DUPIN HYPERSURFACES WITH FOUR PRINCIPAL
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ABSTRACT. If M is an isoparametric hypersurface in a sphere S
with four distinct principal curvatures, then the principal curva-
tures Ki,...,Kkq4 can be ordered so that their multiplicities satisfy
m1 = meo and mz = my, and the cross-ratio r of the principal
curvatures (the Lie curvature) equals —1. In this paper, we prove
that if M is an irreducible connected proper Dupin hypersurface in
R"™ ( or S™) with four distinct principal curvatures with multiplic-
ities m; = mg > 1 and m3 = my4 = 1, and constant Lie curvature
r = —1, then M is equivalent by Lie sphere transformation to an
isoparametric hypersurface in a sphere. This result remains true if
the assumption of irreducibility is replaced by compactness and r
is merely assumed to be constant.

1. INTRODUCTION

Let M be an immersed hypersurface in Euclidean space R™ or the
unit sphere S™ C R""'. A curvature surface of M is a smooth con-
nected submanifold S such that for each point x € S, the tangent space
T,S is equal to a principal space of the shape operator A of M at x.
This generalizes the classical notion of a line of curvature on a surface
in R3. We use this definition in deference to what has become the
standard definition in the Dupin hypersurface literature, even though
a curvature surface can have any dimension from 1 through the dimen-
sion of M. The hypersurface M is said to be Dupin if it satisfies the
condition

(a) along each curvature surface, the corresponding principal cur-
vature is constant.

The hypersurface M is called proper Dupin if, in addition to condition
(a), it also satisfies the condition

(b) the number g of distinct principal curvatures is constant on M.
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Pinkall [17] proved that both of these conditions are invariant under the
group of Lie sphere transformations of S™, which contains the group
of Mobius (conformal) transformations of S™ as a subgroup. Thus, by
stereographic projection, the theory of Dupin hypersurfaces in R" or
S™ is essentially the same.

Thorbergsson [23] showed that the number g of distinct principal
curvatures of a compact proper Dupin hypersurface M immersed in S”
must be 1,2,3,4 or 6, the same as Miinzner’s [15, 16] restriction on
the number of distinct principal curvatures of an isoparametric (con-
stant principal curvatures) hypersurface in S™. In the cases g = 1,2, 3,
compact proper Dupin hypersurfaces in S™ have been completely clas-
sified. For the totally umbilic case ¢ = 1, M must be a great or small
sphere. For g = 2, Cecil and Ryan [7] proved that M must be Mdbius
equivalent to a standard product of spheres (which is isoparametric)

SF(r)y x "R sy c St P s =1,

In the case g = 3, Miyaoka [11] proved that M must be Lie equivalent
to an isoparametric hypersurface in S™, which by the work of Cartan
[1] must be a tube of constant radius over a standard embedding of a
projective plane FP? into S*™! where F is the division algebra R, C,
H (quaternions), O (Cayley numbers) for m = 1,2, 4,8, respectively.

The cases of compact proper Dupin hypersurfaces with ¢ = 4 or 6
principal curvatures have not yet been classified, although Stolz [21]
in the case g = 4 and Grove and Halperin [10] in the case g = 6 have
shown that the multiplicities of the principal curvatures of a compact
proper Dupin hypersurface must be the same as for an isoparametric
hypersurface. In particular, in the case ¢ = 4, the multiplicities must
come in pairs, and the principal curvatures can be ordered in such a
way that m; = mo and ms = my. In the case g = 6, all the principal
curvatures must have the same multiplicity m = 1 or 2.

Miyaoka [12] introduced an important set of Lie invariants, the Lie
curvatures of a Dupin hypersurface M, which are the cross-ratios of the
principal curvatures taken four at a time. Obviously, for an isopara-
metric hypersurface, the Lie curvatures are constant, and a necessary
condition for a Dupin hypersurface to be Lie equivalent to an isopara-
metric hypersurface is that it have constant Lie curvatures. At one
time it was thought that perhaps every compact proper Dupin is Lie
equivalent to an isoparametric hypersurface. However, by two separate
constructions, Pinkall and Thorbergsson [19] (¢ = 4) and Miyaoka and
Ozawa [14] (g = 4 or 6) produced compact proper Dupin hypersurfaces
which do not have constant Lie curvatures and therefore cannot be Lie
equivalent to an isoparametric hypersurface.
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Miyaoka [12, 13] showed that a compact proper Dupin hypersurface
immersed in S™ with g = 4 or 6 principal curvatures is Lie equivalent to
an isoparametric hypersurface if it has constant Lie curvatures and it
satisfies certain additional global conditions regarding the intersections
of leaves of its various principal foliations. The goal of current research
is to prove that the condition of constant Lie curvatures already suffices
for the conclusion without assuming these additional conditions, and
we have succeeded in doing this in the case ¢ = 4 when one pair of the
multiplicities is equal to one, as described below.

In contrast to the situation for compact proper Dupin hypersurfaces,
there is a local method, due to Pinkall [17], for producing a Dupin hy-
persurface with any given number g of principal curvatures with any
prescribed multiplicities my, ..., my. His method uses the basic con-
structions of building tubes, cylinders, cones and surfaces of revolution
over a Dupin hypersurface W"~! in R" with ¢ principal curvatures to
get a Dupin hypersurface M"1+* in R"** with ¢ + 1 principal cur-
vatures. These constructions introduce a new principal curvature of
multiplicity k& which is easily seen to be constant along its curvature
surfaces. The other principal curvatures are determined by the princi-
pal curvatures of W"~1, and the Dupin property is preserved for these
principal curvatures. These constructions are local in nature and only
yield a compact proper Dupin hypersurface if the original manifold
Wn=1 is itself a sphere [2, Theorem 46]. Otherwise, the number of
distinct principal curvatures is not constant on a compact manifold
M"*F obtained in this way, so it is not proper Dupin.

A Dupin hypersurface which is locally equivalent by a Lie sphere
transformation to a hypersurface M™ obtained by one of these con-
structions is said to be reducible. Otherwise, the Dupin hypersurface
is called irreducible. A Dupin hypersurface is called locally irreducible
6] if it does not contain any reducible open subset. Clearly, local irre-
ducibility implies irreducibility.

In [4], we prove that any C'* proper Dupin hypersurface must be
analytic. Using this result, we prove that if a connected proper Dupin
hypersurface M has a reducible open subset, then M itself is reducible.
That is, irreducibility implies local irreducibility. Analyticity allows us
to work locally to obtain global results.

The primary work in this paper is local in nature and is accomplished
in the setting of Lie sphere geometry. We concentrate on the case g = 4
with multiplicities m; = msy, ms = my and Lie curvature r = —1. In
order to state our results we shall recall here some of the basic ideas in
Lie sphere geometry.
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Let R2™ be a real vector space of dimension n + 3 endowed with
the metric of signature (n + 1,2),

(1.1) (z,y) = =2 + 2y + - 4 YT g2y,

Let ey, ..., e,2 denote the standard orthonormal basis with respect to
this metric, with ey and e, timelike. Let RP"*2 be the real projective
space of lines through the origin in R}, and let Q"*! be the quadric
hypersurface determined by the equation (x,z) = 0. This hypersurface
is called the Lie quadric. The sphere S™ can be identified with the unit
sphere in the Euclidean space R"™! spanned by the vectors ey, . .., €,41.

The points in Q"*! are in bijective correspondence with the set of
all oriented hyperspheres and point spheres in S™. The Lie quadric
contains projective lines but no linear subspaces of RP"*2 of higher
dimension. Let A?"~! denote the set of all projective lines in Q™. It
is an analytic manifold of dimension 2n — 1. The line [z, y] determined
by two points [z] and [y] of Q™ lies on Q" if and only if (z,y) = 0.
This happens precisely when the hyperspheres in S™ corresponding to
the points [z] and [y] are in oriented contact.

A Lie sphere transformation is a projective transformation of RP"*2
that maps Q"*! to itself. A Lie sphere transformation preserves ori-
ented contact of hyperspheres in S, since it takes lines on Q! to lines
on Q"!. The group G of Lie sphere transformations is isomorphic to
O(n + 1,2)/{£I}, where O(n + 1,2) is the orthogonal group for the
metric (1.1). The group G acts transitively on A?"~1.

The manifold A?"~! of projective lines on Q"*! has a contact struc-
ture, i.e., a globally defined 1-form w such that w A dw™ ! never van-
ishes on A?"~1. The condition w = 0 defines a codimension one dis-
tribution D on A?"~! which has integral submanifolds of dimension
n — 1 but none of higher dimension. A Legendre submanifold is one of
these integral submanifolds of maximal dimension, i.e., an immersion
A M1 — AP~ guch that \*w = 0.

An immersion f : M"~! — S™ with field of unit normals £ : M"~1 —
S™ naturally induces a Legendre submanifold A = [Yp, Y1, where [Y;, Y]
denotes the line in () determined by the point sphere Yy = (1, f,0) and
the tangent great sphere Y; = (0,&,1). In a similar way, an immersed
submanifold ¢ : V' — S™ of codimension greater than one also induces a
Legendre submanifold whose domain is the bundle B"~! of unit normal
vectors to ¢(V) (see, for example, [3, p.79]).

In Section 2 we review the basic set-up of the method of moving
frames in Lie sphere geometry developed in our previous paper [6].

In Section 3 we specialize the Lie frame for the case under study.
Theorem 7 establishes sufficient conditions for when a proper Dupin
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hypersurface with four principal curvatures having multiplicities m; =
mg, m3 = my and Lie curvature r = —1 is Lie equivalent to an isopara-
metric hypersurface.

In Section 4, we relate the Lie sphere definition of reducibility to the
Pinkall constructions in Euclidean space. Theorems 15 and 16 establish
sufficient conditions for reducibility in terms of quantities that arise
naturally in the setting of moving Lie frames.

In Section 5, we prove one of our main results:

Theorem 23. Suppose the connected proper Dupin hypersurface X\ :
M=t — A=Y has four distinct curvature spheres with multiplicities
my = mg > 1, m3 = my = 1, and Lie curvature r = —1. If X is
wrreducible, then it is Lie equivalent to an isoparametric hypersurface.

[soparametric hypersurfaces with multiplicities m; = my > 1 and
ms = my = 1 have been completely classified by Takagi [22]. They
are all homogeneous spaces and are obtained by the construction of
Ferus, Karcher, and Miinzner [9] based on representations of Clifford
algebras. Thus the Legendre submanifold induced by any Dupin hy-
persurface satisfying the conditions of this theorem is Lie equivalent to
an open subset of the Legendre submanifold induced by one of Takagi’s
isoparametric hypersurfaces.

In [6, p.3], it was conjectured that if M is an irreducible proper Dupin
hypersurface in S™ with four principal curvatures having respective
multiplicities mq, mo, ms, my, and M has constant Lie curvature, then
the principal curvatures can be ordered so that m; = msy, mg = my,
and M is Lie equivalent to an isoparametric hypersurface in S™. We
still believe this conjecture to be true, although we have not yet been
able to verify it in more generality than Theorem 23.

In Section 6, we prove in Theorem 25 that a compact proper Dupin
hypersurface with g > 2 principal curvatures is irreducible. As a conse-
quence of this, Theorem 23, and a result of Miyaoka [12] that a compact
proper Dupin hypersurface with ¢ = 4 and constant Lie curvature r
must have r = —1, we obtain our second main result:

Theorem 28. Let M be a compact connected proper Dupin hyper-
surface immersed in R™ with four distinct principal curvatures having
multiplicities m; = mo > 1, mz = my = 1, and constant Lie curvature.
Then M is Lie equivalent to an isoparametric hypersurface.

We thank the referee for suggestions that improved the clarity and
readability of the paper.
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2. DUPIN HYPERSURFACES IN LIE SPHERE GEOMETRY

In this section, we briefly recall how Dupin hypersurfaces can be
studied in the context of Lie sphere geometry. In particular, we will
summarize the basic set-up and main definitions of [6] that will be
needed in the remainder of the paper. We will not, however, reproduce
all the formulas from that paper, so the reader will need to consult that
paper at times. Throughout this paper, equation references of the sort
GD(3.36) will be to equation (3.36) of [6]. We will use the Einstein
summation convention in this section.

We continue the review of Lie sphere geometry begun in the Intro-
duction. Suppose that A = [Yy, Y] : M™ ! — A?"7! is a Legendre
submanifold. Let p € M"™ ! and let r and s be real numbers at
least one of which is non-zero. The sphere in S™ corresponding to
the point [K] = [rYy(p) + sY1(p)] in Q™ is called a curvature sphere
of A at p, if there exists a non-zero tangent vector X € T,,M such that
rdYo(X) + sdY1(X) € Span{Yy(p), Yi(p)}. The vector X is called a
principal vector corresponding to the curvature sphere [K]. The prin-
cipal vectors corresponding to a given curvature sphere form a subspace
of T,M, and T,,M is the direct sum of these principal spaces.

To see the relationship between curvature spheres and principal cur-
vatures, suppose now that A = [Yp, V1] with Yy = (1, f,0),Y; = (0,¢, 1).
At a given p € M, one can write the distinct curvature spheres in the
form [K;] = [k:Yo + Y1],1 < i < g. In the case where the map f is
an immersion, these k; are the usual principal curvatures of the hyper-
surface f at p. The principal curvatures are not invariant under Lie
sphere transformations. However, the cross-ratio of any four distinct
principal curvatures is Lie invariant. These cross ratios are called Lie
curvatures of \.

As in Euclidean submanifold theory, a curvature surface is a smooth
connected submanifold S of M such that for each point p € S, the
tangent space 7,5 is equal to a principal space. A Legendre submani-
fold is called Dupin if along each curvature surface, the corresponding
curvature sphere is constant. A Dupin submanifold is said to be proper
Dupin if the number ¢ of distinct curvature spheres is constant on M.
These definitions agree with the usual definitions in the case where the
Legendre submanifold is induced from an immersed hypersurface in S™.
Pinkall [17] showed that both of these properties are invariant under
the group of Lie sphere transformations. At times, we will refer to
Dupin submanifolds as “Dupin hypersurfaces,” because of their close
relationship with Dupin hypersurfaces in S™.
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We now begin to recall the notation and results from [6] in detail. We
study Dupin hypersurfaces in Lie sphere geometry using the method of
moving frames. Instead of using an orthonormal frame for the metric
in (1.1), we consider a Lie frame, that is, an ordered set of vectors
Yo, ..., Yo in RYT satisfying (Y,,Ys) = ke, for 0 < a,b < n+2, with

(2.1) k= (kw)=1 0 1,1 0 ], where J:<(1) é)

The space of all Lie frames can be identified with the orthogonal group
G = O(n+1,2). In this space, one introduces the Maurer-Cartan forms,

(2.2) dY, = WY}, 0 < a,b < n+2,
which satisfy the Maurer-Cartan structure equations of G,
(2.3) dwy = —wi Awy, for 0<a,b,c <n+2

Knowing from [4] that any proper Dupin hypersurface is real analytic,
we assume from now on that all maps are real analtyic. A Lie frame
field along a Legendre submanifold A : M™~! — A?"~! is a real analytic
map Y : U — G defined on an open subset U of M"™! such that
Ap) = [Yo(p), Yi(p)] for each p € U. Here Y, denotes the a' column
of Y and Y € G means (Y,,Y},) = kg, for all a,b=0,1,...,n+ 2.

The notion of a curvature sphere of a Legendre submanifold A :
M1 — A?"=1 can be formulated in terms of Lie frames as follows. If
Y is any Lie frame field along A defined on a neighborhood of a point
p € M, then [rYy + sY7] is a curvature sphere of A\ at p precisely when
the following equation is satisfied at p,

(2.4) (rwg + sw?) A A (rwh 4 swl) =0
This condition is equivalent to saying that the tangent sphere map
(2.5) [rYy+sYi]: U — Q C RP™

is singular at p in the sense that there exists a non-zero vector X € T),M
such that

(2.6) d(rYy + sY1) ) (X) € span {Yo(p), Yi(p)}

We now restrict our attention to the case where the Legendre sub-
manifold A : M" ! — A?"~! has ¢ = 4 distinct curvature spheres of
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multiplicities mq, mo, m3 and my, respectively. We define sets

I, =42,...,m + 1}

Io={my+2,...,my +my+ 1}
Is={mi+me+2,...,m; +mg+mg+1}
Zy={mi+mo+ms+2,...,m1 +mg+m3+my+1}.

(2.7)

and adopt the index conventions
2<i4,5,k,l<n
a,b,c,d €1y
(2.8) P, q,7,s € Iy
a,B,7,0 € 13
w,m,o, 7 €1y

We next recall the following definition from [6].

Definition 1. Suppose that A : M — A is a real analytic Legendre
submanifold with g = 4 distinct curvature spheres at each point. A first
order frame field along A is an analytic Lie framefieldY : U Cc M — G
such that

(2.9) Yol, M, Do+W], [rYo+Yi]
are the curvature spheres of A\ at each point of U, and
(2.10) wi=0, Ww/=0, wi+w!=0 rwi+uw=0
for all a, p, o, p.
Here r : M — R is an analytic function never taking the values 0 or

1. Since we are free to put the four curvature spheres in any order, we
can assume

(2.11) —00 <1 <0

Note that r is the cross-ratio of the curvature spheres in the appropriate
order, and thus 7 is the Lie curvature of \.

One can show that there exists a first order Lie frame field defined on
some neighborhood of any point of any analytic Legendre submanifold
with g = 4 distinct curvature spheres at each point. If YV is a first order
frame field on an open set U C M, then its associated coframe field in
U is the set of analytic 1-forms

(2.12) 0 =wi, P =uw), 0“=uw, O =uwf

We now assume that the Legendre submanifold \ : M™~! — A1 g
connected and proper Dupin with constant Lie curvature r.



DUPIN HYPERSURFACES 9

Definition 2. A second-order Lie frame field along X is a first order
frame field Y : U — G such that

(2.13) wy=0, =0 w =uw)

In [6], we show that it follows from the Dupin condition, that for
any point p € M, there exists a neighborhood U of p on which there is
defined a second-order frame field along \. If Y : U — G is a second
order Lie frame field on an open set U C M, then any other second
order frame field on U is given by

(2.14) Y =Y a(tl, B,0,sL)
where t,s : U — R are real analytic functions, t never zero,
t]g 0 sL
(2.15) a(tl,, B,0,sL)y=| 0 B 0
0 0 t'I
1 0
(2.16) L= (0 _1)
and
By 0 0 0
10 B, 0 0
(2.17) B = 0 0 By 0
0 0 0 By

where B; : U — O(m;) are real analytic maps.

With a second order frame, we have the following basic expressions
for certain Maurer-Cartan forms in terms of the associated coframe.
These equations define the analytic tensors FJ,, Fi,, FL,, and F.
which are crucial to our study.

WP = Fo6% + rFLo"

wy = Fpt? + (r — 1) Fh 0"
wy = Fo 0"+ (r — 1) Fh 0"
(2.18) wh =rElO° + (r —1)FL,0%

a r—1 o
w;,‘ = F;zﬁlae + TFéLPe
b = FR 07 4 B or
0

%

We also have the following formulas for the Maurer-Cartan forms w
and w;,

(219) W? = D,’jej and wil = Eijej
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The conditions defining a second order frame together with the struc-
ture equations impose many conditions on the analytic functions D;;
and E;;, which are listed in equations GD(3.25) and GD(3.26) of [6].
In summary, what emerges are eight symmetric matrices

(2.20) Dy = (Dw) Dz =(Dyg) Ds=(Dag) Ds=(Dpw)
By =(Ew) Ey=(Ey) Es=(Ew) Ei=(Ew)
and six matrices of analytic functions

(2.21) Daas Dpas Dpay, Dya, Dy, Ep,

so that equations (2.19) become

W = Dop0® + Do — 1D,,,0"

(2.22) wy = Dyal® 4+ Dygt? + Dpob™ + 1 E,, 0"
W0 = =Dy + Db’ + rD,0"
W) = Dyat® + Dyod* + D, 0"
and
wl = E30° — Dpal? + Doo™ — D,u0"
(2.23) % Ep07 + Dpo0* + E,,0"
Wl = Dpoll” + Eopl® + Do

= E,u0" + Dyo” + E,,0"

The tensors in (2.20) satisfy the set of four linear equations GD(3.42),
which relate these functions to the four multiplicities. The functions

in (2.21) also arise in the following important expression for the exterior

derivative of the form wy,

dwg = —Dpal* N 0P + Doo0* A 0% — D,u0" A O*
+ Dyt NOY +1E,,0° NG 4 (1 —1)D,0 0% A O*
In this set-up, we define the covariant derivatives of the F’s, as the

analytic functions on the right side of the equations

dFS, + Fowy + Fiwh — Fawh — Fawl = Fo 07

(2.24)

qa~"p paj
(2.25) dF}, + Flw) + F;aW5 FY bu) — Fhwl = Fh 07
dFY, + Flw) + Flwh — Fhwh — Fhwl = Fl ¢/
dF! + FYw) + Fowh — Flw! — Fb Wl = Fl 67

The F’s satisfy the six algebraic equations GD(3.36), while their co-
variant derivatives satisfy the equations GD(3.37) through GD(3.41).
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The covariant derivatives of the functions in (2.20) are defined in a
way analogous to those of the F’s in (2.25), except that the coefficient
of w) must be multiplied by two in every case. For example,

(2.26) dDay + 2Dgpw) — Dayw’ — Do = D g’

defines the covariant derivatives D, of D,,. The covariant derivatives
of the other tensors in (2.20) are defined similarly. The formula

(2.27) dDgo + 2Dgow) — Dypow’ — Dogw? = D40’

defines the covariant derivatives D,,; of D,,. The covariant derivatives
of the other tensors in (3.28) are defined similarly. One last set of
functions, R;, are defined by

(2.28) why = R’

All these covariant derivatives and the R; are related in the set of
equations GD(3.46) through GD(3.59) in [6, pages 25-30]. They are all
real analytic functions.

3. A SUFFICIENT CONDITION TO BE ISOPARAMETRIC

Consider a Legendre map \ : M™~ ! — A?"~! that is proper Dupin
with four distinct curvature spheres, constant Lie curvature r, and M
is a connected real analytic manifold. For the rest of the paper we do
not use the Einstein summation convention.

By the work of Miinzner [15], [16], in order for A to be Lie equiv-
alent to an isoparametric hypersurface with four principal curvatures,
it is necessary that the multiplicities of the four curvature spheres sat-
isfy m; = mo and ms = my4 and that the Lie curvature r = —1. In
this section, we assume these necessary conditions and then find suffi-
cient conditions in Theorem 7 for Lie equivalence to an isoparametric
hypersurface.

Lemma 3. If the Lie curvature r = —1, and the multiplicities satisfy
my = mo and mg = my, and if Y : U — G is any second order Lie
frame field, then on U the symmetric matrices of (2.20) satisfy

Dl - dl[ml
E2 = eglm
(3.1) '
D3 -+ E3 = (dg —+ 63)]m3
D4 — E4 = (d4 — 64)[m3
where dy,...,eq : U — R are the real analytic functions
1 1
(3.2) dy = —trace Dy, ...,eq, = — trace E

my ms3
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Proof. This follows from GD(3.42). O
For a second order Lie frame field Y : U — G, let

= (Fpo, Fla),  [vaal” = 22 P44y (FE)
= (B Fip)s [opal’ 222 ) +4i(F“ )2
= (Fpo, Fla),  |vaul” = 22 = 4§:(F“ 2
= (Fa Fly) lopul® = 22 +4Z

If the Lie curvature » = —1, and the multlphcltles satlsfy mi = My
and mgz = my, then the middle four equations in GD(3.36) become,
when the nonsummed indices of each range are set equal,

|'Uaa|2 - dl - Eaa + Eaa

(3.3)

|’UP04|2 = €2 — Dpp - Daa

(3.4)
|Uau|2 = _dl - Eaa - Euu
‘Upu|2 =—ey— Dy, — Dy,
In addition, if all eight of the matrices Dq,..., 4 are scalar at every

point of U, then equations (3.4) become
|Vaal? = d1 — €1 + €3
(3.5) [Vpa|® = €2 — dy — d3
|'Uau|2 =—e—di—e
|Opu|* = —€2 — dy — dy

which shows that the functions on the left hand side do not depend on
a, p, a, or j in this case.

Remark 4. If Dy is scalar at every point of U, then a frame change (2.14)
of the form

(3.6) Y =Ya(l,,1,0,sL)

can be made so that d; = 0 at every point of U. This follows from
GD(3.32), which shows that dy; = d; — s.

Remark 5. If Dy is scalar on U, then D, = di04, for all @ and b. If
we define the covariant derivative of d; to be

(3.7) dd; + 2diwy = dy;0'
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then by GD(3.43)

Z Dabjej = dDab + 2Dabw8 — Z chwg — Z Dacwlf

J c

(3.8) = Oap(ddy + 2d1wp) — dy (W) + wp)
= 0w »_ 6’

In particular, di; = D,q;, for all a and ¢. This same principle applies

to all eight of the functions dy, ..., es, when all eight of these matrices
are scalar.
Lemma 6. Suppose the Lie curvature r = —1, and the multiplicities

satisfy my = mo and ms = my. IfY : U — G is a second order Lie
frame field for which

(3.9) vaa| = |vpul,  and  |vau| = [vpal

for all a, p, o, and i, then the eight matrices D1, ..., E;y are scalar on
U and Y can be adjusted by a change (3.6) on U so that

(3.10) d, =0

on U, and then

(3.11) dy =e1, dy =ds3, e =0, e3 = —dz, e4 = d3

(3.12) |Vaa| = [Vpul = [vpal = [vay]

on U, for all a, p, a, and p, and
on U. That is, by (2.28), R; =0 on U, for all i.

Proof. As described in Remark 4, a frame change (3.6) will give (3.10),
and then (3.11) follows from GD(3.42) by linear algebra. Putting (3.11)
into (3.5), we obtain (3.12). Finally, to prove (3.13), use GD(3.461), for
any ¢ and any a = b, to get

2
die = Dyge = —R. — — Do (FS + 20, F°
1 mlpza P( pc+ pa)

2
(3.14) o > Epu(Fl+ 200 FL)
Dt

8
+— Y (FLFeFY + FlFoFt + FLFe L)

pa— pa’ ac pa— pct aa pc pat aa
my
a7p7)u’
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and GD(3.62) with a = b and any ¢, to get

> Dol Fgt+ 200cFgn) + Y Epu(Flt + 2000 Fl)
DiH

(3.15) ne
=4 (FUFLF! + FLFeFl + FLESFL)

pa’ pa” ac pa’ pct aa pct pas aa
app
Substitute (3.15) into (3.14) to get
(3.16) di. = —R.

Since dy = 0 on U, we have d;; = 0 on U, for every j, by (3.7).
Therefore,

(3.17) R.=0

on U, for all c.
For any p = ¢ and for all ¢ in GD(3.51i)

(3.18) €20 = Eppe = Re+2) EpuFlt 42 DpaF
w o

By GD(3.51ii), we have for any p = ¢ and any s

2
€2s = By = Ry + o > Dol FS + 26, F5)

2
— D, (Ft + 26, F"
(319) + my ; 1 ( sa + p pa)

8
- — FeFEFS + FF FRES + FFEREY
S RLFLR + FGFLE + F L

as™ pa~ pa ap”® sa” pa ap” pa” sa
a,q, [

By GD(3.63), for any p = ¢ and any s,

Y Dol Fly +20,5F5) + > Dyal(Flis + 28,5 F)
o a,t

(3.20) ‘
=4 (FUFeFl + FlFOFY + FILF FY)
a,o it
Substitute (3.20) into (3.19) to get
(321) €ag — Rs

for all s. Since e; = 0 on U, we have ey; = 0 on U, for all j, and
therefore

(3.22) R,=0
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for all s. By GD(3.48iii), for any o« = 3 and for any =

2
d3y = Daoy = Ry + — E Dypa(F), + 200+ Fy,)
1
a,p

4
(3.23) + my Z Epu(Fy, + 200, FY)
p.p
8 @ @
+ Hl Z(FﬁlfanaFo/jp + FﬁlprpaFga + F;z;yaFo/jaFo/jp)
a,p,

By GD(3.64) for all « = 3 and for all

- Z DNG(F'/yla + 25@’YF(5¢1) - Z EP#(F'/ylp + 250&’YF(5p)
(3.24) o s
=4y (FILESFY + FY P Fl + FY FlFE)

ya© pat ap yp* pa’ aa pa’ aat ap
a7p7“

By GD(3.52iii), for any oo = ( and for all

2
€3y = Eacw = R7 - H Z Dpa(F;a + 250{7}7;)0;)
1
a,p
4
(3.25) o 2 Dua(Fl + 200y )
a,p

+EZ(FMFQFN + FrECFR 4 YRR EE

my ya© pas ap yp* pa~ aa pa’ aa™ ap

ap.p
Now e3 +d3 = 0 on U, so e, +ds, = 0 on U, for all v, so (3.23)
and (3.25) added together give on U, for all v,

0= 2R,
4
b (ST B (B 4200 FEY+ S Doo(FE + 26, F"
(326) my (; pu( Yp 2l p) GZ“; 1 ( ¥ Y ))
16 o o
+ m_l Z(F'/ylanang + F’prpaF(ga + F;aFgang)
@,p,
and this with (3.24) implies
(3.27) R, =0

on U for all 4. In the same way, by GD(3.48iv)
(3.28)  dsy = Daop = Ry~ Dyaa +6 Y _ DaaFl, +2 DyoFY,
a p
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By GD(3.52iv),

(329) €3y = Buoy = Ry + Dypoa + 2 DaaFliy + 6> Dpo Pl
a p

Adding these equations together and using (3.27) and the fact that
dsy +e3, =0 on U, we get on U, for every a and p,

(3.30) > DuaFl+>  DyaFl, =0
a P
Finally, by GD(3.49iv), for any u = v and for any o,

2
dsg = Dypo = =I5 + my Z Dypa(Fpa + 200 150)
a,p

4 o
(331) + EZDPOJ(Fap +25M0F5p)
p’a
8 o o o
+ E Z(FaaFﬁngp _I—Faszisz(ga _I—FpaF(gang)
a7p7a

By GD(3.65) with ;= v and for any o,

ZDGOJ(Fga + 25MUF(5¢1) + ZDPOC(ng + 25MUF(5p)
p,

a,x

=—4Y (FIFlFt + FFiFL, + Fo Fl FE)

aa” pa ap ap™ pa® aa pa aa” ap

(3.32)

a?pia

By GD(3.53iv), for all 4 = v and for any o,
2 o "
1o = Eppoe = Ro + E Z DP“(Fpa + 25H0Fpa>
a,p

4 o
(333) - E Z Daa(Faa + 25HUF5a>

8
- — F° FEER + F° FEER + F° FE FE
S S FLFLRG + FGFLFL + FLFLE)

aa” pa ap ap® pa® aa pa aa” ap
a7p7a
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Now e, = dy on U implies that eq, — dyy = 0 on U, so by (3.31)
and (3.33) we get

0= €45 — d4cr = 2Ro

- mil (Z Doa(FS, + 20,0 F%) + > Dpa(FS, + 5MF5P>
(3.34) o po
o C;Z(FgaF;;ng + Fg FIFE + FoF!FL)
= 2R, -
by (3.32). Therefore, on U,
(3.35) R, =0
for every o. Therefore, (3.13) holds by (3.17), (3.22), (3.27), and (3.35).

U

Theorem 7. Suppose the multiplicities satisfy mi; = mo, mg = My,
and the Lie curvature is v = —1. Suppose that for any point in M
there exists a second order frame field Y : U — G along A on an open
set U C M about the point, such that equations (3.9) hold on U, for
all a,p, o, p. If for some a,

(3.36) |Vaa| > 0
on an open dense subset of U; and if
(3.37) dw) =0

on U, then A : M — A is Lie equivalent to an isoparametric hypersur-
face.

Proof. Given any point of M, let Y : U — G be a second order frame
field about the point satisfying the hypotheses. By Lemma 6, we may
assume Y satisfies (3.10), (3.11), and (3.12) on U. Thus, (3.36) implies
that all the functions in (3.12) are positive on U. These properties are
preserved by any frame change of the form

(3.38) Y =Ya(tl,,I,0,0)

where t is any nowhere zero real analytic function on U, in which case
(3.39) @) = wl + dlog |t|

on U. We may assume that U is contractible. Then (3.37) implies that
(3.40) wy = df
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for some real analytic function f on U. Making the frame change (3.38)
with t = e=/, we have

(3.41) 0y =0
on U. We now continue with this frame and drop the tildes. By (2.24),
our hypothesis dw] = 0 on U implies that D,, and its covariant

derivatives D,,; are identically zero on U. Then GD(3.54) with (3.10)
and (3.11) implies that

0= (d3 — do)Fy,
0= (d4 +e4 — 261 — €3 — dg)Fga = 2(d3 — dg)Féfa
on U, for any a, p, a, and pu. Thus,

(3.42)

(3.43) 0 = (ds — d2)*|vaal?
at every point of U, for all a, o, and so (3.36) implies
(3.44) dy —dy =0

on an open dense subset of U, hence on all of U, by continuity. So, (3.11)
becomes

(3.45) di=e3=0, eg=dy=dz=dy=¢e,=—e3

on U. Since dwj =0 and w9, = 0 on U, we get from GD(3.47) that
(3.46) Ao = doy = oy = 0

on U, for all a, «, 1, and from GD(3.48) that

(3.47) ds, = 0

on U, for all p. Since dy = d3 on U, it follows that dy is covariant
constant on U, and therefore dy must be constant on U, since w) = 0
in (3.7) and U is connected. Putting (3.45) into (3.5) and using (3.36),

we have
(3.48) —2dy = |v4al® >0

on an open dense subset of U. Therefore, ds is a negative constant.
Making a frame change (3.38) with the constant

(3.49) t=/—dy

we have, by GD(3.32), that
- 1
(3.50) dy = —5dy = —1

at every point of U. Hence, we may assume that

(3.51) dy = —1
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on U. We have thus proved that for any point of M, there exists a
second order frame field Y : U — G on a neighborhood of that point
for which wj =0, w9, =0, and

(352) dlzegzo, 61:d2:d3:d4:€4:—63:—1

on U. The following equations then follow from the structure equations

n+2

dYa =) whVp
B=0

and the properties of our frame.

dYy = 0PY,+ > 0°Y,+> 0",
p « w
dYi = 07V, =Y 0V + > 0"y,

(3.53) ‘ “ g
AV, ==Y _0°Y,+ > 07V, = > 0",
a a w
AV, ==Y Y, = 0°Y, = > 0",
p « 1%
If we let
(3.54) Wi=Yo+Yu, We=Yi+Y.n

then equations (3.53) show that
(3.55) dWy, =0, dWy=0

on U, so Wy and W, are constant vectors (assuming U connected). In
addition, they span a time-like line in Rj™, since

(Wi, W) = —2
(3.56) (Wa, Wa) = —2
(Wi, Wa) =0

Then Wy, Wy, Wi — Ws, and W7 4+ Wy are four points on this time-like
line such that

(Yo, W1)

(Y1, Wa)

(Yo + Y, Wy — Ws)
(Yo + Y1, W + Wy)

(3.57)

0
0
0
0
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onU. IfY :U — G is another Lie frame field satistying (3.52), then
on the intersection U N U (supposed nonempty) they must be related
by
Y =Ya(l, B,0,0)
where B: UNU — O(n — 1) is an analytic map. In particular,
{/E) =Yy, f/l =Y, ffn—i—l = Yot1, ?n+2 = Y12

and therefore (3.57) holds for Y, for the same vectors W;, for i =
1,2,3,4, and thus (3.57) holds on all of M for the four curvature
spheres. By Cecil’s Theorem 5.6 ([3, pp 102-103]), A : M — A is Lie
equivalent to the Legendre submanifold induced by an isoparametric
hypersurface. O

4. REDUCIBILITY

Before we return to the case of a Dupin hypersurface with four prin-
cipal curvatures, we prove some general results about reducible Dupin
hypersurfaces.

Pinkall [17] introduced the basic constructions of building tubes,
cylinders, cones, and surfaces of revolution over a Dupin hypersurface
M"™ 1 in R™ with ¢ principal curvatures to get a Dupin hypersurface
Wnr=1=k in R"** with g + 1 principal curvatures. In general, these
constructions introduce a new principal curvature of multiplicity k,
which is easily seen to be constant along its curvature surfaces. The
other principal curvatures are determined by the principal curvatures
of M1, and the Dupin property is preserved for these principal curva-
tures. A Dupin hypersurface that is locally Lie equivalent to a hyper-
surface obtained by one of these constructions is said to be reducible.
In Theorem 4 of his paper, Pinkall gave a formulation of reducibility
in terms of Lie sphere geometry. As in the paper [5], we use this for-
mulation as our definition of reducibility on an open subset of a Dupin
submanifold as follows.

Definition 8. We define the Dupin submanifold A\ : M — A to be
reducible on an open subset O C M if some curvature sphere maps O
into some fixed linear subspace of RP"*? of codimension at least two.
We say that A is reducible if it is reducible on M. Define X to be locally
irreducible if it is not reducible on any open subset of M. Define A to
be irreducible if it is not reducible.

Proposition 9. If a connected, proper Dupin submanifold is reducible
on an open subset U of M, then it is reducible. Thus, a connected,
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proper Dupin submanifold is locally irreducible if and only if it is irre-
ducible.

Proof. Let XA : M™"~! — A?"~! be a connected, proper Dupin subman-
ifold. Suppose that there exists an open subset U C M such that the
restriction of A to U is reducible. By the definition of reducibility, there
exists a curvature sphere [K] of A and two linearly independent vectors
v; € Ry i = 1,2, such that

<K,UZ'> = 0

on the set U. Since A is analytic, the curvature sphere map [K] is
analytic on M, and so the functions (K, v;) are analytic on M. Since
these functions equal zero on the open set U, they are equal to zero on
all of the connected manifold M, and thus A : M — A is reducible. [

This result has ramifications for the case of proper Dupin hypersur-
faces with g = 3 principal curvatures.

Corollary 10. Let X : M1 — A2~ be an irreducible proper Dupin
submanifold with g = 3 principal curvatures. Then X\ is Lie equivalent
to an isoparametric hypersurface in S™.

Proof. In the case where all the principal curvatures have multiplicity
one, this was proven by Pinkall [18]. For the case of higher multiplic-
ities, this was proven in [5, p. 175] under the assumption that A is
locally irreducible. By Proposition 9, we see that the hypothesis of
irreducibility is sufficient. O

We now prove a characterization of reducibility for proper Dupin
submanifolds. Note that we need only use three of Pinkall’s four con-
structions, since as Pinkall showed, the cone construction is locally Lie
equivalent to the tube construction.

Proposition 11. Let v : Wt — A%~ be o connected, reducible
proper Dupin submanifold. Then v is Lie equivalent to a proper Dupin
submanifold p which is obtained from a lower dimensional proper Dupin
submanifold X by one of Pinkall’s three constructions (tube, cylinder,
surface of revolution).

Proof. 1t is possible that the curvature sphere [K] of v locally lies in a
linear subspace of codimension even higher than two. For each x € W,
let m, be the largest positive integer such that for some neighborhood
U,, the curvature sphere map [K] restricted to U, is contained in a
linear space of codimension m, + 1 in RP%2. By hypothesis, we know
that m, > 1 for all x € W. Choose xy to be a point where m, attains
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its maximum value m. Then there exist linearly independent vectors
Vlyevvy Upaq ID Rg”g such that on an open set U,, about z,

(4.1) (K, v;) =0

for 1 < i < m+ 1. Since v is analytic, the curvature sphere map
[K]: W — @ is analytic, and since the analytic functions (K, v;) equal
zero on the open set U,,, they must equal zero on the whole connected
manifold W. Thus, (4.1) holds on all of W, and the function m, = m
forall z € W.

The rest of the proof is essentially the same as the proof of Theo-
rem 2.8 in [3, pp. 145-147]. Specifically, let E be the linear subspace
in R4 of codimension m 4 1 whose orthogonal complement E* is
spanned by the vectors vy, ..., v, 1. The signature of (, ) on E+ must
be (m + 1,0), (m, 1), or (m,0). Then, as in the proof of Theorem 2.8,
one can show that there is a Lie transformation A such that y = Av is
obtained from a proper Dupin submanifold X : M"~! — A?~! where
n = d — m, by the surface of revolution, tube, or cylinder construc-
tion, depending on whether the signature of the inner product on E+
is (m+1,0), (m, 1), or (m,0), respectively. The proof of Theorem 2.8
deals specifically with the case where [K] has multiplicity m, and so p
has one more curvature sphere than A. In the case where the multiplic-
ity of [K] is greater than m, one must make some slight adjustments
in the exposition of the proof. In that case, the curvature sphere A[K]
is equal to one of the curvature spheres of p induced from a curvature
sphere [k] of A, and the multiplicity of [K] is m + ¢, where ¢ is the
multiplicity of [k] as a curvature sphere of A\. In that case, u and A
have the same number of distinct curvature spheres. O

We return to the case where A\ : M"~! — A?"~!is a proper Dupin
submanifold with four curvature spheres of multiplicities m; = mao,
ms = my, and with constant Lie curvature r = —1.

Definition 12. For a second order frame field Y : U — G, let Z] be
the set of all @ € Z; such that

(4.2) Fr =0, Kl =0, F}, =0
on U, for all p, a, p.

Proposition 13. If m; = may, mg = my, and r = —1, and if 7]
is nonempty for the second order frame field Y : U — G, then the
symmetric matrices Dy, Fy, D3, Dy, Es, and E4 are scalar matrices,

(4.3) &:<%i?m1®
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where m 1is the cardinality of I, and
(44) dl + ey = 0
at every point of U. Here dy, ..., e4 are defined in (3.2).

Proof. By Lemma 3, just the assumptions on the multiplicities and on
r imply that Dy, Ey, D3+ E3, and D4 — E, are scalar matrices on U.
They are given by (3.1). For each a € Z] and e € Z;, the left side
of GD(3.36ii) is zero, so that

(4.5) 0=2 Z FoFS 44 Z FlFlh = (di — Eua)bap + Eag

pa™ pa

on U for all «, (. Therefore, Es5 = e3l,,, is a scalar matrix, where

(46) €3 = Eaa — dl
for every a € Z]. Since D3 + FEj3 is scalar, it follows that
(47) D3 == dg]mg

is scalar also. Then for any a € 7}, e € Z;, and a = 3 in GD(3.36ii),
we have

(4.8) 0=2 Z FOF® 44 Z F'FR = (dy — Eoe) + €30

pa~ pe

on U. Therefore,
(49) Eae = dl + 635115

from which (4.3) follows. In the same way, for all a = b € 7], the left
side of GD(3.36iv) is zero, and so we have

(4.10)  0=—2 Z FrEY —4 Z FY FY = E,, + (2d; + €3)0,,

on U, for all u,v. Therefore, E, = e4l,,, is a scalar matrix, where

3

(4.11) ey = —(2dy + e3)

Since D, — E, is a scalar matrix, it follows that

(4.12) Dy = dylpm,

is scalar also. Finally, if a € Z7, then the left side of GD(3.36i) is zero,
0 (4.4) holds. O

Corollary 14. Under the hypotheses of Proposition 13, the second
order frame Y : U — G can be chosen so that

(413) d1 = O, €y = O, €3 = —€y4, dg = d4, €q = €3, Va € I{
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Proof. If we make a change of frame of the form (2.14)

(4.14) Y = Ya(tl,, B,0, sL)
with t =1, B =1 and s = d;, then by GD(3.32) and (4.4)
(4.15) d=0=¢,

Dropping the tildes, we see that two of the remaining equations in (4.13)
then follow from (4.6) and (4.11). It remains to prove that d3 = d4 in
this frame. For this we use GD(3.42). In fact, using the already estab-
lished equations in (4.13) and GD(3.42ii), we have

m m
(4.16) (ma + =) (ds + e3) = ma(er = dy) = =2 (da + e3)
From GD(3.42iv), we have

m m
(417) (m1 + 73)(—63 — d4) = ml(—el + dg) + 73(63 + dg)

Adding (4.16) and (4.17), we get

m m
(4.18) (ma + =) (ds — da) = = (ds — da)
from which we conclude that ds = dy. O

We shall call a second order frame Y : U — G normalized if it
satisfies (4.13).
For a second order frame Y : U — G, let

F=23 (L) g=2 3 (FL)

(4.19) “he P
h=2) (FL)?,  k=2) (FL)
a,p, D,0L 1

By GD(3.10), a change of second order frame field (2.14) multiplies
these functions by a nowhere zero function. In particular, the zero sets
of these functions are globally well defined.

Theorem 15. Suppose X : M"~ 1 — A?"~1 s proper Dupin with mul-
tiplicities my = mg, m3 = my, and Lie curvature r = —1. If at least
three of f, g, h, and k are zero on M, then X : M — A*"~1 is reducible.

Proof. Suppose f =g = h =0 at every point of M. Then
(4.20) F=F,=F, =0

for all a,p,a, i at each point of U for any second order frame field
Y : U — G. Note that (4.20) is equivalent to

(4.21) wh=wl=wh=0
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on U, for all a, p, a, u. Because 7| = Z; in this case, we may assume that
Y is normalized, and then (4.13) implies that £y = e;1,, is scalar with
e; = e3. By GD(3.37), GD(3.38), and GD(3.39) together with (4.20),
we have that

(4.22) Dpo = Doo = Dpg = Epyy = Dy = Dy =0
at every point of U. Therefore,

(4.23) dw) =0, w?=0=w!

P

at every point of U. Moreover,
(4.24) w) =0

on U, because GD(3.46i), GD(3.46ii), and (4.20) imply that R, =
R, = 0 on U, and GD(3.46iii), GD(3.46iv), and (4.20) imply that
Ry, = Dgoa = 0 and R, = D4 = 0 on U. It then follows from
GD(3.51) that ej is covariant constant; that is,

(4.25) des + 2e3w) = 0

on U.
Let V() be the subspace of R5"® defined by the span of the vectors

(426) }/Oa }/;)a Yoca Y/u Yn+2a 63}/1 - Yn-i—l

for all p, a, pu at the point w € U. Then V(u) does not depend on the
choice of normalized second order frame field at u, since any other is
given by (2.14) with s = 0. Let V be the span of V' (u) for all u € M.
We want to prove that V' is a subspace of codimension m + 1, because
the curvature sphere [Y;] on U takes all of its values in V' then shows
that A is reducible on U, and therefore X is reducible by Proposition 8.
Since the codimension of V'(u) is m + 1 for any u € M, we will obtain
our result if we prove that V' (u) is constant on the domain U of any
normalized second order frame field Y. This will be true if we show
that the derivatives of the vectors spanning V'(u) are zero modulo V' (u),
for every w € U. This follows from (4.23), and (4.24) and (4.25),
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and (4.21). In fact, if = denotes equality modulo V' (u), then
(4.27)
dYy =0

dY, =wy Y1+ wlY, + w0 =0

dYy = wlY] +wiY, + WY,
= (e3Y) — Y,y )0 =0

dy, = w}ﬁﬂ +wi Yo + wZHYnH
= (—e3Y1 +Y1)0" =0

dYor2 = Wy oY1 +wp Yo +wpYas =0
d(esY1 — Yoi1) = desYs + ez(wiYr 4+ 0°Y,) — (wi Yo + w1 Y, )

= (des + e3w)) Y1 + WY1 = (—e3Y) + Yo i1)wy =0

O
Theorem 16. Let A\ : M — A be a proper Dupin hypersurface for
which r = —1, my = mo, and m3 = my. IfY : U — G is a second
order frame field such that
(4.28) dw) =0
on U, and
(4.29) I #0

(see Definition 12), then there exists a nonempty open subset W of U
such that the curvature sphere [Yy] : W — RP™? takes values in a

constant linear subspace of codimension at least 2. Thus, X\ is reducible
on W.

Proof. By Proposition 13 and Corollary 14, we may assume (4.13)
and (4.3) hold. Choosing U to be contractible, we may assume

(4.30) wy =0

on U. In fact, if U is contractible, then w) = df, for some function
fon U. A change of frame Y = Ya(tl, I,0,0) doesn’t affect the
assumptions already made, and @) = wl + dt/t. Thus, take t = e/,
There exists a dense open subset of U on which Y can be chosen to
diagonalize F; and D,. Let U be an open connected component of this
open dense subset. It follows from GD(3.46) and (4.28), that for all
a € 77 and for all j,

(431> 0= daj = Daaj - _R]
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on U, and hence
(4.32) wd =0
on U. From (4.28) and (2.24), we know that the six sets of invariants

D,., etc. and their covariant derivatives are identically zero on U.
Using (4.13), we get from GD(3.54)

0= Deap = (—dy, + d3) Fy;

0= Deqy = —2(ec + e3)FL,
on U, for all e, p, a, u; from GD(3.55)

0= Dpea = (65 +e3 + dp — dg)F;é
0= Dpep = (€c + €3+ dy — d3) Fl,
on U, for all e, p, a, u; from GD(3.56)

0= Dpae = (€c +€3)F

0 = Dpay = 2(dp — d3) FF,

on U, for all e, p, a, u; from GD(3.57)

Duep = (dp - dS)Fﬁe

Dyea = =2(ec + e3) F,

m

D

(4.33)

(4.34)

(4.35)

0
(4.36) .

GD(3.58)

0 pae = —2(ec +e3)FL.
0 = Dyap = 2(dp — d3) F,
on U, for all e, p, o, p; and from GD(3.59)

0= Epue = —(ec +e3)F}
0= Epua = 2(dp — d3) FY,,

on U, for all e, p, a, u; fro

(4.37)

(4.38)

on U, for all e, p, , (. In summary, we have
(4.39) 0=(e.+e3)EFS, 0= (e.+e3)Fl, 0= (e +e3)F"

pe pe’
on U for all e, p, v, 1, and
(4.40) 0=(d,—ds)Fl, 0= (d,—d3)FL, 0=(d,—ds)F,

on U, for all e,p,a, . In the present proof, equations (4.40) are not
needed, but we record them here for use in the proof of Theorem 23
below. For each e € Z, define the analytic function on U

(4.41)

Ac= vl + ) el =2) (Fp)* +2) (Fi)*+8) (Fi)?
a o p,x pp o,
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Let

(4.42) n(A.) ={x e U : A.(zx) > 0}

an open subset of U. Let dn(A.) be the boundary of n(A.) in U. If
(4.43) Unn(A) =0

for all e € Z;, then Theorem 15 applies and we conclude that A is
reducible on U. The proof of Theorem 15 shows that e3 is constant on
U in this case, by (4.25) and the fact that w) = 0 now. If

(4.44) Unn(A:) #0
for some ¢ € 7y, then there exists a point
(4.45) re (U N (Uen(Ae))> \ UeOn(A,)

and for such a point there exists a connected open neighborhood W of
x such that W C U and for every e € 7y, either A, is identically zero
on W or A, is always positive on W. Let

(4.46) T, ={a€T : A,=0onW}
and let Z{ be the complement of fl/ in Z;. Thus,
(4.47) I/ ={ceZy: A.>0on W}

and Z} # 0. If ¢ € Z7, then for each x € W, there exists p, «, or p
such that F3(x) # 0 or Ffi(x) # 0 or F/.(x) # 0. Therefore,

(4.48) e = —es

on W, for any ¢ € Z, by (4.39). We have

(4.49) e3> 0

on W, because if ¢ € Z7, then by (3.4),

(4.50) 0 < A, =2mgs(e3 —e.) = dmges
on W, by (4.48). We next prove that

(4.51) we =0

on W, for all a € fll and ¢ € Z{. To do this, we observe that E,. = 0

on W, for all a € fl/ and all ¢ € Z7, since F; is diagonalized on W.
Therefore, using (4.48), we have

) Z BoejtV = dBue + 2B, = Y Beew = Y Eqowf
. 7 e e

= (eq — €.)ws = 2e3ws
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on W. But GD(3.50) with (4.28) and the definition of 7 imply that
(4.53) Foej = 0

on W, foralla € fll, c € I}, and all j. Then (4.51) follows from (4.49), (4.52),
and (4.53). In addition, e; must be constant on W. In fact, from

~1
GD(3.52) it is seen that e =0, e3, =0, and e3, =0on W. If a € 7, ,
then e3 = e, on W, 80 €34, = €40 = Euaa = 0 by GD(3.50). Hence,
es; = 0 on W for all j, and so

(4.54) des = des + 2e50) = Y _es;0) =0
J

on W.

The rest of the proof is now similar to the last part of the proof
of Theorem 15. For each z € W, let V(x) be the subspace of R
defined by the span of the vectors

(455) YVO, )/;a }/;)? Yon Yua Yn+2> 63)/1 _Yn—i-l

at the point =z € W, for all ¢ € Z{, p, a, i . Let V' be the span of V (z)
for all x € W. We want to prove that V' is a subspace of codimension
m~+ 1, where m > 1 is the cardinality of fll. Because the codimension
of V(z) is m+ 1 for any x € W, we will obtain our result if we prove
that V' (z) is constant on W. This will be true if we show that the
derivatives of the vectors spanning V' (z) are zero modulo V(z), for
every x € W. This follows because

(4.56) wy =0, wa=0, w;=0

on W, for all a € fll, by (2.18) and the definition offl/. O
Corollary 17. Let A : M — A be an irreducible proper Dupin hyper-
surface for which r = —1, my =mo, and ms =my. IfY : U — G is a
second order frame field such that dwd =0 on U, then

(4.57) ;=10

5. ONE PAIR OF MULTIPLICITIES IS 1

Assume now that A : M"~ ! — A?"~! is the Legendre lift of a Dupin
hypersurface with four principal curvature, constant Lie curvature r =
—1 and multiplicities m; = mo > 2 and m3z = my = 1. For these
multiplicities, the index sets Z3 and Z, consist of one element each

Ig = {2m1 + 2}, I4 = {2m1 + 3}
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It is convenient to continue writing a and p for these values, respec-
tively. In addition, D3, Dy, E3, and E, are automatically scalar matri-
ces in this case, for any second order frame field.

Proposition 18. If m; = my > 2, mg = my = 1, and r = —1, then
for any point in M there exists a second order frame field Y : U — G
about the point, for which

(51) dl = €9
For any such frame field,
(5.2) P Fh, =0=F FIEL

on U, for all p,a; and
(5.3) dig=0=R,, dip=0=R,
on U, for all a,p.

Proof. Let Y : U — G be a second order frame field. Then D; =
dqiI,,, and Ey = eyl,,, are scalar matrices, by the first two equations
in GD(3.42). A second order frame change (2.14) of the form ¥ =
Ya(ly, 1,0,sL) has

(54) é2 - Czl = €9 — dl + 2s

by GD(3.32). Taking s = (d; — e3)/2, we obtain a second order frame
field for which

(55) dl = €9

We assume this done for our frame Y. Setting a = b = ¢ in GD(3.62i),
we find that

(5.6) ZDMF;C—#ZEWF;C:ZLZF;;F;CF&
p p p

By GD(3.51i), for each p = q we have

(5.7) eae = Eppe = Re + 2B, Fli. + 2Dy Iy,
which shows that

(5.8) EpuFl + DpoFy.

is independent of p € Z,. Therefore, (5.6) becomes

qct qet ac

4
(5.9) Dpape+ EpFe = v > FoFLEL
q

for all p € Z,. Using GD(3.461) with a = b = ¢, and using (5.6), we
find

(510) dlc = Dccc - _Rc
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By (5.5), di, = ea., so combining (5.7) and (5.10) and substituting the
result into (5.6) gives

pct pct ac

4
5.11 R, = — ESFRE!
511 E9D

Multiply Fyi. by 2F5 and F¥ by 2F/ in GD(3.37) and GD(3.38),

pce

respectively, subtract the latter from the former and use GD(3.36i), to
get

—die = ((F)? = (F)?). = 2F0 F, — 2FFY,

= 2(F% Dy + FLE,,) — 12F1F1 F2

C pc— ocT pc

(5.12)

Therefore, for each ¢ € 7,
(5.13) FrFR FC

pct act pe

is independent of p, by (5.8) and the fact that d;. is independent of p.
We show now that this implies (5.2). At any point of U, let V denote
the vector subspace spanned by the Y,. This subspace is invariant
under a change of frame (2.14). On V, for fixed ¢, define the bilinear
form

S:VxV—-R
(5.14) S(Z uPY,, ZUqu) — Z FUFY Fouly*
P q P

By GD(3.10), S does not depend on the choice of Y. Then (5.13) is
the value of S(Y,,Y}), so this value is independent of p. Let
(5.15) K = 5(%,%))

for every p € Z,, an analytic function on U. If ¢ and s are nonzero real
numbers such that ¢* + s? = 1, and if p # ¢, then replacing Y, and Y,
with tY), 4+ sY, and —sY), + tY, gives another allowable frame Y, so S
has the same value on each:

(5.16) S(tY, + sY,, tY, + sY,) = S(—sY, + tY,, —sY, + tY,)

SO

(5.17) K +2tsS(Y,,Y,) = K —2stS(Y,,Y,)
Therefore,
(5.18) S(¥;, ;) =0

whenever p # ¢, so S is a multiple of the inner product on V; that is,

(5.19) SO uPY,, Y wtY,) = K Y (uf)
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for some function K on U. On the other hand,
(5.20) SO Py, Y wtY,) = Fi() Frar)() | Fou?)
p p p p

is the product of two linear polynomials in the u”. Such a factorization
of a sum of two or more squares is impossible over the reals unless K
is identically zero on U. Therefore, the first equation (5.2) must hold
at every point of U. The proof of the second equation (5.2) is done in
the same way with the roles of a and p reversed. Il

Proposition 19. If m; =my > 2, mg=my =1, and r = —1, and if
Y : U — G is a second order frame field for which di +es =0 on U,
then dw) =0 on U.

Proof. As seen in the proof of Proposition 18, we may assume Y chosen
so that d; = e on U, in which case the hypothesis implies that d; =
e =0 on U. Then GD(3.361) says

(5.21) (Fo)? = (Ek)?

on U, for all a,p. Then adding together GD(3.36ii) and GD(3.36iv),
respectively, subtracting GD(3.36iii) from GD(3.36v), we find

(522) €3 = —€4, d3 = d4
respectively, on U. Substituting (5.21) into (5.2) we find
(5.23) FIEE =0

on U, for all a,p, and

(5.24) FAFE =0

on U, for all a,p. These equations are true even for a # b and p # ¢,
as follows. In fact, take the covariant derivative of (5.21) to get

(5.25) TS FI%FIZU—

for all a, p, j. Take j = b # a and use GD(3.37) and GD(3.38) to get
(5.26) F;;(—F;‘CLF;LI) — 2F1§2F5a) = F;(F;ng +2F,FL)

on U. This, together with (5.2), yields

(5.27) F&F&F:b + F;Fﬁ)Fga + FoFhFL, =0

on U, for all a,b,p. By (5.23) and (5.21), the middle term is 0 on
U, while (5.23) implies that the third term is 0 on U. Thus (5.27) is
equivalent to F FlFY = 0 on U, for all a,b,p, which by (5.21), is
equivalent to

(5.28) FrF! =0

pa®™ ab
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on U, for all a,b,p. In the same way, if we take j = ¢ # p in (5.26),
and use GD(3.37) and GD(3.38), we get

(5.29) Fo(FIF! 4+ 2F1 b)) = Fi (—Fo Rl — 2F1 Fo)

pba™ aq ap™ qa pa— aq ap qa
on U, which simplifies to
(5.30) B Fy + B F EL + Fo RV EL =0

on U, for all a,p # q. By (5.24) and (5.21), the middle term is 0 on
U, while (5.24) implies that the third term is 0 on U. Thus (5.30) is
equivalent to Fy F# Fl =0 on U, for all a,p # ¢, which by (5.21), is
equivalent to

(5.31) FEFR =

pat ag
on U, for all a, p # q. By (5.24), this holds also for p = g.
For a function f: U — R, let

(5.32) n(f)={zeU: f(z) # 0}
Let spt (f) denote the closure of n(f) in U, namely, the support of f
in U. Then (5.21) implies that

(5.33) n(Fy,) = n(EL)

for all a, p. Define open subsets U; and Us of U by
(5.34) Uy = Ugpn(Fl),  Us = Usn(FE,)
Then (5.28) implies that

(5.35) UyNUs =1

and (5.31) implies that

(5.36) Us N (Ugn(FL,)) =0

Let U; C U be the open subset of U defined by

(5.37) Ur = U\ ((Uagspt (FLS)) U (Ugspt (F2))

The closure of U, U Us in U is clearly the complement of U; in U.

On Uy, the functions f, g, and h in (4.19) are identically zero,
by (5.33) and the definition of U;. Hence, by (4.23) in the proof of
Theorem 15, we have dw) = 0 on Uj.

On U, we have

(5.38) Fio=0, Ft=0

for all a, p, by (5.35) and (5.36), respectively. Then by (2.25), F*

=0
aaj
on Uy, for all j. By GD(3.39), we have

1 1 o 1 N 1
(539> O:Féjaa = _§D,u,a_ §ZF$§1FPG+§ZF£§IFPGI _§D,ua
p p
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on Uy. By GD(3.39) and (5.38) we have
(5.40) 0=F", =Dy +3 Z FILES =

on Uy, for all a. By GD(3.39) and (5.38) we have
(5.41) 0=Fr = aa+3ZF” il

aap T apt'pa =

on Us, for all a. Similarly, by the second equation in (5.38), we have
F! =0 on Uy, for all p, j. From GD(3.40) and (5.38) we get

apj

(5.42) 0=F" = pu—3ZFQF“= E,,

apo pa- aa

on Us, for all p. Similarly,
(5.43) 0=F' =—D,, BZF“F“:— o

app aa” pa

on Us, for all p. Finally, we want to show that D,, = 0 on U,, for all
a,p. By GD(3.37) and the fact that F}, = 0 and F% = 0 at every
point of Us, for all a, p, we have

(5.44) Fo. = —D,,
on Uy, for all a,p. In the same way using GD(3.38), we have
(5.45) F = —D,,

on Us, for all a,p. Taking j = « in (5.25), we find
(5.46) FOFS = Fi o

pat'pac pat'paa
on Us, for all a,p. Substitute (5.44) into this to get

(5.47) —F%D,, = FLLFE

on Uy, for all a,p. Similarly, taking j = u in (5.25), we get

(5.48) FoFe, = FIF"

on Uy, for all a,p. Substitute (5.45) into this to get

(5.49) FeFS, = —FD,,

on Uy, for all a,p. By GD(3.41) we have Fy, , = —F},,, so substitute
this into (5.49) to get

(5.50) Fr e = Fhi Dy

on Uy, for all a,p. Now multiply (5.47) by F}, to get

(5.51) —F2F¥D,, = (FI)Fr
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on Uy, for all a,p. Multiply (5.50) by Fy;, to get
(5.52) FSFt Dy, = (F5)?Fh
on Us, for all a,p. By (5.21), we see that the right sides of (5.51)
and (5.52) are the same. Therefore the left sides must be equal at
every point of U, but they are negatives of each other, so we get,
again using (5.21)

(5.53) FiDpy =0, F&Dp =0

on U,, for all a, p.
The next step is to show

(5.54) wd =0

on Us. By (2.28), this is equivalent to showing R; = 0 on Uy, for all j.
Now d; = 0 on U, implies that all of its covariant derivatives d;; = 0
on U, since dd; + 2d1w8 =3 i dljej defines its covariant derivatives.
Using the fact that Dy, Dyq; Daas Epps Dpa, and all their covariant
derivatives are zero on U, we find the consequences of d;; = 0 on U,
to be as follows. By GD(3.461) and (5.38),

(5.55) 0= diy = Dypa = —Ra
on Us, for all a. By GD(3.46ii),

(5.56) 0=dy, = Duoy = —R,
on Uy, for all p. By GD(3.46iii) and (5.53),
(5.57) 0 =din = Daso = — R4
on U,. By GD(3.46iv) and (5.53),

(5.58) 0 = di, = Daap = — R,

on Us. This completes the proof of (5.54).
The next step is to show that the covariant derivatives es; of eg
satisfy

(559) €35 = 0

on Uy, where by (2.26) these are defined by

(5.60) des + 2e3w) = > ez’
J

To prove (5.59), we use the equations GD(3.52) to get
(5.61) €30 = Fooa = Ry =0

on U,, for all a,

(5.62) esp = Eoop = R, =0
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on Us, for all p,

6 L2 .
(5.63) €30 = Enaa = Ra — o Zp Dy F2 + o Z FILESF! =0
on Us, by (5.53) and (5.38), and

(5.64) €3y = Faop = Ry + Dyga = 0

on Us, since (5.39) implies that D, = 0 on U,. This completes the
proof of (5.59), and therefore (5.60) becomes

(5.65) des + 2eswy = 0

on Us. This implies that on the subset of Uy where e3 # 0, the 1-form
11

(5.66) W) = —§gde3

and therefore w is closed on this subset of U,. Thus, if e3 is never zero
on Us, then w is closed on all of Uy. We now prove that

(5.67) es(z) #0

for every x € Uy. Let x € Uy. We may assume that our second order
frame Y on U diagonalizes E; at x. It is easily checked that if the
vectors Y, are changed by an orthogonal matrix, then the set Us does
not change, and e3 is unchanged. Let

(5.68) Ii(x) ={a €I, : Fy(x) =0, Vp}
and let
(5.69) I/ (x) = Iy \ Z}(x)

We want to show that if the set Z; is arranged with the indices in Z](z)
first followed by the indices in Z(z), then

(5.70) Ei(z) = e3(x) (I[)” _ ]n?l_m>

where m is the cardinality of Zj(z). To prove this, suppose that a €
Zi(z). Then F3(x) = 0 for all p, and of course I, = 0 on all of U,
so GD(3.36ii) implies that (since d; = 0)

(5.71) 0= —eu(z) + e3(x)
as claimed. Next suppose that a € Z{(x), so that Fl (z) = £F5 () #

0, for some p. Using GD(3.591) and the fact that E,, = 0 on U,, we
have

(5.72) 0= Epua() = (ea() — ea(w)) Fy, ()

pa
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which implies that e,(x) = es(x) = —ez(x), by (5.22). This completes
the proof of (5.70) and allows us to prove (5.67) as follows. For our
given x € Uy, GD(3.36ii) implies that

(5.73) > (F () = —ea() + e5(x)

p
for all a. But (5.70) implies that e,(z) = +es(z), so if eg(x) = 0, then
ea(r) = 0 as well, and we must conclude from (5.73) that Fy,(z) =0,
for all a, p, contradicting the fact that x € U;. We conclude that es is
never zero on Uy, and therefore w is closed on Us, so in particular,

(574) Dpa - 0

on U,, for all a, p.
Finally, it remains to prove that dw) = 0 on Us. To do this, we
first observe that Fj, = 0 = F}, on Us, for every a,p. It follows that

their covariant derlvatlves F:z?éu = 0 = F},; on Us, for all a,p,j. By
GD(3.371), then

(5.75) 0=F% = Dy

on Us, for all a,p. By GD(3.37ii),

(576) 0= Fﬁzp = Daa

on Us, for all a,p. By GD(3.37iii)

(5.77) 0= F2, = =Dy, +2F ! —2FF F — —D,,
on Us, for all a,p. By GD(3.38i)

(5.78) 0=F!, =—E,

on Us, for all a,p. By GD(3.38ii)

(5.79) 0=Ft =Dy,

on Us, for all a, p. It remains to prove that D,, = 0 on Us. To do this,
we first observe that there is a dense open subset V' of Us on which we
may make an analytic change of frame field

(5.80) Y =Ya(l,, B,0,0)

where B = By @ I,,, ®1® 1, with By : V. — O(my) an analytic map,
such that F) is diagonal at each point (see, for example, [20]). For such
a change of frame, ©) = w) and the sets U2 = Uy and U3 = U;. So,
without loss of generality, we may assume Y =Y on V and all of the

above properties of Y on Uz remain true on V. For a point x € V, let

(5.81) Ii(z) ={a € I, : F{,(x) =0}
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and let its complement be

(5.82) Ti(x) = Ty \ Zj(x)
If a € Z7(x), then GD(3.36ii) implies that
(5.83) 0= —eq(x) + e3(2)

If a € ZV(x), then by (5.76) and GD(3.54iv) and using (5.22), we have
(5.84) 0= Dyop = (—26, — €3 —ds +dy +eq)Ft, = —2(e, +e3)FL,
at x, and so F* (z) # 0 implies that
(5.85) eq(x) = —es(x)
We next show that ez(z) # 0. Since x € V C Us, the set Z7(x) is
non-empty. For a € Z7(x), GD(3.36ii) and (5.85) give

A(FEN)? = —eq(z) + es(z) = 2e3(x)

The left side of this equation is non-zero for a € Z{(x), and thus e3(z) #
0. Therefore, at every point of V', with this frame Y the matrix F; has
the form (5.70), where m = m(zx) is the cardinality of Z}(x). Since
es(x) # 0, this shows that on each connected component of V| 7| and
77 must be constant and equations (5.83) and (5.85) hold at every
point of this component. Therefore, we may use GD(3.50i) to find that
the covariant derivative of e,, for any a € Z7, is

(5.86) €os = Faga = 6Dy FY,

on V, while by (5.85) and GD(3.52i)

(5-87) —€aa = €30 = Floaa = Ry + 2DuaF(5a = 2DMQF5¢1
on V, by (5.2) and (5.11). Adding (5.87) and (5.86), we get
(5.88) 0= 8D, F",

on this connected component, for any a € Z;. Therefore,
(5.89) Dya =0

on each connected component of V', therefore on all of V. It follows
from (2.24) that dw) = 0 on V, and therefore dw) = 0 on the closure
of V in Us, which is all of U;s. Therefore, this is true for our originally
chosen frame field Y on U, and dw) = 0 on Uy, Us, and Us, so it is also

zero on the closure of the union of these three sets in U, which is all of
U. O

Theorem 20. Suppose m; = mo > 2, mg = my = 1, and r = —1.
For any point of M, there exists a second order frame fieldY : U — G
about the point, for which dwd =0 on U.



DUPIN HYPERSURFACES 39

Proof. Given a point of M, we know by Proposition 18 that there exists
a second order frame field Y : U — G about the point for which d; = e
on U and (5.2) holds on U, for all a,p. We will show that dwg = 0 on
U, for this frame. To do this, we decompose U into a disjoint union of
subsets U; and Us,, where

(5.90) Uy={x€U:d(x)=0}
a closed subset of U, and

an open subset of U. Let U; denote the interior of U;. Then d; = 0 on

Uy, implies dw) = 0 on Uy, by Proposition 19.

Next consider the open set Us, where d; is never zero. On each con-
nected component of Us, d; is either always positive or always negative.
To be specific, suppose that

(5.92) ey =dy <0

on the connected component U of U,. Then GD(3.361) becomes
(5.93) 2(Fe)? —2(Fi)? = —(di + e2) = —2d; > 0

on U for all a, p, which implies that

(5.94) Fo #0

at every point of U, for all a, p. This combined with (5.2) implies that
(5.95) FIFE =0, FAFE =0

on U, for all a, p. This holds for an arbitrary orthogonal change of the
frame vectors Y, or of the frame vectors Y,. By polarization, it follows
that

(5.96) FEFY 4 FUFE =0, FAFE + FAFE =0

pa~ ab pas aq qa’ ap

on U, for all a,b,p,q. Polarization means the following. For any p
consider the bilinear form

(5.97) O, =) FLFL0" @6
a,b

pa~ ab

Then (5.95) says that ®,(Y,,Y,) = 0 for any a, and this is true for
any orthogonal change of the frame vectors Y,, so it must be true that
®,(v,v) = 0 for any unit vector v. Hence, ®, is an alternating form
and must satisfy

(5.98) Q,(u,v) + D,(v,u) =0
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for all vectors u, v. This implies the first equation in (5.96). The second
equation follows in the same way.
The next step is to prove that

(5.99) F' =0

pa

on U, for all a,p. We prove this by assuming the contrary and then
deducing a contradiction to our assumption that d; # 0 on U. Suppose,
then, there exists a and p and € U such that

(5.100) Fi(z) #0

Then there is an open set O of U , containing x, on which F}/ is never
zero, for this a,p. Hence F* =0 on O, for this a, by (5.95), and then
(5.101) F =0

on O, for all b, by the first equation in (5.96). In the same way we see
that

(5.102) F =0

on O, for all ¢g. These two equations are the same as (5.38), and in the
same way as we derived (5.39) through (5.43), we get

(5.103) Dyo = Dyp = Dy = By = Dygo = 0

on O, for all b, g. There exists an open dense subset O of O on which
we may assume Dy and E; have been diagonalized at each point. Then
0= anb = (63 — €9 + €b)F;l;

5.104
( ) 0= Epua = (64 — €9 — 6a>FI§Z

on O, by GD(3.56) and GD(3.59). By (5.94) we can conclude that
(5.105) e, = €y — €3

on O, for all b, so by continuity, By = (ea — e3) I, is scalar on all of O.
But, by (5.100) and the second equation of (5.104), we have

(5.106) €q = €4 — €3 = —€3 — €9

on O, for the particular value of a, therefore for all a, since F; is scalar
on O. Subtracting (5.106) from (5.105), we conclude that e; = 0 on O,
which contradicts (5.92).

Therefore, (5.99) holds on U, for all a,p. Then all covariant deriva-
tives F* . =0 on U, for all a,p, j, so GD(3.38) implies that

paj

(5.107) 0=F' =—D,,

pap
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on U, for all a, p, and
0=F! =D, —3F,F!

pap pa™ ap
(5.108) 0= Fl, =By, + 3F%FL,

on U, for all a,p. These two formulas hold for “any orthogonal change
of the vectors Y, or Y, on U. The 1-forms on U

(5.109) Qo= FutP, B=3) FuLo°
p p

are invariant under such changes of frame, and the bilinear form
(5.110) Ve = g ® 3

has the property that 1,(Y},Y,) = 3F, Fl = D,,, for every p. By the

argument containing (5.13)-(5.20), this implies that
(5.111) Dye =0

on U, for every a. In the same way, using the second equation in (5.108),
we conclude that

(5.112) E,, =0
on U, for all p. Then (5.108) implies that
(5.113) F!=0=Fr,

on U, for all a, p, since F7, is never zero on U, for all a,p. We remark
here for the proof of Corollary 21 below, that (5.99) and (5.113) imply

(5.114) g=h=k=0

on U, and therefore A : U — A is reducible, by Theorem 15. For the
proof at hand, we use (5.99) and (5.113) in GD(3.39) to get

1

_[r —__D

(5.115) 0= Fou 2 he
0= FF . = Dy

on U, for all a,p, and in GD(3.40) to get

(5.116) 0=F", =Dy

on U, for all p. Then (5.107), (5.111), (5.112), (5.115), and (5.116)
imply that dw) = 0 on U.

In the same way we prove that if d; > 0 on a connected component
U of U,, then dwo =0onU. Therefore, dwo =0 on all of U,. If U; has
no interior, then the closure of U, in U is all of U, and thus dw) = 0
on all of U, by continuity. If U; has nonempty interior, then we have
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proven that dw) = 0 on this interior, and therefore dwj = 0 on all of U,
which is the closure in U of the union of the interior of U; with Us. [

Corollary 21. Suppose m;y =mg > 2, m3=my =1, andr = —1. If
the Dupin hypersurface is irreducible, then for any second order frame
field Y : U — G along it, we have

(5117) dl + €9 = 0
onU.

Proof. Let Y : U — G be any second order frame field along the Dupin
hypersurface. We know that D; and E, are scalar matrices at every
point of U. Any change of second order frame field is given by (2.14),
and thus GD(3.32) shows that under such a change the function d; + e
is multiplied by an everywhere positive function on U. It follows that
if (5.117) holds for some second order frame field in U, then it holds
for any second order frame field in U.

By Proposition 18, about any point x € U there exists a second
order frame field for which d; = es. Seeking a contradiction, suppose
that dy(z) # 0, for some x in the domain of this frame field. Shrinking
the domain, if necessary, we may assume that d; # 0 on the whole
domain of the frame field, and then the proof of Theorem 20, as re-
marked after (5.114), shows that the Dupin hypersurface is reducible on
some open subset of z, and thus it is reducible by Proposition 9. This
contradicts our assumption that the Dupin hypersurface is irreducible.
Hence, d; must be zero at every point of its domain. O

Corollary 22. Suppose miy =mg > 1, m3=my =1, andr = —1. If
Y : U — G is a second order frame field along the Dupin hypersurface
such that one of 1, T}, T}, or I} is nonempty (see Definition 12), then
the hypersurface is reducible.

Proof. If I} or Z) is nonempty, then there is no loss in generality in
assuming that 7] is nonempty, in which case the result follows from
Theorem 16 and Theorem 20. If Z} or Z} is nonempty, there is no loss
in generality in assuming that Zj is nonempty. Since mgs = 1, this
means that the functions f, h, and k, defined in (4.19), are identically
zero on U. Therefore, the result follows from Theorem 15. U

Theorem 23. Suppose the connected proper Dupin hypersurface X\ :
M1 — AL has four distinct curvature spheres with multiplicities
my = mg > 1, m3 = my = 1, and Lie curvature r = —1. If X is
wrreducible, then it is Lie equivalent to an isoparametric hypersurface.

Proof. The case m; = mg = 1 was handled in [5, Theorem 4.1, p. 33].
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Assume now that m; = my > 2. In order to apply Theorem 7, we
must find a second order frame field, defined on a neighborhood of any
given point, that satisfies the conditions of Theorem 7. Let x € M
and let Y : U — G be a second order frame field, where x € U. Then
dy + e3 = 0, by Corollary 21, and dw) = 0 on U, by Proposition 19.
By Proposition 18, we may adjust Y so that d; = 0 = e on U. As
observed in (5.22) of the proof of Proposition 19, we also have e3 = —ey
and dg = d4.

Consider the functions A,, for any a € Z;, defined in (4.41) in the
proof of Theorem 16. Irreducibility implies that for each a € Z;, A,
must be positive on a dense open subset of U, by Theorem 16. In the
same way, for each p, the analytic function

(5.118) Ay = [vpal® + [vp? = 2 ) ((F2)? + (FL)?) + 8(F2)?

must be positive on a dense open subset of U. There is also a dense
open subset of U on which E; and D, can be diagonalized by our frame
field. The intersection of these three dense open subsets is a dense open
subset of U. Let W be a connected component of it. Then (4.39) holds
on W, and A, is positive on W for all a € Z;, so we have

(5.119) e, = —e€3

on W, for all @ € Z;. Similarly, A, is positive on W for all p, so
by (4.40) we have

(5.120) d, = ds
on W, for all p € Z,. Therefore, on each connected component of this
open dense subset we have Iy = —F3 and Dy = D3 are scalar matrices

for some choice of second order frame field, hence for all choices of

second order frame fields. By continuity, it follows that this is true on
all of U for Y, that is,

(5121) €1 = —€3, d2 = dg
on U. Now GD(3.42iii) implies that

(5.122) mh+%mk+@)=—mu+%x@+ag

on U, which implies that

(5.123) dy = —es

on U. Plugging our known values of di,...,es into (3.5), we find
that (3.9) holds on U. Finally, it follows now from (3.4) that

(5.124) [Vaa|* = lAa

2
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which is positive on a dense open subset of U. Therefore, all the con-
ditions of Theorem 7 are satisfied and we may conclude that A is Lie
equivalent to an isoparametric hypersurface. Il

Remark 24. There exist reducible proper Dupin hypersurfaces with four
curvature spheres satisfying the conditions m; = msy, m3 = my, and
r = —1 that are not Lie equivalent to an isoparametric hypersurface
(see [3, pp. 107-108]).

6. COMPACT PROPER DUPIN HYPERSURFACES
Our main goal in this section is to prove the following result.

Theorem 25. Let W be a compact, connected, proper Dupin hy-
persurface immersed in S (or RY) with g > 2 distinct principal curva-
tures. Then W is irreducible; that is, the Legendre submanifold induced
by the hypersurface W is irreducible.

Remark 26. Thorbergsson [23] proved that a compact proper Dupin
hypersurface W9=! immersed in S¢ must be taut, and a taut immersion
must be an embedding (see Cecil-Ryan [8, p. 121]), so W must be
embedded in S¢. In this same paper he also proved that the number g
of distinct principal curvatures of a compact proper Dupin hypersurface
must be 1, 2, 3, 4, or 6, the same as for an isoparametric hypersurface
in a sphere.

Proof. The proof is by contradiction. We assume that W21 c S? is
reducible and obtain a contradiction. The proof is essentially the same
as the proof of Theorem 2 of [2] (see also Theorem 2.11 of [3, p. 148]).
In that theorem, however, we assumed that the Dupin hypersurface
Mn™=1t C 8™ to which W is reducible is immersed in S™. In the present
proof we do not need to make such an assumption because we can
handle the situation as follows.

Assume that there exists a reducible, compact, connected, proper
Dupin hypersurface W9=! immersed in S? with ¢ > 2 principal cur-
vatures. Let v : W — A2?"! be the Legendre submanifold induced
by this immersion. By Proposition 11, v is Lie equivalent to a proper
Dupin submanifold p : W — A%¢~! that is obtained from a lower di-
mensional proper Dupin submanifold A : M"! — A?"~! by one of
the three standard constructions of Pinkall [17]. As shown in Sec-
tion 4.2 of [3], all three of the constructions begin with a proper Dupin
submanifold A : M" ' — A?~! and produce a Dupin submanifold
e M x S™ — A2tm)=1 - Thys, W is diffeomorphic to M x S™, and
M must be compact since W is compact. We are also assuming that
v (and thus p) has g > 2 distinct curvature spheres at each point. As
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shown in Propositions 2.1, 2.3 and 2.5 of Section 4.5 of [3], however, for
1 obtained by the tube and cylinder constructions, there always exist
points on M x S™ at which the number of distinct curvature spheres is
two. Thus, p cannot be obtained by the tube or cylinder construction.

Thus, if g > 2, then p must be obtained from A by the surface of
revolution construction. Proposition 2.7 of [3, p. 144] shows that for the
surface of revolution construction, the number £ of distinct curvature
spheres on M must be g—1 or g. We also have the following relationship
between the sum [ of the Zy-Betti numbers of W and M,

PW) = B(M x §™) = 26(M)

On the other hand, Thorbergsson [23] showed that for a compact proper
Dupin hypersurface embedded in S¢, 3 is equal to twice the number of
distinct curvature spheres. Thus, we have (W) = 2g.

If the point sphere map of A : M — A?"~! is an immersion, or even
if there is a Lie sphere transformation A such that the point sphere
map of A\ is an immersion, then we have an immersed proper Dupin
hypersurface f : M — S" to which Thorbergsson’s theorem applies,
and B(M) = 2k, where k is the number of distinct curvature spheres
of M. Thus, we have

BW) =29, B(M)=2k
where k =g —1or k=g, and

BW) = 26(M)
Combining these equations, we get
2g = 2(2k) = 4k

for k =g—1or k =g. Clearly, k = ¢ is impossible, and k = g — 1
yields

29=4(g—1) =494
and thus ¢ = 2, contradicting the assumption that g > 2.

It remains to show that in the case of the surface of revolution con-
struction, there is a Lie sphere transformation A such that the point
sphere map of A\ is an immersion. That follows from the following
lemma.

Lemma 27. Let ju: M™ ' x ™ — A2Fm)=1 be o Legendre submani-
fold which is obtained from a proper Dupin submanifold X : M — A?"~1
by the surface of revolution construction. If there exists a Lie sphere
transformation B such that the point sphere map of Bu is an immer-
sion, then there exists a Lie sphere transformation A such that the point
sphere map of AN is an immersion.
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We shall first apply this lemma to complete the proof of Theorem 25
and then give the proof of the lemma. Since the point sphere map of
v: W — A%~ ig given to be an immersion , and v is Lie equivalent
to u: W — A?~! we know that the Lie sphere transformation B in
the lemma exists. Therefore, a Lie sphere transformation A exists such
that the point sphere map of A\ is an immersion, which is what we
need to complete the proof of Theorem 25. O

Proof of Lemma 27. We begin by reviewing the surface of revolution
construction (see [3, pp. 141-144]). Let e, .. ., €y 1m+o be an orthonor-
mal basis of Ry " with ey and e, 112 timelike and the rest spacelike.
Let RP"™*2 be the projective space determined by R with cor-
responding Lie quadric Q"™+, Let

(61) R;H‘?) = Spal {GOa €1, -+ Entl, 6n+m+2} C R;H‘m'f'?’

and let RP"2 and Q™! be the corresponding projective space and
Lie quadric. Let A?*~1 and A2(*+™~1 be the space of projective lines
on Q"' and Q" respectively. Finally, let u, = epyq for k =
1,...,n+m, and let

(6.2) R" = span{es,...,en41} =span{uy,...,u,}

(6.3) R"™ = span{ea, ..., €nime1} = span{uy, ..., Upim}

Consider a proper Dupin submanifold A : M"! — A?""! with ¢
distinct curvature spheres. We can parametrize A by using the Eu-
clidean projection f : M — R™ and Euclidean field of unit normals
¢ : M — R" as follows (see [3, p. 82]),

(64) )\ == [k?l, ]{32]
where

The map [ki] : M — Q™" is the point sphere map of A, and the map
(ko] : M — Q™! is the tangent hyperplane map of \.

We want to construct a Legendre submanifold p by “revolving” f
around an “axis” R"™' C R™ C R™™, for R"™™ as in (6.3). The
domain of p will be M x S™. Note that we do not assume that f is an
immersion, nor that the range of f is disjoint from the axis R*~.

For simplicity, we assume that the axis R"~! contains the origin of
R"™ and that the orthonormal basis vectors have been chosen so that

(6.6) R" ' =span{uy,...,u,_;} C R* Cc R"™
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for R® and R™™ as in (6.2) and (6.3), respectively. We write the
sphere S™ in the form

(6.7) S™ ={y =YoUn + + YnUnm Y5 + -+ Yp =1}

We now define a new Legendre submanifold i : M x §™ — AXntm)-1

by its Euclidean projection F' : M x S™ — R™™ and its Euclidean
field of unit normals 1 : M x S™ — R"™, so that u = [K}, K»|, where

(68) Ky =(1+F-F,1—F-F2F0)/2, Ky=(F-n—F-nn,1)

and the maps F' and 7 are defined as follows. First we decompose the
maps f and & into components along R"~! and orthogonal to R"~! in
R”™ and write,

~

(6.9) f@) = f(e) + ful@)un,  flz) €R™

(6.10) §(0) = £(v) + &), E(x) €R™

Then for z € M, y € S™, we define the maps F' and 7 in (6.8) by
(6.11) F(a.y) = f(2) + fal2)y

(6.12) n(w,y) =€) + &0y

In [3, pp. 141-144], we show that the curvature spheres of p are of two
types. The first type is

(6.13) (K (z,y)] = [$n(@) K1 (2, y) — fal2) Koz, y)]
This is the new curvature sphere introduced by the surface of revolution
construction. The second type is

(614) [K($7y)] = [rKl(x,y)+sK2(:E,y)]
where r, s are real numbers such that
(6.15) [k(x)] = [rki(x) 4 skao(x)]

is a curvature sphere of A at x € M.

Now we turn to the question of whether there exists a Lie sphere
transformation A such that the point sphere map of the Legendre sub-
manifold A\ : M — A?"~!is an immersion. The point sphere map
Z(x) of the Legendre submanifold A\ is determined by the condition

(6.16) (Z(2), ensmy2) =0

The map Z(x) is an immersion if and only if Z(x) is not a curvature
sphere of A\, for any x € M. Since the curvature spheres of A\ are of
the form A[k], where [k] is a curvature sphere of A, we see that Z is an
immersion if and only if

(6.17) (Ak(2), entmi2) 7 0
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for all curvature spheres [k(z)] of A at all points z € M. If we apply
the Lie sphere transformation A™' € O(n + 1,2) to (6.17), we get the
condition

(6'18> <k(x)7A_1€n+m+2> 7£ 0

for all curvature spheres [k(z)] of A at all points € M. Note that
v = A"'e,my2 is a unit timelike vector in R ™. Thus, there exists a
Lie sphere transformation A such that the point sphere map Z of A\ is
an immersion if and only if there exists a unit timelike vector v € R
such that

(6.19) (k,v) #0

for all curvature sphere maps k of A.

It is a hypothesis of Lemma 27 that there exists a Lie sphere trans-
formation B € O(n 4+ m + 1,2) such that the point sphere map W of
the Legendre submanifold By is an immersion. Thus, there exists a
unit timelike vector ¢ € R such that

(6.20) (K,q) #0

for all curvature sphere maps K of . We can write ¢ in coordinates as

(6.21) 7= (90, 41,4, W, Grgm+2)

where ¢ = (q2,...,q,) € R"™ and w = (¢us1s-- -5 @nims1). For a
curvature sphere K (z,y) as in (6.14), one can compute that

(K(x,9),0) = ~alr( L) 570
(6.22) Falr(C L) —sp )+ (f) + sé) -4

+ (’l“fn(ZL') + an(ZIJ))(y ’ w) — SQn+m+2

since F-F=f-fn-n=¢-& and F-np=f-£ Note that all terms
depend only on x € M except the term

(6.23) (rfu(@) + s&u(2))(y - w)
If we take y = u,,, then
(6.24) (K(z,y),q) = (k(z),v)

for [k(x)] as in (6.15) and v = 7(q), where 7 is orthogonal projection
of R5™*2 onto its subspace R5™ in (6.1) given by

n+m+2 n+1

(6.25) v=m( Z giei) = Z 4i€i + Gntm+2€n+m+2

=0 =0



DUPIN HYPERSURFACES 49

Note that v is timelike, since ¢ is a unit timelike vector, and

(6.26) (v,0) = (¢,9) = (Ghia + -+ Gsimin)
Thus, v is a timelike vector such that
(6.27) (k,v) #0

for all curvature sphere maps [k] of A. So there exists a Lie sphere
transformation A € O(n + 1,2) such that the point sphere map of A\
is an immersion. O

Theorem 28. Let M be a compact connected proper Dupin hyper-
surface immersed in R™ with four distinct principal curvatures having
multiplicities mqy = mo > 1, mz = my = 1, and constant Lie curvature.
Then M 1is Lie equivalent to an isoparametric hypersurface.

Proof. As noted in Remark 26, M must, in fact, be embedded in R".
Miyaoka [12, p. 252] showed that if M is a compact connected proper
Dupin hypersurface embedded in R"™ with four distinct principal curva-
tures and constant Lie curvature r, then r must equal —1. (Miyaoka’s
therorem states that r = 1/2, but that case corresponds to r = —1
under the ordering of the principal curvatures used here). Then The-
orem 25 implies that M is irreducible, and finally Theorem 23 implies
that M is Lie equivalent to an isoparametric hypersurface. U

Remark 29. Theorem 25 and Corollary 10 imply that a compact proper
Dupin hypersurface immersed in R™ with g = 3 principal curvatures
must be Lie equivalent to an isoparametric hypersurface. This was first
proven by Miyaoka [11], who used different methods and did not focus
on the notion of irreducibility.
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