
Math 5032 - Homework 9

Due 4/17/06

1. Given any two representations T and S of a finite group G on finite di-
mensional complex vector spaces, show that the inner product

(χT , χS) :=
1
|G|

∑
σ∈G

χT (σ)χS(σ)

is always a real number.

2. Denote by CS the vector space of all complex valued functions on a finite
set S. Let G be a finite group acting on S by permutations. The permu-
tation representation of G on S is defined by T (σ)f = f ◦ σ−1 for f ∈ CS
and σ ∈ G. Let χT denote the character of this representation. Show that

χT (σ) = #{s ∈ S : σs = s}
= number of fixed points of σ in S.

3. (Burnside’s orbit formula) If a finite group G acts on a finite set S, with
χ being the character of the permutation representation, then the number
of G-orbits in S is

number of G-orbits in S =
1
|G|

∑
σ∈G

χ(σ)

= (χ, 1G).

where 1G denotes the one-dimensional trivial representation and the inner
product is as defined in problem 1.

4. Let T be a linear representation of a finite group G with character χ. Show
the trivial 1-dimensional representation appears in T with multiplicity
1
|G|

∑
σ∈G χ(σ).

5. (Fourier series on Z/(m)) Representing by x = k/m (modulo 1), k =
0, 1, . . . ,m − 1, the elements of G = Z/(m), define the 1-dimensional
representations

Tl(x)z := e2πilxz,

for x ∈ G, z ∈ C and l = 0, 1, . . . ,m − 1. Show that the respective
characters, χl, l = 0, . . . ,m − 1, constitute an orthonormal basis for the
space CG with respect to the inner product defined in problem 1. (We
think of CG as the space of 1-periodic functions on (1/m)Z.)
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