Math 350 - Homework 3 - Solutions

1. The bus will arrive at a time that is uniformly distributed between 8 and 8 : 30 A.M. If we arrive at 8
A.M., what is the probability that we will wait between 5 and 15 minutes?

The probability that we will have to wait between 5 and 15 minutes, having arrived at the bus stop at 8
A .M., is the same as the probability that the bus will arrive between 8 : 05 A.M. and 8 : 15 A.M. This
probability is p = (15 — 5)/30 = 1/3.

2. Let X be a binomial random variable with parameters (n,p). Ezplain why
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A binomial random variable X is a sum of i.i.d. random variables X = X; + --- + X,,, where each X
takes values in {0, 1} with probabilities P(X; = 1) = p, P(X; = 0) = 1 —p. The mean and variance of the
X, are

p=E[X;]=0P(X; =0)+1P(X; =1)=p,

and
0% = Var(X;) = (0 —p)*P(X; = 0) + (1 = p)*P(X; = 1) = p(1 — p).

Thus the expression under curly brackets is equal to

X1+ +Xp—nu
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Therefore, the claim is an immediate consequence of the central limit theorem applied to the i.i.d.
X1, Xo,. ...

3. For a Poisson process with rate A, find P{N(s) = k|N(t) = n} when s < t.

Since a Poisson process N (t) is non-decreasing, we know that
P{N(s) =k|N(t)=n}=0if s < t and k > n.

Therefore, we will assume that k& < n. From the definition of conditional probability, it follows immediately

that for any two events A, B of positive probability

P(A|B)P(B) = P(B|A)P(A).



Therefore,
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Therefore,

if k> n.

This result makes sense: notice that, by applying the binomial formula, the sum of these conditional
probabilities over k, for k =0,...,n, is 1.

. An urn contains four white and siz black balls. A random sample of size 4 is chosen. Let X denote the
number of white balls in the sample. An additional ball is now selected from the remaining six balls in the
urn. Let'Y equal 1 if this ball is white and 0 if it is black. Find

(a) E[Y|X = 2].

(b) EIX|Y =1].

(c) Var(Y|X = 0).

(d) Var(X|Y =1).

First observe that the following conditional probabilities are easy to obtain by a simple counting argument:

. 4—3 .
P(Y:1|X:j):TJ, PY = 0|X =)
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where j = 0,1,2,3,4. We also need the probabilities P(Y = 1, X = j). I do this by explicitly counting
the elementary outcomes of each event. An elementary outcome can be represented by a string of 0s and
1s of length 5. A moment’s thought should convince you that the probability of each string only depends
on the number of Os and 1s, and not on their order.

(a)
6-5-4-3-4 1
PlY=1,X=0=P 1)} = =57
(b)
P{Y =1,X =1} = P{(1,0,0,0,1), (0,1,0,0,1), (0,0,1,0,1, (0,0,0,1,1)} = 4024 4:3 4
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(c)

P{Y =1,X =2} = P{(1,1,0,0,1),(1,0,1,0,1),(1,0,0,1,1),(0,1,1,0,1), (0,1,0,1,1),(0,0,1,1,1)}
6-5-4-3.2 1
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(d)

4-3-2:6-1 2
P{Y =1,X =3} = P{(1.1,1,0,1), (1,1,0,1,1), (1,0,1,1,1), (0,1, 1,1, )} = do-Zme = -
(e)
P{Y =1,X =4} = P(0) = 0.
From the above it follows, for example, that
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It is interesting to observe here that we could have obtained this last probability much more easily by the
following argument: the probability of each elementary outcome (a1, ...,as) only depends on the number
of Os and 1s, and not on their order. Therefore, the probability that the last entry is 1 is the same as the
probability that the first entry is one. But this probability is clearly 4/10 = 2/5.

We now calculate the asked for values:

(a) BY|X =2]=0P(Y =0|X =2) +1P(Y = 1|X =2) = P(Y = 1|X =2) = 1.

4 : 4 . P{Y=1,X=j 24352
(b) BIX[Y = 1] = Xj o jP{X = jIY =1} = ¥, A pmpaytt = 2050m = 4,

(c) We know that Var(Y|X = 0) = E[Y?|X = 0] — E[Y|X = 0]. Since Y only takes values 0, 1, we also
have Y2 =Y. Now, E[Y|X =0] = 0P{Y =0|X =0} + 1P{Y = 1|X = 0} = 4/6 = 2/3. Therefore,

Var(Y]X = 0) = g - (g) _2

(d) We can calculate E[X?|Y = 1] as we did for E[X|Y = 1] in part (b). The result is
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Therefore,

2
Var(X|Y =1) = E[X?|Y = 1] - B[X|Y =1]* = g - <_) = g,

We can gain some confidence that the above results are correct by running a simulation of the process. The
following computes the conditional expectation E[X|Y = 1] by simulating 500000 trials of the experiment.
The conditional expectation is obtained by averaging the number of white balls over only the trials having
white 5th ball.

m=500000; %Number of trials

Totatota toa To T o T T Fo o To o Fo o fo o o o oo o o o Yoo o

p=4/10; %Probability that the first ball is white

T To o To o To fo Jo fa Jo o Jo o Fo o oo FoFo oo o o oo o o o Yoo o

O=zeros(m,5); %Each row of matrix 0 is a string of five
Yonumber from {0,1}, where 1 stands for white
%and O for black.

Tota tota toa To T o T o T T o To o Fo o Fo o o o oo o o o Fo o o

R=rand(m,5); %Matrix R contains all the random numbers we will



Y%need below.
TotaTota toa To T o T T Fo o To o Fo o Fo o o o oo o o o Yoo o
0(:,1)=(R(:,1)<=p); %Fills the first column of 0 with 1s with probability
%p=4/10 and O with probability 6/10.
Tota tota toa To T T T T To o Fo o Fo o o o oo o o o Fo o o
W=0(:,1); %W counts the number of white balls at each step of each trial.
Tota Tota to o To T o T T T o Fo o Fo o Fo o o o o oo oo Fo o o
for j=2:5 YWe now draw the second, third, ..., fith balls.
p = (4xones(m,1)-W)/(11-j); %Probability of picking a white ball
%taking into account the number of white
%balls already drawn.
0(:,j) = (R(:,j)<=p);%Draw new balls for position j
W = sum(0(:,1:j),2); %Count number of white balls already gotten.
end
Tota tota toa To T o T o T T o To o Fo o Fo o o o o oo oo Fo o o
a=find(0(:,5)==1); %Find the indices of the rows of 0 corresponding
%to trials that have white 5th ball.
T To o To o To o Jo o Jo fo Fo o Fo o o o o Fo Fo o o o oo o o Fo Yoo o
C=0(a,1:4);%C is a matrix containing only the outcomes of the trials
%for which the 5th ball is white. It registers only the first
%four balls
To o To o To o To fa T Vo Jo o Fo o Fo o o o o Fo Fo o o o oo o o o Yoo o
N=sum(C,2) ;%N is the number of white balls among the first 4 in each trial
%trial for which the 5th ball is white.
T To o To o To o Jo o Jo o Fo o Fo o o o o Fo oo o o oo o o Fo Yoo o
[n,k]=size(N) ;%We need the number n of trials for which the 5th ball is white.
T To o To o To o Jo o Jo o Fo o Fo o o o o Fo oo o o oo o T o Yoo o
f=sum(N)/n;’%f is the average number of white balls among the first 4 drawn
%given that the 5th is white. This is an approximation of
%the conditional expectation E[X|Y=1].

One run of this program gives the typical value f = 1.3366. This is to be compared with the theoretical
solution above (part (b)), which gives 4/3 = 1.333...

. If X and Y are independent and identically distributed exponential random variables, show that the con-
ditional distribution of X, given that X +Y = t, is the uniform distribution on (0,t).

We first need to discuss some preliminaries. Let X, Y be two random variables with joint probability den-
sity equal to f(x,y). Suppose we define new random variables U, V in terms of X, Y by U = T1(X,Y) and
V=T5(X,Y),or (UV)=T(X,Y) for short. For example, let (U,V) = (X, X +Y). This transformation
maps the positive octant of R? (denoted by R in the figure) to the wedge shaped region T(R).

A preliminary question we wish to solve is: what is the joint probability density for the new random
variables U, V7 Let us call this density g(u,v). The fundamental observation is that if A denotes an event
defined in terms of X, Y (that is, a subset of the region R), then

P((X,Y)e A)=P((U,V) e T(A)),



where T'(A) is the image of A under the transformation T' (an event defined in terms of U,V hence a
subset of T'(R)). It is not hard to show that this equality implies, any function F'(U, V), an equality of
expectations:

E[F(U,V)] = E[F(T(U, V)],

where the first expectation is calculated using the density g(u, v) and the second using the density f(z,y).
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From the general formula for change of coordinates in multiple integrals, the integral on the right satisfies:

This means that

// T(x,y))f(x,y) dxdy —/ F(u,v) (T (u,v))|D(u,v)| dudv,

T(R)

where |D(u,v)| indicates the absolute value of the Jacobian determinant of the inverse transformation

dz Oz
D(u,v) = ‘g_;j % )

Since the equality of integrals holds for all functions F', we conclude that

T, namely

g(u,v) = f(T~"(u,v))|D(u, v)|.

We can now return to the specific situation of the problem. Here the transformation is T'(z,y) = (z, x +y),

which has inverse T~*(u,v) = (u,v — u). Notice that v = z, in the notation of the exercise. The
1

Jacobian determinant is the absolute value of the determinant of the matrix B which is 1. So

g(u,v) = f(u,v —u). The function f(z,y) is the joint density of two independent, identically distributed

exponential random variables X, Y, so f(x,y) is written as the product of the densities of X and Y:

(Ae‘”) (e"\y) =XNe ety if gy >0
ifr<0ory<O0.

flx,y) =

Therefore,
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g(u,v) ,
0 if u>wv.



This shows that the conditional probability density for X given Z =1 is
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0 if ¢ >t.

glalz=t) =

But this is exactly the probability density function for a uniform random variable taking values in the
interval [0, t].



