Math 5051 - Homework 11

Due 11/20/08

. (Problem 31, page 108) Let F(x) = z%sin(z™!) and G(z) = z%sin(z72) for z # 0, and
F(0) =G(0) =0.

(a) F and G are differentiable everywhere (including 0).
(b) F e BV([-1,1]), but G ¢ BV(]—-1,1]).

. (Problem 35, page 108) If F' and G are absolutely continuous on [a, b], then so is F'G, and
b
/ (FG' + GF')(x)dz = F(b)G(b) — F(a)G(a)

. (Problem 37, page 108) F': R — C is said to be Lipschitz continuous if there is a constant
M such that |F(z) — F(y)| < M|z —y| for all x,y € R. Show that F' is Lipschitz continuous
iff F'is absolutely continuous and |F'| < M a.e.

. (Problem 42, page 109) A function F': (a,b) = R (—oco0 < a < b < 00) is called convex if
FAs+ (1 —=X\t) < AF(s)+ (1 =N F(t)

for all s,t € (a,b) and XA € (0,1). (Geometrically, this says that the graph of F over the
interval from s to t lies underneath the line segment joining (s, F'(s)) to (¢, F'(t)).)

(a) F is convex iff for all s,t,s",t' € (a,b) such that s < s’ <t and s <t <,

F(t) - F(s) _ F{t') - F(s)
t—s - v —s

(b) Fis convex iff F' is absolutely continuous on every compact subinterval of (a,b) and F’
is increasing (on the set where it is defined).

(c) If F is convex and tg € (a,b), there exists 5 € R such that F(t) — F(to) > [(t — to) for
all t € (a,b).

(d) (Jensen’s inequality) If (X, M, p) is a measure space with u(X) =1, g : X — (a,b)

is in L'(p), and F is convex on (a,b), then

F(/gdu> < [Fogn.

(Let tg = [gdp and t = g(z) in (c), and integrate.)



