0,2) +3(}, [, 1} = (2,0, -4 + (3,3,3} = (5,3, - 1) =5i +3j -k

i
B
2%
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23. The vector v is horizontal and | in. long. The vectors w and w are 1 in. long. w is vertical and u makes a 45° angle with

Iﬁ
the horizontal. All vectors must be drawn to scale.

i (a)

v (b

utv+w

§ u Nty w
: u

© . @ [ ‘

24. The angle between the vectors is 120° and vector u is horizontal, They are all | in. long. Draw to scale,

(a) (b)

é‘
i
2
§
:

u-—-v+w =

(c) {d}

1t

n+v+w==0
25. length = |2i +j — 2k| = /22 + 12 + (=2)? = 3, the direction is §i-+ §j~ 3k = 2i+j— 2k =3 (3i+1j- $ k)

26. length = |9i — 2j + 6k} = /Bl + 4+ 36 =11, thedlrectlonlbﬁl -lsz—I-lﬁ—lk = 9i—2j+6k
=11 (Fi-Fi+5k)

27. length = |5k| = /25 = 5, the direction is k = 5k = 5(k)

28. length = |3i4 £k| = (/5 + 3 = I, the direction is 2§+ #k = Ji+3ik=1(i+ 1K)
29. length Ilﬁl— Iﬁj 6 I 713) \/:, the direction is 7—1 7—_} Tk

. : — l
=‘,>751 =] ﬁlc 5 31 3'_] )
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30. length = 7'5i+713j—1—713kl= 3(:}3—)_=1,[hedirecﬁonis§§i+7'3j+71§k
s s 1 _ s 4 s, 1
- Ji+ i+ k=1 (gt i+ gk

3L (a) 2i (b) —/3k € +j+ik (d) 6i—2j+3k
32 @ 7] (b) ~22i- 22 © }i-ii-k @) i+ Ik

33, v = /122452 = /169 = 13; M= 11 V=13 (12i—5k) = the desired vector is & (12i — 5k)

34 v = 4+ +4 {,ﬁ 'ai—7'~' 7]—k=>thed651redveclorls—3(7]-' Vlij_vlik)
= ~/3i+v/3j+ 3k

35 (a) 3i+4j—5k=3 (53 i '—7151{) = the direction is 531+ 335 j — J3k
(b) the midpoint is (1,3, 2)

36. (a) 3i—6j+2k=7(%i—%j+%k) = thedirectionis%i—%j-i-%k
(b) the midpointis (§,1,6)

37 @ —i-j-k=3(-Ji- pi—dk) = the direction is — i — 2 j — ok
(b) the midpointis (3, 1,8}

38 @ 2-2~2%k=2y3 (i drj— k) = thedirectionis Lri— J2j— ok
(b) the midpoint is (1,—1,—1) .

39, EB:(S-—a}i-f-(l—b)j+(3—c)k=i+4j—2k = 5—~a=1],1-b=4,and3~c=-2 = a=4,b=—-3,and
c=235 =+ Aisthe point (4, -3, 5)

40. A—]§=(a-|—2)i+(b—i-3)j+(c—6)k=——7i+3j-|—8k = a+2=-7b4+3=3andc—6=8 = a=-9,b=0,
and c = 14 = B is the point (—9,0, 14)

41, Zitj=a+j)+bli~-j)=(a+bli+(a—b)j = a+b=2anda~b=1= 22a=3 = a=%and
b-—a—'l-—a

42 i—-2=a2i+3j)+bli+j)=(a+bli+GBa+h)j = 2a+b=1andIa+b=-2 = a=-3 and
b=1-2a=7 = uy=aRi+3))=—6i—9jandus =b{i+j)=7i+7j

43. If |x| is the magnitude of the x-component, then cos 30° = Ti%l = [x| = |F| cos 30° = (1) (%) =530

= Ty, =5v/3i;

if |y| ts the magnitude of the y-component, then sin 30° = % = |y| = |F| sin30° = (10) (§) = 51b = Fy =5j.
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—(19)( )-—6\/_113

If |] is the magnitude of the x-component, then cos 45° = f—;:— = |x|=

=F, = —6\/5 i (the negalive sign is indicated by the diagram)

if |y| is the magnitude of the y-component, then sin 45° = %' = |y| = |F| sin 45° = (12) (%) =6v/21b

= F, = —6+/2j (the negative sign is indicated by the diagram)

. 25° west of north is 90° +25° = 115° north of east. 800(cos 155°, sin 115“) = (—338.095, 725.046)

. 10° east of south is 270° + 10° = 280° "north” of east. 600(cos 280°, sin 280°) ~= (104.189,—590.885)
. (a) The tree is located at the tip of the vector 615 = (5 cos 60"} + (3 sin 60°)j = %i-}- 53 5 i=P= (-g—, %)
(b} The telephone pole is located at the point Q, which is the tip of the vector op + PQ
= (3i+235)) + (10cos 3159 + (10sin 3159 = (§+ 52 i+ (3 - 152}
- Q= (5+l2[)\/:’ :\/'—210\/'.') ]
Lett= p_}ﬁ and s = T —2_ Choose T on OP; so that TQ is
parallel to OPa, so that ATP,Q is similar to AOP,Pa, Then

s
% —t= 0T = tOP; sothat T = (tx, ty, tz).

Also, |g§§| =5 = ’ITQ = 50“53 = s(xa, Y2, 22).
Letting Q = (x, v, z), we have that

TQ = (x—txi,y —tyn, z—t2)) = s{xa, y2. z2)
Thus x =tX) +8%X3,y =1y - 5ys, 2 =12 - 573,
(Mote that if Q is the midpoint, then E =landt=s=1

sothatx =35+ xp =2t y = y‘ S 7= BFE go that this result agress with the midpoint formula.)

(a) the midpointof ABisM (Z,3,0) and CM = (3 — 1}i+ (- 1)j+(0 -3k =3i+3j-3k
(b} the desired vector is (%) CM = % (%i-l— %j - 3k) =ji+j—2k
(c) the vecior whose sum is the vector from the origin to C and the result of part {b) will terminate

at the center of mass = the terminal point of (i + j -+ 3k) + (i + j — 2k) = 2i + 2j + k is the point
(2,2, 1), which is the location of the center of mass

ThemidpmntofABlsM(.,, 0,3) and( )(ﬁ\:/l-_ 3 [(l—l- l)i—'—(D—"»‘)j—'-(-:'--i-])k] =%(%i—2j+%k)
2§+ 1 k. The terminal pointof (3i—$j+ 1K) +0C = Gi-3ji+iK) +(-i+2j-k
i+3j+ ;‘ k is the point (3, 3, 3) which is the location of the intersection of the medians.

It
ldllq \ﬂlUt

Without loss of generality we identify the vertices of the quadrilateral such that A{0, 0, 1}, B(xy, 0,0),
C(Xc, ¥e, 0) and D(xg, y4,24) = the midpoint of AB is Mag (2,0,0), the midpoint of BC is
Mgc (24, %,0), the midpoint of CD is Mep (3%, 228 23 and the midpoint of AD is
Ay, RC A
Map (%,%,%) = the midpoint of MasMcp is (_2_*'_,,._.2_._. et %‘) which is the same as the midpoint

IptRe , Ry

of MapMgc = ( e ’i»—}ﬂ-’il)

619
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52. Let'Vq, Vs, Vi, ..., V, be the vertices of a regular n-sided polygon and v; denole the vector from the center 1o

BRIy

Vifori=1,2,3,...,n If § = 3" v; and the polygon is rotated through an angle of %‘—’ wherei=1,2,3,...,m,

then $ would remain the same. Since the vector 8 does not change with these rotations we conclude that § = 0.

53, Without loss of generality we can coordinatize the vertices of the triangle such that A(0, 0), B(b, 0) and
Clxe,ye) = aislacated at (232 %) bisat (%, %) andcisat (3,0). Therefore, An = (5 +&)i+ (%),
— o . N —+ b . . — — — B
Bb=(%-b)i+(%)i,andCc = (8 —x)i+(—y)i = Aa +Bb +Cc =0.

54. Letu be any unit vector in the plane. If u is positioned so that its initial paint is at the origin and terminal point is at (x, y),

then u makes an angle # with i, measured in the counter-clockwise direction. Since |u| = 1, we have that x = cos ¢ and
y = sin #. Thus n = cos @ i + sin @ j. Since u was assumed to be any unit vector in the plane, this holds for every unit

N
X
4

vector in the plane. :

10.3 THE DOT PRODUCT

NOTE: InExercises 1-8 below we calculate proj, w as the vector ('“ ;?5 9) v, so the scalar multiplier of v is the number in

column 5 divided by the number in column 2.

v-u || |u| cos § fu| cos @ proj, u d

1. —25 5 5 -1 -5 —2i +4j — /5k

2. 3 1 13 i 3 3(2i+ 1K)

5 1 5 110 4 11

3. 25 15 5 1 : L(10i + 115 — 2K)
4. 13 15 3 8 2 25 (20 + 10§ — 11k)

L (5 —3K)

Ln
™
%
I
S
w
19
ul
&
wte
&

Lol i)

o
e
[}
o
Ln|w
M /‘...""-.
ol
b3
-
w
—
SIRRCURE

— a1 {1 Y = apeel )1+ (1)) + [0)=1) — o=l (—2 Y — aps—?
9. f=cos (su&m) cos (23+12+02m) cos (7373) cos

A -
7. 10+ V17 26 V21 7—-‘“+5f T—"“f “’*f(swj)
8 1 20 V30 1

10. § = cos™! ( ..l.vg) — cos-! ( (ZHR) + (= 2N + (1)) ) — cos~! ( gmﬁ) = cos—! (%) = 0.84 rad

VEF (DL 1 I 0 1 82

(\/5)(\/5)+t;7)(1)+(0)(—2) e (3
\/(ﬁ)uﬂ—n’*w”\/(\/5)2+(1)'—’+(—2)'-' . ( E)

e RN i T T LT T
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f§ = cos™! ( iy ) = cos™ (= ]H'(‘/;) ( )“’ — cos-! ( _i )
\/m+ +(~v3) TR

AB = (3,1), BC = (~1,-3), and AC = (2, ~2). BA = (=3, 1), CB = (1,3), CA = (-2, 2)
|AB =|BI& =\/T6,|1§"’|:‘CB|=\/E, AC|=|CA|=2v2

Angle at A = cos™ (|%i"i%l) = cos™! (%—(‘—2%) =cos™! ( 15) Rz 63.435°

th

=cos~! (W) = CO5~ (%) = 53.130°, and
JENLIA) ) o ( ! )  63.435°
(V)27 v

AC = (2,4) and BD = (4,-2). AC -B ) = 2(4) + 4(~2) = 0, 50 the angle measures are all 90°.

\‘ _ _ v _ b _ kv __ ¢
- (@) eos =g = gy, €05 B = grRy = 570 008 7 = gy = oy and
a2 a9 2
2 2 2 (2 by ey — atebie Bl
cos” o5’ B+ ooy = () + () + (|v| IR iU
®) |v|=1 = cosa==acosf= ﬁ =band cos 7 = ; = c are the direction cosines of v

u = 10i + 2k is parallel to the pipe in the north direction and v = 10j + k is parallel to the pipe in the east

direction. The angle between the two pipes is # = cos™! (ﬁ) = cos ! (m) /= 1.55 rad = 88.88%,

The sum of two vectors of equal length is always orthogonal to their difference, as we can see from the equation
(Vi ve)-(Vi—Va) = V1 -V +Vp- Vi = V1-Va—Va-Va= w1}’ — v " = 0

621

CA -CB =(—v+(-u) - (—v+w)=v-v—v-ut+u-v—u-u=|v]® - |u|* = 0 because |u| = |v| since both equal

the radius of the circle. Therefore, C‘_A and (—Z'-ﬁ are orthogonal,

Let u and v be the sides of a rhombus = the diagonalsared; =u -+ vanddy = —u 4+ v

= d-dy=(u+Vv)-(—u+v)=—-u-vtu-v—v-u+v-v=|v|* — [u]? = 0 because |u| = |v|, since a rhombus

has Lqual sndes.

. Suppose the diagonals of a rectangle are perpendicular, and let u and v be the sides of a rectangle = the diagonals are

d; =u+vand d; = —u+v. Since the diagonals are perpendicular we have d; -ds =0
& @+v)-(—u+v)=-—u-utu-v—v-u4+v-v=0 4 v = |u’=0% (v +|u)(

- lul) =

< (vl + |u]) = 0 which is not possible, or (|v] — Ju}} = 0 which is equivalent to |v| = |u| = the rectangle is a square.

Clearly the diagonals of a rectangle are equal in length. What is not as obvious is the statement that equal diagonals
happen only in a rectangle. We show this is true by letting the adjacent sides of a parallelogram be the vectors

(vai + vaj} and (uii+ usj). The equal diagonals of the parallelogram are d; = (vii + vaj) + (11 -+ usj) and

dy = (vii + vaj) — (i + wf). Hence jdy| = [da| = [(v1i + voj} + (wi + uaj)| = [(v1i + vaj) — (uii + uaj)

= |(V1 +upi + (va + ui| = [(vi — i+ (ve — uadi| = Vvl + (Ve ue)? = v — )2 F (Vg - ug)

= vi+2viug + U] 4+ v+ 2veus +ud = vE— 2viug +Fud v = 2vets 0l = 2(viuy + vall)
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23.

25.

26.

27.

28.

20,

30,

31.

. If [u| = |v| and u + v is the indicated diagonal, then (u +v) e =w-u+v-u=u>* +v-u=u-v+|v*

Section 18-

= —2(viuy 4 Vatlz) = ViUy -+ Vals = 0 = (vqi+ va]) - (011 + uaf) = 0 = the vectors (vyi + vaj) and (u;i -+ uaj)
are perpendicular and the parallelogram must be a rectangle,

(u+v)-u
fo-+v] [u]

=u-v+v-v=(u+Vv) v = the angle cos™! ( ) between the diagonal and u and the angle

cos™! (f::vnv;) between the diagonal and v are equal because the inverse cosine function is one-to-one.

Therefore, the diagonal bisects the angle between w and v.

horizontal component: 1200 cos(8°) ~ 1188 fi/s; vertical component: 1200 sin(8°) = 167 fifs

[w|cos(33® — 15°) = 2.51b, s0 |w] = 22L& Then w = 232 (cos 337, sin 33°) = (2.205, 1.432)

(a) Since lcos 8] < 1, we have ju - v| = |ua] |v| |cos 8] < |u| |v[ (1) = |u| |v|.

(b} We have equality precisely when |cos #| = 1 or when one or both of u and v is 0. In the case of nonzero
vectors, we have equality when 8 = 0 or 7, i.e., when the veciors are parallel.

(xi +yj) - v=|xi+yjf |v]cos # < Owhen § <8 < 7. This
means (x, y) has to be a point whose position vector makes
an angle with v that is a right angle or bigger.

v-u; = (an; + bus) - By = auy - wy + bug - ug =El|l.l]|2+b(l12‘l.l])23(1)2+b(0):a

No, vineed not equal vo. For example,i+jZi-+2jbuti-{i+jj=i-i+i-j=1+0=1and
i-i-+2P=1-i+2i-j=1+2-0=1,

P(x1,y1) =P (xl, P %xl) and Q(Xz,y2) = Q (xz,ﬁ- - %xz) are any two points F and Q on the line with b #£ 0

- —
= PQ = (xa —~x)i+ 2 (X1 —x2)j = PQ - v=[(x2 = x1)i+ § (x; — x2)j] - (@i + bj) = a(xa — x7) + b (&) (x; — x)
=0 = v is perpendicular to P—é forb £ 0. Ifb =0, then v = ai is perpendicular to the vertical line ax = c.

4
T
i
al

T

Alternatively, the slope of vis % and the slope of the line ax + by = c is — ¢, so the slopes are negative reciprocals

= the vector v and the line are perpendicular.

The slope of v is % and the slope of bx — ay =c is %, provided that a 3£ 0. If a = 0, then v = bj is parallel to

the vertical line bx = c. In either case, the vector v is parallel to the line ax — by = c.

v = i+ 2j is perpendicular to ithe line x -+ 2y =¢;
P(2,1)ontheline = 2+2=c¢c = x+2y=4

. ]+3}

,

T+2ped
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i §j k
B uxv= % —1% ; =-2i-2j+2k = length =2 33ndthcdirecﬁonis—7]§i—7'§j+ ]311
VXu=—(uxv)=~(-2i~2j+2k) = length =2 3 and the direction is ]3i+7'§-j— lqk
ij k i j k
9. uxv=|1 0 0|=Kk 0. uxv=|1 0 —j =ik
01 0 01 0
z 4
b
ixk=k
I - —>y Q
| I y
i §J k i j k
1. axvyv=y1 0 -1 =i—j+k 12Z.uxv=|2 -1 0|=5k
01 1 1 2 0
:.. 4
L i+k
I-j+k ;I 45K
! I
i -—>y
!
11 X |+2]
ok

v
I >y
/” 1-1 +j ,d,
A
2f -k
— —t J k — —
15. (@ PQxPR=|1 1 -3|=8i+4j+4k = Area=1|PQ x P [:%\/64+16+16=2\/5
-1 3 -1
ﬁaxﬁﬁ 1

0.4



16.

17.

18.

9.

20.

21.

3
L3

Section 10.4 The Cross Product

) i j k — .
(@) POXPR=|1 0 2|=4i+4j-2k = Area=1|PQ xPR|=.‘,:\/16+16+4=3
2 -2 0
_ 3 POx<PR _ 41 i_
(b) 0=~ T3 TA-D
. i j k - /3
@ POXPR=|1 1 I|=—i+j= Ara=} PQxPR‘z% T+1=4
110
_ POXPR __ oy — Lo 3
(b)u—-‘_.:|P_.xP_.|—i s (Fi+ =+ 0-10)
o | ik .
@ POXPR=|2 —1 —1|=2i+3j+k = Area=1|PQ XPR|=%\/4+9+1=TM
[ 2

0
(b) u= x fOxPR _ o Qi+3+ k)

a1 de ag
Ifu = a;i+ 00§ + agk, v = byi + baj + byk, and w = ¢cqi + caj + cyk, thenu - (v x w) = by ba= bal,
C; Cq Ca
by bha by C; Cz Cy
v-{wxu)=|c; c©1 cy|andw.-(uxv)=|12 as ay| which all have the same value, since the
a; a» dy b1 bg b3
interchanging of two pair of rows in a determinant does not change its value = the volume is
200
[(uxv)-w|=absj0 2 0|=8
00 2
1 -1 1
flax v)-w|= abs| 2 1 —2| = 4 (for details about verification, see Exercise 19)
-1 2 -1
2 1 0
[(uxv)-wl= abs |2 -1 1|=|-7|=7 (for details about verification, see Exercise 19)
1 0 2
1 1 -2
. Juxv)-w|=abs|—1 0 ~1|=8 (lor details about verification, see Exercise %)
2 4 -2
(@ u-v=-bu-w=—8l,v-w=18 = none
i j k i i k i j k
M) uxv={5 =1 1 |#Z0uxw=|35 -1 1|=0vxw=|0 1 -5|#0
0 1 -5 -15 3 =3 -15 3 -3

= u and w are parallel

@ u-v=0uxw=0u-r=-3r,v-w=0v-r=0,w-r=0=ulvuolwviwvlr

andw Lr

627
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628  Chapter 10 Vectors and the Geometry of Space
i k i j k i J k
Muxv=11 2 —1l#0uxw=[1 2 —]|#0uxr=] I 2 —1[=0
-1 1 1 10 1 -3 -7 3
i j k i ik i i k
vxw=|-1 1 1l#bvyxr=[{—-1 1 1|2£0wxr=] | 0 1([#0
1 01 -5 -7 I -3 -x I
= uwand r are parallel
25. Iﬁ(:’g xF’ = [156[ |F| sin (60°) = 2-30- 2 fi- 1b = 104/3 £t - Ib
26. ’P_é xF’ - ’P_é’ IF| sin(135%) = 2-30- 22 fi- b = 10v/2 ft - Ib
27. (a) true, ju}=+/af+a2 +a=,/u-u
{b) not always true,u-u = iulg
i j k i j k
(€) rug,ux0=la; as ay|=0i+0j+0k=0and Oxu=]0 0 0 =0i+0j+0k=0
0 0 0 _ a &y &g
i i k
(d) wue,ux (—w)=| a2, 29 ag | = (—asag+ asay)i ~ (—ajay -+ a183)j + (—ajas + ajas)k = 0
—d1 —as —ay
(e) notalwaystrue,ixj=k# —k= J x i for example
(f) true, distributive property of the cross product
g} rue,(uxv}-v=u-(vxvi=u-0=0
(h) true, the volume of a paralielpiped with u, v, and w along the three edgesis (u x v) - w = (VXW)-u=u-(vxw),
since the dot product is commuiative.
28, (a) trug,u-v= a1by -+ ashs - aghy = bya; + boas - bgaz=v-u
i j k i j k
(b) true,uxyv=|ay a3 ag|=—|b; by by|=~(vxu)
- by bs by 4 a3 ag
i i k i j k
© wve,(—u)Xxv=|—t; —ay —azg|=—|m as az3l=—(uxvy)
by by by by by by
(d) true, (cu) - v = (ca;)by + (caz)by + (caz)by = ai(chy) + as(chy) + as(chy) = u - (cv) = c(arby + agbs + agbs)
=c(u-v)
i j &k i j k i j k
(&) mug,cluxv)=cla; as a;|= cidr cap Cagl=(cu)xv= | g d2 a3 | =ux (cy)
b] bg b;] b] bg b Cb] Cbg Cb;]
(D tue,u-u=af+a;+a] = (y/af +al +af = u)®
(g troe,(xuw)-u=0-u=0
(h) tree,ux v iluanduxv.lvy = fuxvli-u=v-{(uxv)=0
29. (n) proj, u = (,—:‘ﬁ) v (b) +(uxv) © =((uxv)xw) (d) |(xv)-w
30. (a) (uxv)x{mxw
B @+v)x@-V)=@+v)Xu—-U4+V)XV=uXu+vXu—uxy—vyxy
=0+ vxu—uxv-—0=2vxu),orsimplyuxvy
© ful 5 (d) ju x w|
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19.

20.

21

22

23

24,

27.

28.

The direction PQ = ~2i + 2j — 2k and P(2,0,2) :
= x=2-2t,y=2,z=2—-3t,where 0 <t <1 pd

03

—
=
12
2

The directionlsa = —i+3j+ kand P(1,0,-1)
= x=1l—-ty=3z=—-1+t where0 <t < |

(1.0-1)

x—0)+ (=20y -2+ (—1)z+1)=0 = 3x—2y—-z= -3
Ax—-DN+ MY+ D+ MDz—3N=0= 3x+y+z=375

PQ=i—-j+3kPS =—i—-3j+2k = PQxPS =1 -1 3
-1 -3
= M=+ (5Ny -0+ {(-z-2)=0= Tx—-5y—4z2=6

= 7i — 5j — 4k is normal to the plane

%

— — — = i j k
PQ=—i+j+2kPS =-3i4+2j+3k = PQxPS =|—-1 1 2{=—i—3j+ kisnormal to the plane
-3 2 13

= (—1)(x—1)—%_-(—3)(y—5)+(1)(?‘—7)=0 = x+3y—-z=9

. a=i+3+4k PR A S = (-2} BNy~ )+ Bz-3)=0 = x+3y+42=34

on=i—2+kP(, -2, D=0 -D+(-Dy+2)+Bz—1)=0 = x—2y+z=6

_— — |'j —_— — -2 =
{x 2A+1=s+2 {21 s=1 = {4[ =2 = t=0ands=—1;thenz=4t+3=—4s—1

y=3t+2=25+4 3t—2s=2 31—25=2
= 4(0}+ 3 = (—4)(—1) — 1is satisfied = the lines do intersect when t =0 and s = —1 = the point of
intersection isx = 1,y = 2,and z =3 or P(1,2, 3). A vector normal to the plane determined by these lines is

i j k
mxm=(2 3 4 |=-20i+12j+ k, where ny and ny are directions of the lines = the plane
I 2 —4

containing the lines is represented by(—20)(x — 1)+ (12)(y — 2} +(1Xz -3 =0 = —-20x + 12y +z="T.

= =" 2 — g a1
{"“ boo=as+2 {‘ M= s=—landt=0Ojthenz=t-+1=5546 = 0+1=5—1)+6

y=—t+2= s+13 —t— s5=1
is satisfied = the lines do intersect whens = —1 and t = 0 = the point of intersectionis x =0,y =2 and z = |
i j &k
or P(0, 2,1). A vector normal to the plane determined by these linesismy xmp = |1 -1 1| = —6i — 3j -3k,
2 1 5

g i L

ﬁxr;‘:,‘.-'-.:.-,;-w--—‘-“-‘ R



30.

32.

33

34.

35,

36.

Section 10.5 Lines and Planes in Space

where ny and ns are directions of the lines = the plane conlaining the lines is represented by
(—8)x—0)+(-3)y—-D+P)(z—-1N=0= 6x+3y—-3z= 3.

The cross product of i + j — k and —4i -+ 2j — 2l has the same direction as the normal to the plane

i j k
= n=|1 1 =I|=6j+6k Selecta pointon either line, such as P(—1,2, 1). Since the lines are given
-4 2 =2

to intersect, the desired plane is O(x + 1)+ 6(y —2) + 6(z— 1) =0 = 6y +62=18 = y+z=3.

The cross product of i — 3j — k and i + j -+ k has the same direction as the normal to the plane
i jJ k
n=|1 —3 =1}=—2—2j+4k. Select a point on either line, such as P(0, 3, —2). Since the lines are
1 1 |
given to intersect, the desired plane is (—2)}(x — O+ N+ Ez+2)=0 = -x-2y+dz= —14
= x+y—2z=T7

the plane = (=2)(x — D+ (—12)y - 2) + (-2)z - N=0=-2%—12y —2z2=-32 = x+0y+z= 16 is the

desired plane

- i i k
S(0,0,12), P(0,0,0)and v=4i —2j+2k = PS xv=|0 0 12|=24i +48j = 24(i + 2j)
4 -2 2

PS :
= od= | x| et 74f \/5_9_ = 24/30 is the distance from S to the line

vl Vibrd+d
. i j Kk
S(0,0,0), P(5,5,—3)and v = 3i +4j — 5k = PS xv=|-5 =5 3 |=13i-16j—5k
3 4 -5
BSx T
= d= | |V|V| = \]/6‘-79:12:2;_5 = 7@ /9 = 3 is the distance from S Lo the line
ll;ngl

S(2,1,3),P(2,1,3) and v = 2i + 6 = PS xv=0 = d= =7”E=Ois the distance from § to the line

(i.e., the point S fies on the line)

. i j k
8(2,1,—1), PO, 1,0)and v=2i+2j+2k = PS xv=12 0 —1|=2i—6j+4k
2 2 2

P_S'x\’
= d= ' l — Y3 Is %T_; .'/ is the distance from S to the line

vl ViaHad

6

J

i j k
.mxXxne=|2 1 —1|=3i-3j+3kisa vector in the direction of the line of intersection of the planes
1 2 1 :
= 33— -H+3Hz+ 1) =0 = 3x-3y+32=0= x—-y+z= 0 is the desired plane containing
PU(Z: 11 _l)
— i ] k
A vector normal to the desired plane is PyPo xn= (2 0 -2|= —2i — 12j — 2k; choosing Py(1, 2, 3) as a point on
4 ~1 2

3



