Section 12.2 Limits and Continuity 693

lim(0 0 = lim_ Ll o 1k = different limits for different values of k, k # 0
(x, ) = &0, =
plong y == Kx”
k=0
)1 0,0) x._.":y = IimD ‘;. ka! = l—l—k = different limits for different values of k, k 5 |
(x,y AN X =
glong y = KX~
EF1
13, First consider the verlical line x = 0 = ( )llm{0 0) ;%%I = yhm(] {l]‘)(L-)l-:l— hmo 0=10. NUW consider any nonvertical
X y) — {0, -t y=

s,

¥ 46,

4T,

48.

49,

30.

alongx =0

throush {0, 0). The equation of any line through (0, 0) is of the form y = mx = fim f(x = lim 111:
gh {0, 0) q gh (0,0) y ey 0.0 (%, ¥) L=
alongy = mx uleng Yy = mx

BT ) _ s e _; 2 I . Xy _

= xlE-.nD m‘_f = _I'}Tl0 Py xlgnn m llmo g 0. Thus (x,y)]L[P(D’ 0) Ty =0.

nny line though (0, 0)
It Fis continuous at {xg, yo), then ) lmz ) f(x, y) must equal f(xy, yy) = 3. If f is not continuous at
Y Xm¥n

(Xn, Yo)» the limit could have any value different from 3, and need not even exist.

lm (1 - ‘—33’—) = | and lim =1 = lim tntxy by the Sandwich Theorem
{x,¥)—(0,0) (x,y) — (0,0} (ny)— (00 *
3 Ixyi - (";,L) . 'ixv—(-a")
Y20 Py T e o T g g BT E) =2
' A = i 2;if i w-(F) “29-(F)
o) P00 T = oy B0 2T IR <0 Mg T (vl (0,0
= )lim(o 0 (2+ %) =2and _lim vl o o lim dodeos JIOT o by the Sandwich Theorem
LY — W,

{xy)— (0,0) * (x.y) — (0,0) ol

The limit is 0 since |sin( N1 = —1<sin(i) <1 = —y<ysin(; 1) < yfory>0,and ~y > ysin (1) >y for
y < 0. Thus as (x,y) — {0,0), both —y and y approach 0 = y sm( ) — 0, by the Sandwich Theorem.

The limit is 0 since |cua(y)|<l = —1| <cos( )< | = —x<st(y) <xforx =0, 4nd—x>xms(y)2x

for x < 0. Thus as (x,y} — (0,0), both —x and x approach 0 = xcos (-y-) — (), by the Sandwich Theorem.

@ Yy = —]—3_"‘? = lﬁ_“l‘;‘ngﬂ = sin 26. The value of f{x, y} = sin 2¢ varies with &, which is the line's
angle of inclination.
{b) Since f(x, y)§y=m = sin 28 and since — | < sin 28 < | for every 6, ( )lim(0 0 i(x, y) varies from —1 to |
XYy — 4

along y = mx.

Iy (2 =y = |xy|1x-—yt<zx||ya|x-+y|—-\/—\/_|x-.y|<\/i-¢y VY X+

= (x* +y2)' = "”,fi‘;;-.?’" WY gty = - (P +yh) € BT < (4 )
= lim xy 5L =0h the Sandwich Theorem, since lim + (x2 + y?) = 0; thus, define
(x, y) (0,0) Y ey Y (x,y) = (0,0} 4 y)

£0,0) =
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51.

53.

54,

56.

517.

58.

59.

60,

61.

62.

64.

. lim
(x,¥) —(0,0)

Let§ =001 Since —1 <cosx <1 = 1<24+cosx<3 = } < 5

Flog r cos? # — (rcos B} (F sin® B) rleos'f—cos fsin's) _
(x, Y)hm(ﬂ gy *H¥ rIL D £ cas® 6+ r* sin* rlgnl] ! 0

. Ilim cos (—I-:Y—') = lim cos (MM) = lim cos [ LM] =cos0=
{x.¥) = (0,0) 0 r—0 '

X2+ ¥ r— ¥ cos* §4-1- sin*

{ )l'm(G 0 x”i:y'-' = rlim0 ’_Er‘f' d i lsmﬂ (sin® §) = sin” §; the limit does not exist since sin® # is between
X, ¥ -

0 and 1 depending on &

x o fim oo g 2eosd 20088 . pha Jimif does not exist forcos § = 0

{x,y) = (0,0) X" kXt Yy g Ftreosd T g rdcosf T cosf

tan™! [I:_Iijy:l:l = lim tan=1 I:Ircnsﬁi-i-]rsm HI] = lim tan™ [iri(lcos&l_—i-lsm HI)]
¥ r—=0 r r— 0 T

ifr — 0%, then ]n‘ré tan™ [lw—nwr':tﬁm—ﬂﬁ} = ]in{l)+ tan™! [w] = I;ifr — 07, then
T — =
1 (Icos 8] + |sin 6}

r—

= -r

lim_tan~ [M] )=g = the limitis

= lim_tan™
F— 0 G

T —

lim Yoy i Cesfordns o lim cosgﬁ—singﬂl = lim (cos 2#) which ranges between
(x,¥)—(0,0) ¥+¥ r—=0 r o( ) r-—:»(}( ) =

—1and 1 depending on § = the limit does not exist

lim In x'—x'y'-MX — lim In E\Fcns"'H--r*cus”fsin”ﬂ+3r’-'sin"’9
(xy) = (0,0) Xty =0 '

= lim 1n (3—rcos’fsin® @) =1n3 = definef(0,0)=1In3

L T (3rcos B) (*sin* &) __ 29 _
(x .y) (U 0y AP Jm = = Ilm0 3rcos f sin”f =0 = define f{0,0) =0

Let§ =01 Then /X2 +y2 <6 = /xX2+yE <0l =x*+y* <001 = |x*+y* - 0| < 0.01
= |f(x,y) — f(0,0)] < 0.0l = €.

Let § = 0.05. Then |x| < & and |y] < 6 = [f(x,y) —1(0,0)] = | gt ~ 0| = |47l S Iyl <003 =e

Let 6 = 0.005. Then [x| < &and |yl < § = [f(x,y) — [(0,0)] = |3 — 0 = |55 | < [x+yi < fx| + ||
< 0.005+ 0005 =001 =e.

<1 =;,M<|_ii'.&‘_]<|x+y|

‘7+x:|:u,x — — [ Z+cosx | —

< |x| + ly!. Then jx| < &and |y| <6 = [fix,y) —£(0,0)] = | 2L — 0| = | A5 < x|+ |y} < 0.01 + 0.01

14ensx Z4+cosx
=002 =¢

CLet & =+/0.015. Then /X2 +y2+ 2 <& = |f(x,y,2) — f(0,0,0)i = |x* + y* + 2* — 0] = |x® + y* + 2°]

- (m) < (\/O.OT)2 =0.015 = .

Let 6 = 0.2. Then [x| < 8, |y| <8 and |z{ < & = [{(x,y,2) — £(0,0,0)| = Jxyz — 0| = jxyz| = |x| |y| |2| < (0.2}
= 0.008 = e.




37.

39.

40.

41.

43,

Section 12.4 The Chain Rule

iz- gz ok, gz 9y . (y cos xy + sin y)(2u) + (X cos Xy + x cos y)(v)

~ ox i dy du
= [uv cos (u*v -+ uv?) + sin uv] (20) + [(u*—{—v ) cos (uv + uvd) + (u? + v?) cos uv] (v)
= g—ﬂu:”'v:l =04+ (cosO+cos O)1) =
Bz _ dz Bk _ {_3 _ 5 i _f_.3 _ 9.
a_ﬁ - ﬁ d_; - (l-!:*’xz) et = [l+(e"1—luv)3:| et = ﬁ]u:hl!.v:l - [I-:(I)'—‘] 2)=12
gz _ dz 9x _ (_35 1\ _ 3 1 iz _|_s -
-'c?% - ﬁ 13_:' - (l+x’-’) (V) - |:1+(e‘=+lnv)"'] (v) = Bv|u=ln1,v=| - [1.;..:3)2] (=1

b= 8 8- (3 (452) - (o) (59) = ey
TBw T dg T\ g T+u f v+3lnn"u T (lﬂﬂ"")(l-i-u)

iz 1 _ 2.8z iz g tan~!
= duiu 1v=— Sl D+ w7 ey dq av (q) (2:?‘,4.3)

tan~tu

— 1 .1 g_
- (;;v-e-}tnn"u) (2\/V+3) = ved v

ym—1 =1

— av 8y _ AV _ 8V dl 4 8V @R a5 7dR o
V=IR = ﬁ =Rad gz =L G5 =% qg+m & =Rat+l5% = —0.01 volisfsec
di

= (600 ohms) + (0.04 amps)(0.5 ohms/sec) = 3 = —0.00005 amps/sec

— . _ OV do , BY db 4 8V d de db d
V=ate = =0 0 +H S+ R 5=0)F +@)R+@)§
= | e = (2 m)(3 m)(1 m/sec) + (1 m}(3 m)(1 mysec) + (1 m)2 m)}—3 mfsec) = 3 m¥sec
and the volume is increasing; S = 2ab 4 2ac +2bc = E =8B & 4 gﬁ fﬁ’ +8 &
=20b+0) §+2at+o) R+2a+b)F = Fl
= 2(5 m)}(1 m/sec) + 2(4 m) | mfsec) < 2(3 m}—3 mfsec) = 0 m*/sec and the surface area is not changing;
Y SR dD _ A0 dy A0 db 4 AD de 1. d .
D=va+bi+c = F=5F+H% F+5% “&%“m( frbP Freq) = dt|u Bb=1,0=3
= (7———) [(1 m)(1 m/sec) + (2 m}(1 mfsec) + (3 m}—3 m/sec)] = 7— m/sec < 0 = the diagonals are

decreasing in length

Friak R R TR e OB JORE 1)=%—372v
%=%%+55%+%33=~(—1>7 (1>+df(0) +dv,and
g g fu oy 00y OO o By S+ &L (i):-g{+g; > E+d g =0
. (a) d‘” =f, dr—|—ly 5L = fy cos 8 + [y sin & and rJ“’—f,‘(—r:sirle)—i—f,,(rcost’;’) = %g—‘;z—f, sin # +f, cos @
{b) ?J.,“’ sin @ = [ sin @ cos 8 + [, sm*H.md(Fﬂj—B) %‘g-:—-f sianosE)—z—t’y cos®f

= f, = (sin ) & + + (Lo=2) 2 . then E'—tx cosf?—i— [(sin @) 22 4 (=22} 9] (5in ) = f; cos 0

— B — (i) B — (s020) 5 = (1 —sin?0) 9 — (2910) 5 = , = os ) Bt - (322) By

(5 = ) (B - (t5a8) (2 )+ (52 (3" e

(5)° = ") ()" + (1022 (B ) + (=52) ()

R TR RAE ST Rk BREAC RS

=G (G %%)H(a“’u,-?’vS—H%g—i)=‘-”—‘J+X(X%+y§f£’u +y (x s +y 5¥)
R R Al R R R RS Rt Rat
=>wyy=—%‘a-—y(3;‘fs;+§;;,s—;)+x(s’:;v% Zx &)

=By (v R ex ) rx -y B e xGe) = - 20yt G - 20y S+ B s thus

2

+y?) & Ow 4 (x4 y?) ‘Zv‘f = (%% + ¥?) (Wyy + Wyy) = 0, since wyy + wy, =0

707
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28,7 = By j o ,j 7 {(1,1) = i — j; a vector orthogonal to 7 fisv=1i+j

29. v

31.

33.

34.

35.

36.

. (a) O =23 = |Vf|—2\/_u_ =m=731+73j—715k;thusu=ﬁ

(¥ (x-+y ¥

f=(@x=3i+(3x+8y)j = wil,2)=—4i+13] = |7 (1,2)}=+/(—4P +(13)? = v/185; no, the
maximum rate of change is 4/ 185 < 14 :

L T=2i+@x—2j—-yk= vT(,-1,)==2i+j+k = |vT(],—],])[=\/(—2)2—:—19+19=\/6;n0,the

minimum rate of change is —\/6 > =3

v =G, DI+ (0, Djand m = —obls = Joit Zoj = 0,00,2)=£(1,2) (7‘-) +5(1,2) (;}-)
=?\/5 = (L2 +5(,2) =4 = —j = (D,0(1,2) = (1,20 + (1, 2(-1) = =3 = ~,{(1,2)=-3

—i—3j

£(1,2) =3 then £(1,2)+3 =4 = (1,2 = L thus ¢ {(1,2)=i+3endu= = =S
]

___71_' -7-J=?(Dﬂl Vf'“z_vl?._ﬁ:“:}g

i+j-k s, 1 val
= vi=|vilu= vi=2/3(ki+ - Jk) =2i+2j-2%
(b) v=i+j = u=p =Ml =it hj = Oh= v u=2(75)+2(7]5)—2(0)=?—\/5

The directional derivative is the scalar component. With <7 [evaluated at Py, the scalar component of 37 fin the
direction of uis 7 f-n = (D,

Dif= sz f-i=({i+j+ELk)-i={;similarly, Dif = g f-j=fiand D,f = ¢ f-k=1

IT (x, y) is a point on the line, then T(x, y) = (x — Xg)i + (¥ — yo)j is a vector parallel o the line = T-N=0
= A(x — xp) + B{y — yo) = 0, as claimed.

(a) V(kﬂ_.3“”:4—"”‘“,]-}-5“‘”1\ k( ) +k(%)j-§-k(a—.ﬁ_)k:k .."?.E.i.;."a_rj.i.gik)zkvf
(b) & (f+g)=2ra, ey, ofpy_ (3—£+§§)i+ %4-%5)};— (Si+s§)i

BB OB Sk Bk= (Lt L+ L)+ (Bt BiBR) = Vi e
(c) Z(—g)= s7T- 7 g (Substitute —g for g in part (b) above)
@) wife) =92+ 805+ FBk= (%g—:%,%f)w (g;g+gaf)1+ (ﬁ—ig+§§-f)k

¥
= (&e)i+(%r)i+ (Ze)i+(Br)i+ FEek+(Fr)k
= (gﬁi+%j+5§k)+g(m +-§§j+a—£lc)=ng+gvf
A6 a{y a{f 2] & o
(B) A\v3 (é) = () i+ gy)-]_!- gz) k= (a,,‘guf )l—i— (Em_ m).}'f‘ (ngu@)k
(gg,, L,’j;Hgﬁ—;k) (fg%wrﬂ;ﬁrggk) Cp(Eirggeny) (B Bi )

[ u - g
= B9l _ fgp _ gol—fve
& B g
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38.

44,

4],

42,

(v) For interior points of the region, fx(x,y} = (4 — 2x)cos y = O and fy(x,y) = — (4% — siny=0 = x=2
and y = 0, which is an interior critical point with f(2,0) = 4. Therefore the absolute maximum is 4 at

(2,0) and the absolute minimum is %ﬁ ai (3,- %), (3,5), (1,- 1), and (1,5) -

(i) OnOA, fx,y)=0,y})=2y+1lon0<y=1; y
f/(0,y) = 2 = no interior critical poimts; £(0,0) =1 {
and f(0,1) =3

(i) OnOB,f(x,y)=fx,0)=4x+1on0=x% I;
f'(x,0) = 4 = no interior critical points; {1,0) =3

i) On AB, f(x,y) = f(x,—x + 1) = Bx2 —6x+3on
0<x<Lif(x,—x+ 1) =16x—6=0 = x=1} ]
andy = 3;7(3, 3y = 3.1(0,1) =3, and f(1,0) = 5

(iv) For interior points of the triangular region, fo(x,y) =4 — 8y = Oand fy(x,y) = —8x + 2= 0

11

= y=iandx= 1 which is an interior critical point with f (,3) = 2. Therefore the absolute maximum is 5 at
3 3 p el

(1,0) and the absolute minimum is 1 at {0,0).

b
). LetF(a,b) = J; (6 —x — x%) dx where a < b. The boundary of the domain of F is the Tine a = b in the ab-plane, and

F(a, a) = 0, so F is ideatically O on the boundary of its domain. For interior critical points we have:

%=—»(6—a—a2)=0=>a=—3,23nd%=(6—b-—b2)=0 = b= —3,2. Since a < b, there is only one

interior critical point (—3,2) and F(—3,2) = f :3 (6 —x — x°} dx gives the area under the parabolay =6 —x — x® that is

above the x-axis. Therefore,a = —3andb=2.

Let F(a,b) = Lh(?.f-% —2x — x'-’)w dx where a < b, The boundary of the domain of F is the line a = b and on this line Fis
identically 0. For interior critical points we have: % =—(24-2a— 59)1/3 =0 = a=4,—6and

-S—E = (24 —2b— 132)1/3 =0 = b=4,—6. Sincea < b, there is only one critical point (—6,4) and

F(—6,4) = f _1(24 — 2x — x2) dx gives the area under the curve y = (24 — 2x — x2)"/% that is above the x-axis.
Therefore, a = —6and b = 4.

(&) folx,y)=2x—4y=~0and fo(x, ¥} =2y —4x = 0 = x=0andy=0; [x(0,0) = 2,1,,(0, 0} = 2,
fiy(0,0) = =4 = fxxlyy — ff=-12<0 = saddle point at (0, 0)
(b) fi(x,y) =2x—2=0and [y(x,y) = 2y—-4=0=x=landy=2, T(1,2) =2, (1, 2) =2,
fy(1,2) =0 = fxxlyy — 2 =4>0and fix >0 = local minimum at (1, 2)
&) filx,y)= 0x2 — 9 =0 and f(x,y}) =2y +-4 = 0= x=xlandy=—-2;u(l,-2) = ]8x|(1‘_2) =18,
fy(1,-2) =2, T(1,-2) =0 = Taxfyy — ffy =136 > 0and f,, >0 = local minimum at (1, —2);
’ D)

fox(—1, =2) = —18, fyy(—1, -2} =1, fiy(-1,-2)=0 = fudyy — Gy = —36 < 0 = saddle point at (=1,-2)

{(a) Minimum at (0, 0) since f{x,y) > 0 for all other (x,y)

(b) Maximum of 1 at (0, 0) since {{x, v} < 1 for ali other (X, ¥)

(c) Neither since f(x,y) < 0 for x < Oand fix,y)}>0forx >0

(d) Neither since f(x,y) < 0forx < 0 and f{x,y} > Dforx >0

(e) Neither since f(x,y) < Oforx <Oandy > 0, but f(x,y) > Oforx >0andy > 0
( Minimum at (0, 0) since 1(x,y) > 0 for all other (x,y)




