TORSION-FREE G3-CONNECTIONS THAT ARE NOT
ANALYTIC

QUO-SHIN CHI

ABSTRACT. Up to now all the known torsion-free GG3-connections
have been analytic. We provide an explicit PDE-solving approach
to construct a family of smooth torsion-free G3-connections that
are not equivalent to any analytic ones, although each of these
connections is locally homogeneous away from a hypersurface of
the base manifold.

1. INTRODUCTION

Perhaps one of the ever enlightening remarks that shed much light
on the importance of torsion-free linear connections in differential ge-
ometry has been that of Hermann Weyl’s [19] that points out that
the very existence of inertia systems in the Universe warrants that its
connection is torsion-free.

The question of finding torsion-free connections, if there are any, on
a given principal subbundle of the frame bundle of a manifold immedi-
ately becomes one in partial differential equations, in principle. Berger
in his remarkable paper [1] classified those irreducibly acting reduc-
tive groups of the general linear group that may arise as the holonomy
group of a torsion-free connection. His classification is complete in the
metric case. However, as Bryant pointed out [2], the classification is
incomplete in the non-metric case. These missing holonomy groups
from Berger’s list were referred to by Bryant as exotic holonomies.

We shall not dwell on the recent development of the holonomy clas-
sification, for which the reader can consult the survey articles [4], [17]
and the papers [2], [6], [9], [14], [18]. Instead, we shall return once
more to exotic Gz-structures, which is an anomaly among all exotic
holonomies. Bryant first found in [2] exotic H; (= SL(2,R)) and
(analytic) G3 (= GL*(2,R)) connections on 4-manifolds that do not
preserve any metric. It turns out that the Hjz-structures fall in the
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symplectic family [6] arising from symplectic representations of simple
Lie groups realized as the holonomy groups, whereas the G3-structures
stand out in a peculiar way. Namely, first off we could replace the
simple Lie groups G in the symplectic family by R G. However, since
these holonomies are reductions of conformally symplectic structures,
which in turn can be reduced to symplectic structures when the dimen-
sion of the manifold > 4 ([2]), the only reductive group extrapolated
out of the symplectic family is G5, which is R Hs.

Gs-structures are salient in another striking manner. Namely, the
moduli space of the Hj; family (in fact, of every holonomy in the
symplectic family [6]) is analytic and finite-dimensional whereas the
moduli space of the generic (nondegenerate) analytic G3-connections
is parametrized by four functions in three variables [2], which Bryant
deduced using exterior differential systems (EDS) coupled with large
MAPLE-calculations that are indispensable, because a certain nowhere
vanishing 8 x 8 determinant J each of whose entries is a linear function
in twenty-eight variables must be reckoned with. The magnitude of the
symbolic calculations encountered plus the nonconstructive nature of
EDS seems to render it hard to study the geometry of each individual
of these generic structures. On the other hand, Bryant developed in [2]
the powerful (and conceptual) twistorial approach in the holomorphic
category, where each real analytic Gs-structure sits as a real slice of its
complexification, and thus he could apply the deformation theory to
gain a structure theory for real analytic Gs-structures from its holomor-
phic counterpart, which the author utilized, with the aid of the notion
of infinitesimal neighborhoods of (holomorphic) submanifolds, to ana-
lyze degenerate Gs-structures, whose moduli depends at least on four
restricted functions (in an appropriate sense) in three variables [7], [8].
However, due to the qualitative nature of this holomorphic approach,
it seems in general difficult to answer, e.g., the basic question of writ-
ing down torsion-free G3-connections in terms of, say, their Christoffel
symbols Fé-k in local coordinates, which can provide much local and
often global geometric information. Furthermore, it seems remote that
these techniques, being analytic in nature, could handle the fundamen-
tal question of the existence of smooth torsion-free G'3-connections. Of
course, here by a smooth connection we mean one that is not equivalent
to any analytic ones.

In this paper we shall prove yet a further result about the intrigu-
ing anomalous torsion-free G3-structures, which the title of this paper
addresses. To motivate the ground work, let us first briefly recall [15]
that the space of G3-bundles over a 4-manifold M can be identified
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with the space of maps (smooth, analytic, holomorphic, etc.) from M
to GL(4)/GL(2); hence locally it depends on twelve functions in four
variables. For a Gs-bundle admitting a torsion-free structure, locally
it is defined, when we set the intrinsic torsion to be zero, by an un-
derdetermined system of eight 1st-order partial differential equations
with twelve functions in four variables not of Cauchy-Kowalewskaya
type [2]. It seems daunting to even guess whether there is a smooth
solution to the system, much less proving that a smooth solution, if
existent, generates a torsion-free GG3-connection that is not equivalent
to any analytic ones.

A simple example in the mechanics of nonholonomic systems can
shed much light on this question. Consider a circle rolling vertically
without skidding on a plane. If the angle made by the plane containing
the circle and the z-axis of the plane on which the circle rolls is ¢, then
the (underdetermined) equation of motion of the circle is

dy = (tan ¢)dzx.

When the circle is confined to move along a line, the solution is just the
line itself. However, with one more degree of freedom introduced the
solutions can be very complicated; any smoothly parametrized curve
on the plane gives rise to a solution. As a result, singular solutions
can occur, as we all have experienced when we, for instance, roll a
swimming tube.

This helps explain why on the sheer group level Hj differs from G
only by a scaling factor, and yet on the manifold level torsion-free Hs-
connections, which are analytic and finite-dimensional in moduli and
can be fully accounted for by Poisson geometry, similar to the rolling
circle confined to move on a line, explodes into a universe of analytic
torsion-free G3-connections whose moduli depends on four functions in
three variables, similar to the general solutions to the motion of the
rolling circle on the plane, when we perturb from Hj to Gjs.

With the motivation by this example, we shall prove in this paper
the following.

Theorem 1. There are smooth torsion-free G3-connections that are not
equivalent to any analytic ones, although each of these connections is
locally homogeneous (in fact, is left-invariant on a local solvable group)
away from a hypersurface of the base manifold.

We remark that as a byproduct, we can display the Christoffel sym-
bols T, of these torsion-free G3-connections explicitly in coordinates,
which is crucial to our proof.
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2. PRELIMINARIES

2.1. The Gs-actions. Let V' be the real vector space of dimension 4
identified with homogeneous polynomials of degree 3 in two variables
x and y. The group G3 := GL*(2,R) acts on V in a natural way.
Namely, for p(z,y) € V and A € G3, the action of A on p(z,y) is given
by (A-p)(z,y) = p((x,y) - A). This action induces an action on V*, the
dual of V, given by (A- f)(v) = f(A ' -v) for feV* andv € V.

H; := SL(2,R), the semisimple part of G3, acts on V with z* the
maximal weight, whose GG3-orbit is a cone in V. As can be easily seen,
this cone comprises of all polynomials of the form (az+by)?. When pro-
jectivized, the cone turns into the twisted cubic [a® : 3a%b : 3ab® : b?]
in the homogeneous coordinates relative to the basis 3, 2%y, zy?, y>.
Following [2], we will call the cone the intrinsic cone and its projec-
tivization the intrinsic twisted cubic.

Likewise, let fi,---, f4 be the dual basis to 2%, 22y, zy?, y3. Then f,
is the maximal weight of the dual GG3-action, whose G3-orbit is the cone
a® f1 + a®bfy + ab® f5 + b2 f4, of which the projectivization is the twisted
cubic [a@® : a®b : ab® : B3] in the homogeneous coordinates relative
to fi,---, fs. We will call the cone and its projectivization the dual
intrinsic cone and the dual intrinsic twisted cubic.

2.2. Gs-structures. We will review some results in [2] in this sub-
section. Let M be a smooth 4-dimensional manifold equipped with a
torsion-free G'3-connection. The holonomy group Gj3 acts on the typical
tangent space of M, which induces an action on the cotangent space as
above. The collection of the dual intrinsic cones with the zero vector
removed is denoted by V C T*M, whose projectivization, denoted by
C, is the circle bundle of dual twisted cubics over M.

Now let the canonical symplectic form of T*M be «, and let A be
the distribution over V defined, for y € V, by

Aly) ={X eT,V:aX,T,V) =0}

A is an integrable 2-dimensional distribution whose leaf space F, when
restricted to a sufficiently small open set U of M, inherits from a a
symplectic structure. P(F), the projectivization of F over U, is a
contact 3-fold W of the G3-structure on M. Therefore over U there is
a double fibration Il : C — U and ¥ : C — W such that for p € U,
U sends C, := II"*(p) to a contact circle in .

We remark that in a standard local coordinate system (g5, p®),1 <
s < 4, for T*M, we have o = ) dp® A dg, and a straightforward
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calculation gives that A is spanned by, for : = 1,2,

N  9aY 0
=23l 0 I e
ik jks 5

where _ .
Fi=a)(@p'p =0,
ik

1 <1 < 2, locally carve out the dual intrinsic cone at ¢. It follows that
if m: T*M — M is the projection, then for : = 1,2,

) ;0
jk

As an immediate consequence, at g any vector f in 7,/ M tangent to the
dual intrinsic cone at (p*), so that dF;(f) = 0, must nullify 7, (X;) for
i = 1,2. Therefore, we conclude that the plane spanned by 7.(X;),7 =
1,2, in T, M is tangent to the intrinsic cone. In other words, each
leaf in A projects to a surface in U that is tangent to intrinsic cones
everywhere.

The important fact is that the converse is also true [2], which char-
acterizes a torsion-free G3-connection.

2.3. Three lemmas. From now on we assume M, parametrized by
€ := (€g, -+ ,€3), is small enough to allow the aforementioned double
fibration. Let p € M be the origin in the coordinates. Since the
fibration ¥ : C — M is trivial when M is shrunken even more, we
can select maps
Ly : Cp —

for all ¢ € M such that ¢, gives rise to a smooth parametrization I'(¢, €),
analytic in ¢, from C, x M to C via its trivialization. I" maps a vector
v € T, M to a vector field along C,, given by I';,(v), where I'y(+) :=T'(¢, )
for a fixed ¢, and ¢ has coordinates e.

Now let D be the contact distribution of W and let L := TW/D be
the contact line bundle of W. For a contact circle S in W we let Lg
be the restriction of L onto S. For the contact circle S := ¥(C,) we
can set up the map

p:T,M — H°(Ls)
whose image is given by W, (T, (v)) in TW followed by the projection
onto Lis. Here, H°(Ljs) denotes the space of smooth sections of Ljs,
which is infinite-dimensional. p is independent of the parametrization
I' of C chosen, since any other parametrization amounts to only intro-
ducing an additional vector tangent to the fibers of C.
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Lemma 2. The map p is injective.

Proof. Suppose p(v) = 0 for some v # 0. Then U, (T'..(v)) € D for
all t € C,. Let v = €(0) for a curve ¢(s) € M. Then we have a
2-parameter family v(¢, s) := ['(t,€(s)). Let c(t,s) = ¥(y(¢, s)). Then

(1) acgj) im0 = U, (D (v)) € D.

Now ¢(t, s) is a contact circle in W for each s. So the deformation of
the first order at s = 0 of the contact curves c(t, s) belongs to D for
each ?.

We may cover the contact circle ¢(¢,0) by contact charts (z;, y;, 2;)
with contact form 0; = dy; — z;dx; of W in such a way that (z;,0,0)
parametrizes ¢(¢,0). By shrinking M even further, we may assume that
the 2-parameter family c¢(¢, s) are graphs over (z := x;,0,0) over each
contact chart, with respect to which ¢(t, s) is (z;(x, s), yi(x, 5), zi(x, 5)).
With this the preceding equation is equivalent to

Ay
2 —(z,0) =0.
) (2,0
However, the fact that ¢(t, s) is a contact curve for each s gives dy; /0x =
2;0x;/0x. Differentiating this equation with respect to s at s = 0

and invoking (2), z;(z,0) = 0 and Jz;/0x = 1 at s = 0, we obtain
0z;/0s(x,0) = 0, so that dc/0s is tangent to the contact circle at
s = 0. In view of (1), this implies that I',,(v) belongs to the span of
A’, the image of A via the projection from V to C, and the tangent
space of C, at I'(¢, €) in C. It follows that the projection of I';,(v) onto
T,M is tangent to the intrinsic cone at all ¢. However, clearly this
projection is v. Hence v lies in all the tangent planes to the intrinsic
cones, which is absurd. 0]

Corollary 3. p(v) vanishes only at isolated points.

Proof. This follows from the last three sentences of the preceding lemma.
O

Lemma 4. For any z € C,, the subspace Vi of T, M consisting of all
vectors v such that p(v) vanishes at z is 3-dimensional. The subspace
Vy consisting of all vectors v such that p(v) vanishes to the 1st order
at z 1s 2-dimensional.

Proof. As before we let I';(€) be z. Consider the linear map 77 : v —
p(v)'(t) from R* to R. If dim V; = 4, then since the kernel of T} is of di-
mension at least 3, we have dim V5 > 3. However, the arguments of the
preceding lemma shows that all v € V5 would lie in a 2-plane tangent
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to the intrinsic cone, which is impossible. Consequently, dim V; < 3.
On the other hand the map T : v — p(v)(t) implies that dim V; > 3.
So dim V; = 3.

The map T restricted to V; gives that dim V5 > 2. For the same
reason that any vector v € V5 lies in a tangent plane to the intrinsic
cone, we see dim V5 < 2. So dim V5 = 2. ]

Set V := T, M. With Lemma 4 at hand, we can, as in projective
geometry, define a map

AN:C,— P(V7)
: 2z +— the dual of V7,
where V] is as in the preceding lemma.

Lemma 5. A(C,) is the dual twisted cubic at q.

Proof. The dual of V; in V* defines a projective line I(z) containing
the point A(z). In fact, I(z) is tangent to the curve A(C,) at A(z).
Hence the [(z2) envelopes A(C,) as z varies in C,. On the other hand,
as explained in Lemma 2, V5 is a tangent plane to the intrinsic cone.
Therefore, V5 envelopes the intrinsic cone and its dual envelopes the
dual intrinsic cone. Putting these together we see that the curve A(C,)
is the dual twisted cubic at q. O

3. THE GOVERNING PARTIAL DIFFERENTIAL EQUATIONS OF A
CLASS OF TORSION-FREE (G3-CONNECTIONS

3.1. The primitive PDEs defining the connections. Suppose now
the 4-parameter family of contact circles described in Section 2.2 lies in
a contact 3-fold W (the leaf space), which is covered by contact charts
Us = {(Tay Ya, 2a) } with the contact forms dy, — z,dx, in such a way
that the contact circle for € = 0 is given by (z,,0,0). Clearly, we may
assume that the transition between (x,,0,0) and (xg,0,0) is analytic.
As we mentioned, by shrinking M enough we may assume that all these
contact circles are graphs over (z,,0,0). Then they are parametrized
as (Ta, Ya(Tas €), 0Ya/0To(Ta,€)). The map p encountered in the pre-
ceding section now assumes the form

0 o
Proc ( De )
and [0y, /0€q : - - - : Oyo/0€s] parametrized by x,, is exactly the dual in-

trinsic twisted cubic relative to the tangent basis (Qy, /0¢€o), - - « , (0ya/0€3)
at e.
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Motivated by this observation and Lemma 5, we consider a primitive
set of partial differential equations as follows. For 0 <17 < 3,

) D o) 3 O ).

Jj=0

subject to the condition y,(z4,0) = 0, for some positive smooth func-
tion r,. Here (j(z,) are the standard sections z*, 2%y, xy? y* of P

relative to a coordinate system z, of P! := {[z : y]}. Note that,
with (3), [0ya/0€ @ -+ : 0ya/0es] automatically is a twisted cubic at
€

What is remarkable is that the integrability conditions to (3) turn
out to produce explicit torsion-free G3-connections.

3.2. Integrability conditions to the primitive PDEs. For nota-
tional convenience, we let
3 .
=Y al(e)¢(ra)
§=0

in (3). We will drop the subscript « since we now work only in a single
coordinate chart . We may assume 79 = (g. For by the chain rule, (3)
is transformed to

where
;L . Oeg
T - s 8Ei .
Hence @) = 1 and @, = 0 for 7 > 0 if and only if
Oe
— =A1-(1,0,0,0)"
aEO ( b Y b )

with A := (al). This is always solvable, when we shrink the domain of
¢ if necessary, since € is the flow parameter to the vector field A~! .
(1,0,0,0)™.

We are now solving

dy
(4) g =T
with Mo = C(].
Write

~_ Ologr
pi = 861'
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and
U]
It ’ 861‘ ’
The integrability conditions are
(5) Bitly — K0 = Tij — Nji-

In particular, setting j = 0 we obtain

(6) Meo = MkCo — oMk

since 1y, = 0. Substituting py solved from the preceding equation into
(5) we obtain

(pemi — pame)Co = MkoMi — Mio Mk
so that

(nki - mk)Co = Nko"i — Mok
or

0 day  Oaf
@ X TG > et = Y (G - S50

Dividing through (7) by (CO) and employing the fact that ((o/Co, -+, (3/Co)
is the twisted cubic (1,z,z% x3), we can compare the coefficients of
2% 0 <« < 3,in (7) to yield

Oay  0ai  Oag  Oaf
(8) s+tz;<3( : 86 — % 860 ) N aéi 8ek ’
odas oa?
9 al—t —at =%y = 0.
( ) S+tz:;>4( 7 860 k 860)

3.3. A canonical non-torsion-free (G3-connection.

" s dal’
S
Proposition 6. I';; = ) | @, 5+,

that is not torsion-free in geneml

where A~' = (@), is a G'3-connection

Proof. Consider the principal Gs-bundle for which the vector fields
X;,0 <1 < 3, such that

form an adapted Gs-frame of the bundle. We define the ”canonical”
connection V such that

VX; =0
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for all 7. A straightforward calculation shows that the Christoffel sym-
bols are of the desired form with the torsion

s _,,0at"  Oa}
(]‘0) EZ - %:au( aﬁt - 661‘ )

O

Let the dual forms of X; be denoted by 67, j = 0, ..., 3. In view of (10)
and (8), the torsion 2-form 7 is given in matrix form by 7= —Q A ¢
so that the structural equation reads

(11) dd=—-Q N0,
where
Qg 0O 0 O
o_ |2 e 0 o
2 0 Q 0
Q% Q% % X
with
° L das
0 =D 5 e
=0 865
(12) N

3

6% = Zafdek.

k=0

3.4. The PDEs of the torsion-free (G;-connections. An element
in the Lie algebra Gz of G5 is of the form

3A B 0 0
3C 2A+D 2B 0

(13) 0 2C A+2D 3B
0 0 C 3D
To obtain a torsion-free Gz-connection, we perturb (11) to produce a
connection form w with values in G; such that df = —w A 6. To this
end, set
) 0 0 0

o 9 0 o
0 2/30, Q) o |’
0 0 1/30 Q8

which is Gz-valued. Then (11) is nothing but
dd=—-woNO+T,

w =:
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where T = Q A 0 with

0 0 0 0
g_| 0 0 0 0
-2 —130k 0 0 0

) S —2/300 0

The question is now reduced to asking whether there is a Gz-valued
1-form A such that

(14) T=—-AN6;

if yes, then w = w + A € Gz will satisfy df = —w A 6, which gives rise
to a torsion-free (G3-connection.

Proposition 7. The existence of A is a consequence of (9).

Proof. Let us set

3w w) 0 0

A 3wp 2wl+wi 2w 0
= 1 0 3 a0
0 2wy wy + 2ws 3wy
0 0 we 3ws

withw§ := > f# 607. Then (14) establishes several identities as follows.
I: From 3wi A 6° + W) A 6! = 0 we obtain

(15) 0 = ffo_3f(?1,
(16) 0 = f(?2:f83:f{]2:f{]3-
IT: From 3wl A 0%+ 2wi A O + w3 A0 + 2w AG? = 0 and (16) we
derive

0= 2f(?o - 3f011 + f:g)o,
0= foo - 3f012;
(17) 0:2f101_f2?2_2f(?2:2f{]1_f332,
0= fos.
0= fa+2f5s = fas-
ITI: Let Qf = ZW Q3.07. From

2wy A O +wy A 0>+ 2w5 A 0>+ 3w AP =QF A+ 1/3Q5 A6



12 QUO-SHIN CHI

we find
_le + 1/39(1)0 = 2f010,
~Qo = foo + 250,
(18) —g5 = 3f10:
—1/3Qg, = —2fgy + for + 231,
_1/39(1)3 = _2f013 + 3f{]1 = 3f{)1-
IV: From Q3 A 0° + Q2 A0 +2/3Q0 A 6% = wy A 0* + 3w3 A G we
deduce
_931 + ng =0,
—5 +2/3Q00 = foo,

(19) _933 = 3]?07
_932 + 2/39(%1 = f()lla
_933 = 3]?1,

~2/3Q0; = —fo3 + 352 = 33
Therefore, from these identities we immediately arrive at
wy = foo?” + for 0"
= (_932 + 2/3933)90 - 1/993391:
Wy = fiof” + fi0"
= —1/305,0° — 1/9Q4,6",
wo = foot° + f10" + fpot”
= (_ng + 2/39(1)0)90 + (2/39(1)1 - Q32)91 - 2/993392,
wy = f300" + 10" + f30°
= —1/305,6° — 1/3Q5,0" — 2/904,6°.
Here, we use the third, fifth and sixth identities in (19) and the fifth
identity in (17) to get w3. The second and the fourth identities in (19)
and the second and the fourth identities in (17) are employed to obtain
wg. Next, (16), the third and fifth identities in (18) come in to fix wy.
Lastly, (15), (16) and the second identity of (18) define wy.
This leaves the first and the third identities in (17), the first and the

fourth identities in (18) and the first identity in (19) as compatibility
conditions. The first identity in (17) gives

(20) OFy + Q53 = 29y,
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The third identity in (17) is automatically true (Q}; = QJ3). The first
identity in (18) gives

(21) Qoo + 1 = 2Q,,
while the fourth one yields
(22) 933 = Q(1)2-
Lastly, the first identity of (19) clearly results in
(23) ng = le

Let (a%) be the inverse of (a%). Now (12) says
(24) Qg = Z a* gz;

with respect to which (9) is equlvalent to
Q300 + Q2 62+ Q68 = Q3 6L + Q2,67 + Q5,62
(25) Q.07 + Q2.6 = 05,02 + Q2,02
2,07 = Qo ds.

Setting s = 1,¢ = 3 in the first identity of (25) results in Q}, =
Qp5, whereas setting s = 2,¢ = 3 in the second identity of (25) gives
03, = Q3;. Hence (20) holds. Setting s = 0,¢ = 3 in the first identity,
s = 1,t = 3 in the 2nd identity and s = 2,¢ = 3 in the third identity
of (25) yields Qf, = Q2 = Q3, = 0, so that (21) is true. Setting
s = 3,t = 2 in the first identity of (25) comes down to exactly (22).
Lastly, setting s = 0,# = 3 and s = 1,7 = 2 in the 2nd identity of (25)
gives 2, = Q3, = 0, which verifies (23). O
As a consequence we have established the following.
Theorem 8. (8) and (9) are sufficient for the existence of a torsion-
free Gs-connection. A given solution to these two sets of integrabil-

ity equations gives the torsion-free Gs-connection in the local chart
€p, '+ ,€3 AS

where (El) is the inverse of (aé), and

3\ A 0 0
3N 220+ A3 22X 0
0 200 )+ 2A3 3\
0 0 A§ 3\
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with
A = 1/300 — 1/905,0" — 1/305,6°,
A = —1/302,6° — 1/9Q,0",
Ao = 1/3Q5 — 2/905,0% — 1/305,0,
Ay = 1/3Q0 — 1/305,0" — 2/905,0% — 1/3Q3,0°

in which (12) and (24) are employed.

(8) and (9) are the governing partial differential equations for the

class of torsion-free (G3-connections that we shall construct next.

4. REDUCTION OF THE PDESs

4.1. A first reduction. Recall from Section 3.2 that a) = §). We
choose to set

al al Fal+ Ea? + Cai F*al+ E*a3 + C*aj}
a? ai| = Fa} + Eaj} F*a3 + E*aj ,
atl aj Fa3 F*a3
where C, E, F,C*, E*, F* are functions depending only on €y, €9, €3,

while af, ad, a3, al, a2, a3 depend on €, €1, €3, €4.

Proposition 9. The above specialization of (a}) solves (9).

Proof. (9) consists of three sets of equations

3 3
5 daj, _ g Ja;
! 860 k 860 ’
3 2 2
9% ,0ay, s0a;, 5 0a; ;0a;
( ) a; — +a; — = a + ay, ,
860 860 860 860
3 2 1 3 2 1
4 Oay, o2 daj, | 50u _ 4 Ja; o2 da; I Ja,
! 860 ! 860 ! 860 k 860 k 860 k 860 ’

with (i, k) = (1,2), (1, 3),(2,3). Set k = 3 in the first equation of (26).
We first assume a3 is nowhere vanishing. Then it is readily seen that
d(a?/a3)/deq = 0. That is,

a; = Fa3,

a3 = F*a3,

for some F' and F* depending only on €,€9,€e3. Conversely, it is

straightforward to check that (27) solves the first equation of (26).
With (27), we obtain in the second equation of (26), for (k,i) =

(1,2),

(27)

3

o Oaj
24
860

2
30ay
3 860

3
o Oaj

2
9a; | . 300,
1

860

=F"a
3860’

Fa + F*a + Fa
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so that Vs Vs
Fa(az/%) _ F*a(al/%)
860 860
if a3 is nowhere vanishing. It follows that
Fa5 = F*a® + Ia;

with I independent of €. Likewise, for (k,7) = (1,3) and (2,3), we
have

(28) Fa3 = a® — Eaj
and
(29) F*a3 = a3 — E*a}

for some E and E* not depending on ¢;. We solve (28) and (29) to get
the desired a? and a2, which in turn yields
I =FEF—FEF~.
For (k,i) = (1,2), the third equation of (26) is
10a3  ,0a 8@1 10a3  ,0a3  ,0a)

a a,-— ta ‘+ai7—+a;7—,
2860 2860 28 €0 18 €0 1860 1860
which is

0(ay/a3) 0(ay/a3) O(a3/a3)
F =F —(FF* — EF'F)——=~
860 860 ( ) 860 ’

so that
(30) Fal = F*a! — (EF* — E*F)d2 + Ja}

for some J independent of €.
Likewise, for (k,7) = (2,3) we obtain

2 1 3 2 1
8a2 ,0a5 3005 10a3 ,0a3 30a3

Ao —— a a a a
3 Oe €0 3 860 3 860 2 860 2 860 2 860 ’

which is
,0(az/a3) _ O(az/a3) . 0(da3/a3)
F = —F ,
0¢ Oeg deg
so that
(31) F*a3 = a3 — E*a3 — C*aj

for some C* independent of €.
Lastly for (k,i) = (1,3), we have
[0a3 040’ 8a1 10a3  ,0a3  ;0a;

G3ge T s ge s = aig Faig s taig,
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which is
COabfad) _ Dlalfad) 003/
deg Oeg Oeg
so that
(32) Fay = aj — Eaj — Caj

for some C' not depending on €.
From (31) and (32), we can solve for a} and al, which, when substi-
tuted into (30), yields
J=C"F—CF".

Conversely, it is easy to check that the specified a} solve (9). O

4.2. A second reduction. With the above specialized (a;-), we are
now left with solving (8) to come up with smooth torsion-free G-
connections. To this end we introduce a further reduction. We set a3 =
1,a3 = 0,a) = egaly, 1 < k < 3, and a} = eyal,y, where aly, ady, aly, alg
are independent of ¢y, so that

o .0 ,0 .0 0 0 0
* *
ag a; ay az| _ |0 Feagy+C Fregazy +C* €ag
a% a% a% a% 0 E E* 0
3 3 3 3 *
ag aj a; aj 0 F F 1

A simple row reduction shows that
det (aé.) = E*C — EC*.
We now analyze (8).
I: s+¢t=a=0in (8). This gives
a(_]a_a,‘; 0 dal _ dal Ba?‘
' Deg k deq de;  Oey,
(i): (4,k) = (2,3). We obtain

0 0
Oas, B Oay,

(ii): (i, k) = (1,3). We obtain

da3y,  dal,

(iii): (i, k) = (1,2). We obtain

- out, _ ou,

861 N 862 '
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II: s+t =a=1. We have
Qa_a}c 18_@,2_ Oaa}_alaagzaa}c_aa}
' Oeg ' Oeg k deq ke Oe;  Oep
(i): (4,k) = (1,2). We obtain

oc . oC*

OF*ay, OFa,

b 2= 0 * o
862 + a200 861 amc 60( 861 862 )’
so that
oC o . a0t
(36) 8—62 + GQOC — 8—61 — alOC = O,
and

OF*al, OFal,

37 = 0.
( ) 861 862
(ii): (i, k) = (1,3). We obtain
ac -, dal, OFal,
el C = _
Oes a0 = ol €y Oes )
so that
oC
(38) e + a3,C' = 0,
and
dal, OFa}
39 20— =
( ) 861 863
(iii): (i, k) = (2,3). We obtain
ac* day, OF*al,
bl C* = _
Oe3 a0 “ol e Oes )
so that
oC* .
(40) e + a3,C* =0,
and
dal, OF*a}
41 0 _ 0 = 0.
( ) 862 863
III: s+t=a=2. It yields
ala_a}c 2a_a,2_alaazl _a28a? :Ba%_aaf
' Oeg ' Oeg ke, ke Oe;  Oep
(i): (4,k) = (1,3). It results in
E
(42) oF + a$yE = —Clas,.

863

17
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(ii): (¢, k) = (2, 3). It results in

OF* .
(43) 8—63 + go -C a30
(iii): (i, k) = (1,2). It results in
oE* OF . X ¥
(44) e 8—62 +aSyE* — a5y F = (F*C — FC*)ay,.
IV: s+t =a=3. We get
o0ay  30a)  ,0a}  ;0a]  daj  Odaj
al—=" —a —a = — )
@i Oeo ' Oeg ke, ke Oe;  Oey,
(i): (i, k) = (1,3). Tt is
oF
(45) e +adyF — a3y = —Eaz,.
(ii): (i, k) = (2,3). It is
OF™* . .
(46) e + a3y F* — a%y = —E*ay,.
(iii): (4, k) = (1,2). Tt is
or* OF
(47) 9e. Doy + afoF* — agyF = (EF* — E*F)ag.
4.3. A third reduction and a class of solutions. Let us now set
C =0,
C* = —2¢7°,
0o
0 [ ——
aiU - aeii

with ¢ = 1, 2, 3 for some smooth function ¢, depending only on €, €5, €3,
to be chosen later. Then it is readily seen that (33) through (35),
and (36), (38) and (40) are satisfied.

Next, in view of (42) and (43), we choose

E=n~e®,
E* =2¢ ?M,

for some smooth function « of €5 alone, where

Then E and E* solve (42) and (
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We now impose a further condition on ¢ so that ¢ is a function of €3
alone. Then a?%, = a9, = 0 and we choose

F=—ne *M,
F* = —e *M?*+ fe ?,
for some smooth function f of €; alone to be chosen later. Then F' and
F* solve (45) and (46).
In general, substituting af, and a3y, in terms of the remaining terms

of (45) and (46), into (44) and (47), and replacing C' and C* there
via (42) and (43), we end up with, respectively,

) oF* oF oF™ 8E* )
4 Ff*— —F— {E~— _F - =
( 8) 863 863 863 863 861 862 ’

and
oF oF* O0F* OF
iy R

863 863 861 862
We then observe that (37) follows from (39), (41) and (49), because
dal, /e, and dal,/Oes, in terms of the remaining terms of (39) and (41),
verify (37) by (49).

We are now only left with (39), (41), (48), (49). We impose the

condition that M is only a function of €; and €3 alone. For notational
convenience, we set

(49) e

N :=¢?.
Then (48) comes down to
oM dry
30 2yM— - N—=0
( ) 7 863 dég ’

whereas (49) is reduced to
oM oM oM dy
+ + =

51 —yM?— — +yN—+ MN—=0
( ) Y 86 f/y 863 7 8 2 dég
We now set
Y = €2.
(In fact, dy/des =1 is necessary and sufficient.) Then (50) gives
oM?
(52) N = €9 s
863
which is then substituted into (51) to yield
oM oM
(2eM —— + M? — f)—— =0,
862 863
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for which we choose to solve

oM
2eeM —— + M? — f = 0.
862

We obtain
M2 = (62)_17' -+ (62)_1/fd€2,

for an arbitrary smooth function 7 of €5 alone. Inserting M? into (52)
we see

_dT

N=—.
d€3

Accordingly, we may now set

T = /€¢d€3

for an arbitrarily chosen ¢ of €3 alone. Now we choose

f=e
for an arbitrary smooth function i of €; only. Since
. OM
Azp = 8—63’
we obtain, when we restrict to positive e,
e?

1

a

v 2\/62(f eVdey + fe¢de3)'
Lastly, a straightforward calculation shows that
F = —(2a3,)7",
1
P = () [ e = (aly) 50
so that F' and F™* satisfy the differential equations
oF . alogaéoF _ 8loga§0’

Oes Oes Oey
OF* N 8loga§0F* _ alogaé(]’
Oes Oes Jey

respectively, which are exactly (39) and (41). .
In conclusion, we have found a class of solutions. Namely, a =
05,0 < i < 3,af = 0l¢¢’,1 < j < 3. Moreover, a3 = 1,a5 = 0,
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al = €e?/(2y/e2V'R), and

11
“o
“eot )T
ay QG

—€0/2 —2e? + ¥/ (2y/&2VR) — 0V R/ (2(/€)?)

€ge~? 26_"5\/?/\/6 ,
—\/Ee*b\/ﬁ eV ? — e 9R/ey
where 1) and ¢ are arbitrary smooth functions of €5 and €3, respectively,
¢' denotes the derivative of ¢, and

(53) R = /e¢d62+/e¢de3.

This class gives rise to torsion-free GG3-connections by Theorem 8.

Remark 10. We can now exhibit in full the solution to (4). We set
¢ =,0 < i< 3. Then we have

= 6¢—61$/2+\/R5L‘/\/5’

and
y = r(eo — 2aix — 2aiz?)
= e¢_€1m/2+‘/ﬁm/\/5(60 — 266 %x + 2\ /e3¢ "/ Ra?),

which verify, in clear retrospect, the correctness of our solution to the
PDEs encountered in this section.

5. EXISTENCE OF TORSION-FREE G3—CONNECTIONS THAT ARE NOT
ANALYTIC

5.1. The holonomy group of the constructed class of connec-
tions is G3. We have seen in Proposition 7 that (25) yields
ng = le = Q(3]2 = ng = le = Q(l)o =Y
Now with the matrix (aé-) specified at the end of the preceding section,
we have
Q(ln = ng = Q(3]3 =0;
this follows from the identity

oa}
Qpsal = —
03™1 860 ’
which is a variation of the third identity in (25), and the fact that a}
in our specified data are independent of €. Likewise,

Q(1)2 = Q(2]3 =0
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because of the identities

8a3 8az da;
Qd.al + Q.a} + Qpad = deq 860 62 + 76, 52,
and
Q2 2 1 02 gt = D% g2 | 005 5o

Os 7 80 860 59

which are variations of the first and the second identities of (25).
As a consequence, the connection matrix form w in Theorem 8 is
reduced to

-8 105,6" 0 0
e —ofZone  zole 0
YT oo —2obet —al+ ;93392 105,60

0 0 ~1ol —08 + 203,07
Let

O =dvt+wAw

be the curvature form of the torsion-free (G3-connection associated with
our specified ( ) Then we calculate to see

4 4
tr(©) = gd(a§,002) = —g(aéo)Qal AGP4 ... £ 0,

where we only display the ' A 6% term. Hence the holonomy of this
class of connections cannot be reduced to Hs, and so must be Gj.

5.2. Infinitesimal symmetries of the class. Since the a;'. speci-
fied do not depend on ¢;, the translations along €; clearly form a
1-parameter family of symmetries. It turns out something more re-
markable is true. In the following we impose the maximal domain,
which is the half Euclidean space e, > 0.

Proposition 11. The space of infinitesimal symmetries of a connec-
tion in the class is 4-dimensional. All these vector fields are tangent to

the hypersurface

3/2 _

€) — .
2\/f eVdey + [ e?des

As a consequence, the connection is not locally homogeneous as a whole,
though it is so away from the hypersurface.

Proof. The proof is fairly long and some symbolic calculations are em-
ployed along the way to facilitate the computations.
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Let X := 327 x'X; be a vector field. Define X by

3 3
(54) Z X;Qj = dx' + Z w;Xj.
=0 =0

The matrix (x}) belongs to Gs. This follows from the fact that the
vertical component of X*, the natural lift of X to the principal G3-
bundle of the connection, at the point (p, g) relative to the trivialization
(Xo,- -+, X3), where p is the base point and g € Gj, is exactly

91 (x5
X is an infinitesimal symmetry if and only if [15]

(55) dy’ + ijwi — ng P = —1xO.

Set Rl = 0%(Xy, X;) and wy := wi(X}). Taking exterior derivative
of the preceding equation, one ends up with

0= Z(Xls j’kl - X;Rikl + XZSR;'sk - XZ ;’sl)
S

+ Z(XaRjakwél - XaRsalwsk +X Rsalw]k X R sakWs )

(56) . ,
+ Z(XSR;MW?/C = X Rjopwss + X Rjyowih — X° Rjai)

+ Y X (dR;,(X) — AR} (X))

For (i,7) = (0,1) and (k,1) = (0,2), the preceding identity yields

(57) Xo = a30X°,

and therefore,
5 2

1.3

_— —a s

X1 3 30X
1

3 1.3

= —q ,

X2 3 30X

since (x) belongs to Gs. With (57) in place, we derive, for (i, j) = (3,2)
and (k,1) = (2,3),

(5X2R+9X3 1/2R1/2)
66;/2R3/2 .

(58) Xo +2x3 =
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Likewise,

0,6 i 0 3
Xo + iz X1 + 5X3
€

59
(59) 6P R 4+ 34 %R — 9xPepe? R + 54x3e) PR/

126*%3/21%3/2

when (i,7) = (3,3) and (k,l) = (2,3). Here R is given in (53). (In
fact, (57) through (59) are the only nontrivial equations out of (56).)
We can now solve (58) and (59) for x9 and x? in terms of x5 and
X' X% X, As a result of the fact that (x%) belongs to Gs, all the x
thus have been determined by x3 and x!, x?, x*. Differentiating (59)
with respect to X3 and keeping (54) and (55) in mind, we obtain

Px°+Qx' + Ux* + VX’

(60) Xa = ,
’ 12¢~?R(€3 — 2€¢60€;/2R1/2)
o 1/2 p3/2 o N ¢ 3/2 p1)2
where P := 12¢,/"R%*, Q) := 6R, U := —10¢yRe® + 8¢,’"R'/* and
V= 12e2—21e%ees/ *RY/2. Hence, all X’ are now in terms of x°, - -+, x?,

which, when incorporated with (54), enables one to derive differential
equations of the form

ox! ,

61 = F¢,

(61) X -1,
where F} are certain complicated functions of €g, - - - , €5 and x°, - -+, x°.

(We shall not exhibit explicitly all of F' ;) Among these equations we
have

X va' , ex’
6 Oey € — s 2\/E(60 — 5) 4R (eo — $)
(62) €2\ 3 c0e®\?
4 2 X __GfX
4R3/2(60 — S) 4R(€0 — 5)7
where
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and
axl B 6¢X3
deo  2,/eVR
2
(63) 9X _ o
860
a 3
IX _ .
860

25

x? and x? are independent of ¢, in view of the second and third equa-

tions of (63), so that one can solve the first equation of (63) to see

(64) X' =

€0e? x>

2\/—\/_

for some K depending only on €', €2 €. Inserting (64) into (62), one

obtains
o K- X VeK e g
deg e—s5 2V/R(eg—s) 4R(eg—s) 4RY?(eg—s)

where s, K, R, x?, x are all independent of ¢.

solve (65), with (64) in han

for some A independent of ¢y. In particular, over the hypersurface
3/2 ¢
€, e
67 € = ——,
( ) 0 2\/E
we have
1/2 3/ ¢
0 ) 1 ) €€\ 3
< - =0
K+ sgX + g+ (e — X =0

d, to derive

Hence we can easily

which says exactly that the infinitesimal symmetry X = > x°X; is

tangent to the hypersurface. Meanwhile, (64) and (66) assert that

(68) X’ = Aey + B,
where
1/2 3/2 )
= — 2P =—As—B

oY tapX T e~ apX i

so that
¢ 2VR

69 1o _ Ve 2 (e 3 _ As + B).
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Substituting (68) and (69) into 9x°/de; in (61), one derives
0B

e
dA Be?
der dey
so that
X' = (Be%l + C)ey + B,
4eq

where B and C are functions of €5 and e3 alone. Likewise, substitut-
ing the new x° and x' into 9x°/dey and dx°/0es in (61), we obtain,
respectively,

OB B
862 N 62’
0B __dop
863 d€3
so that
(70) B = ve ‘e,
for some constant v, and so
Y= (% + C)eg + ve e

Repeating the same process, one inserts again the new x° and x! into
0x° /ey and 9x°/de3 in (61) to obtain, respectively,

oc YWR ve¥

des 463/ 2 4\/E\/5 ’

oCc ye?

des  4/aVR’

from which one solves to see

WE
2/e

(71) C=p-

for some constant (3, so that now

0o_ (e 7\/§
(72) X —(T+5—2\/€—2

Consider now the function

(73) D :=VRY’ + e’

Jeo + ve e,
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that depends only on €, €2, €5. A calculation with the new x° and !
gives

oD YR\/éze~?
=

der ’

8_D = (L + ﬁ)D _ 76_¢(62R6¢ — RQ)’
862 262 R 262\/§

oD _ (ﬁ _ @)D _WR

863 N R d€3 2 '

We then solve the last two equations to come up with

(74) D = E\/e;Re™? — ye ? R%/?
for some E depending on €; alone. The first equation finally gives
FE = % + «

for some constant a. Now x? can be expressed in terms of x? in view

of (73) and (74). A calculation shows
W Jae(ay/aVR —26\/6VR+2vR)
861 4\/§

As a consequence
v Vae?(a/aVvVR —253/6VR + 29R)
4VR

for some F dependent only on ¢, and e3. Substituting x? into dx?/0es
and 0x?/0ez we obtain

- - -
oF _ 1F+ 28+ a)y/ee"™ " (28 + @)V Re~? N yRe™? e,
Jes € 4VR 4\/€ €2
OF —%F+ (28 + o)/

8—63 d€3 4\/§
We solve the second equation to get

204+«
52 VEaVRe™ 4+ 670G — ye? / e?des
for some function depending only on €5, which, when substituted into

the first equation, yields

G 1
— =G — e + l/e¢d62,

d€2 €9 €9

61—|—F

F =

so that
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for some constant 4.

In summary, we have found all the infinitesimal symmetries, which

depend on four independent constants. Explicitly,
(75)

€ _
X' = (71 + 8- )éo +ve Y,

\/_
2y/€
Xl _ —8_ —¢R—1/2 71/2(( 3/2\/—_‘_6061\/—@615 . 260R€¢)
+ (8 3/2\/_+460Re — 2epe1\/e2V Re?) 3 + (8€2R+46163/2\/_)
+ 4egr/e2V Re?6),
x? = —47"'e ?RYV?((—=2/&R — eV R)a + (2e16VR — 4/&R) 3
+ (4R3/2 — 2€1\/€aR)y — 462@5),
X = 4’1e’¢62_1/2((2\/6R —eeVR)a + (266VR — 4/6R) 3
— 46,V'R9).

Setting one of the constants equal to 1 and the others equal to 0, in the
order of a, 3,7, 0, we get four infinitesimal symmetries, which we shall
show to be pointwise linearly dependent precisely on the hypersurface
given in (67). To this end, we introduce a new coordinate system
(1, €1, €2, €3), where

63/2€_¢
=€y — .
n 0 2@

Then with respect to the new coordinate vectors 9/9n, /0e¢;, 0/ ey, d/ e,
the four infinitesimal symmetries Uy, Uy, U, U3 read
(77)

(76)

0 0 0

Us = n(eze” — 3R)e ¢q§ — + 618 + 628—62 — (eg€¥ — 3R)e’¢a—€3,
, , s 0 0 0 .0
Uy =n(Re' + ere¥ @ + 2e? )e 8_77 - 618—61 + 628—62 — (e2e¢ + R)e ¢a_€3’

U, = 77671/2R71/267¢(6R2¢’ + 61\/6@6 — 61\/6R3/2q§' + 2e9ReV
0 0 0
- 2R€¢ + 6163/2\/Ee¢d)1)8— - 86;1R87 + \/5(61\/5 + 2@)87

0

— ¢, PR 9(26,Re? + €16V Re? + 6R? — €11/ RY? )3
3

0

Uy = 2
3 861’
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where ¢’ is the derivative of ¢. The components of these vectors form
a 4-by-4 matrix whose determinant is

nVeR e ?,
which vanishes precisely on the hypersurface n = 0, or equivalently, on
the one defined in (67).

In conclusion, away from the hypersurface the four pointwise lin-
early independent infinitesimal symmetries integrate to generate a 4-
parameter family of local automorphisms, free of fixed points, that
gives rise to a local group manifold structure of the base space with
respect to which the torsion-free G3-connection is left-invariant, al-
though globally the connection is not locally homogeneous, because
the infinitesimal symmetries become pointwise linearly dependent over
the hypersurface. O

Remark 12. A further calculation shows that
1 1
[UO’ Ul] = 07 [U07 U2] - ZUZ, [U(], U3] - _ZU37

1 1 1 1
(U1, U] = =5 Us. [Ur, Us) = SUs, [Ua, U] = —Us = JUs.

If we set
1 1
El = U(] + §U1,E2 = Ug - §U1,E3 = UQ,E4 = Ug,

then we see
[Ey, Bs] = [Ey, E3] = [Ey, Eq) =0,

[EQ, Eg] - %E& [EQ, E4] - _%Ezl, [E3, E4] - —%El
Hence Ey,- - -, F, generate a solvable Lie algebra whose typical element
is of the form
0,a,b
0,c,d
0,0,0

See [16] for the classification of left-invariant torsion-free G3-connections
on the corresponding Lie group.

5.3. Existence of torsion-free G3-connections that are not smoothly
equivalent to any analytic ones. Suppose the associated connection
is analytic with respect to an analytic structure A. The infinitesimal
symmetries will be analytic with respect to A as well. Since the hy-
persurface n = 0 is precisely the zero locus of the determinant of the
components of four independent infinitesimal symmetries by the pre-
ceding proposition, it follows that the hypersurface n = 0 is analytic
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with respect to A*, the induced analytic structure from A. Therefore,
the restriction of the infinitesimal symmetries to 7 = 0, in particular of
Ug, -+ ,Us in (77) with n = 0, are all analytic with respect to A*, due
to the fact they are tangent to the hypersurface in view of the same
proposition.

The fourth identity in (77) says that we can introduce ¢, as one of the
coordinates of an analytic chart (e, po, u3) of A*. The third identity
in (77) then implies that R/ey, which is the d/0e;-component in the
analytic chart, is analytic with respect to A*.

Now on the hypersurface n = 0, we utilize the first, second and the
fourth identity to obtain

i B (i n epe? — 3R) B €pe? — 3RU B (6_1 n 2e1 €696 — 6R61)
Jes € 4Re, 0 4Re, ! €9 4Re, 3
0 e? e? 2¢,e?

9 AR IR T ar U

Inserting this into the third identity in (77), we can express U, as a
linear combination of Uy, U; and Us, each of whose components are
analytic functions in terms of ¢; and R/ey, as can be easily verified.
We are thus left with the first two equations. Consider the two vector
fields

U(] — U1 — 2€1U3 = 4R€7¢i,
863
(78) 5 9
U() + 3U1 + 2€1U3 = 462— — 4€2€w7¢—,
862 863

which are analytic with respect to A*. The change of coordinates from
€1, €9, €3 to the analytic chart €, o, u3 in A* converts the two vector
fields in (78) into linear combinations of 0/0us and 0/0us, with the
0/0us and 0/0us components being analytic functions with respect to
A*; we therefore have

Ol
Re ?==A
€ 863 1
Ol
Re™?——= = A
863 25
Opie V-6 Opta
e = _ 4
© 862 ‘ 863 5
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for some analytic functions Ay, ---, Ay with respect to A*. We solve
to see
Opz _ Are?
863 N R ’
Ops _ Aoe?
863 N R ’
a/LQ . A3 + A5€w
862 N €9 ’
aﬂg . A4 + Aﬁew
862 N €9 ’
where
As = A1€2/R;
AG = AQCQ/R,
are analytic with respect to A*. Therefore,
862 . AQEQ
s Ay Az — A1A47
do _ A&
s AyAs — AL AL
(79) 3 243 144
863 . A4 + Aﬁew
8/12 N EQA ’
863 . A3 + A5€w
8M3 N GQA ’
where
A . (A2A3 — A1A4)6¢

R€2

We line-integrate the first two equations of (79) to obtain the ”poten-
tial” function log(ey) and see that €; is of the form

€2 = A?/Ba

where B is a smooth function of €; alone and A7 is analytic with respect
to A*. So now we can extend ¢; and u, where

W= Beg,

to an analytic chart (e, i, v) in A*. However, since Us (= 0/0¢; in the
(€1, €2, €5) chart) is analytic with respect to A*, the d/0u-component
of Us, which is

op  dB _ pdB

861 N €2d61 N B d61’
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must be analytic with respect to A*. Consequently, log(B), B and
€o = A7/ B are all analytic with respect to A*. So now we can extend
€1, €2 to an analytic chart (e, €2, () in A*. In view of (78), we see

0
4R€_¢— == UO - U1 - 2€1U3,
863
Y—¢ 0 0
—4626 _— = U0+3U1+261U3—462—,
863 862

are analytic with respect to A*. Then the same reasoning following (78)
establishes

_ 4 0C
Re ?—=>=A
¢ 863 8
0
€2€¢_¢8—§3 = Ag,

for some analytic Ag and Ag with respect to A*. Inserting the first
equation into the second one and employing the analyticity of R/es
with respect to A*, we see that e¢¥, and so 1, must be analytic with
respect to A*. Let us introduce the new variable

€ = /6¢(€3)d63.

Then the fact that €;,7 and R are analytic with respect to A* results
in the analyticity of €} with respect to A*. Thus (e, €, €}) form an
analytic chart in A*. As a consequence, we conclude that ¢ is an
analytic function in the variable €.

Conversely, suppose 9 is analytic in €5. We introduce the coordinate
system (xg, 21, T9, T3), where

— p? — — i
Lo = €€y, T1 = €1,Tg := €2,T3 = €3.

Then ) is analytic in xg, -+ ,x3 clearly, and so is R because
R=ua3+ /e¢(m2)dx2.

In view of Theorem 8, it can be checked directly that the Christof-
fel symbols F;k of the associated torsion-free G3-connection in the
€o, " -+ , €3 coordinates are rational functions in terms of €9, €3, 1, R, and
powers of €pe? up to the second degree. In other words, the Christof-
fel symbols are analytic in the coordinates zg, - ,z3. We have thus
arrived at the following.

Theorem 13. The torsion-free Gz-connection associated with 1 and
¢ is smoothly equivalent to an analytic one if and only if V¥(es) is an
analytic function in €. Moreover, by the aforementioned coordinate
change, we may assume ¢ = 0.



TORSION-FREE G3-CONNECTIONS THAT ARE NOT ANALYTIC 33

The theorem thus produces smooth torsion-free G3-connections that
are not equivalent to any analytic ones by suitable choices of ).
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