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Abstract

Random billiards are billiard dynamical systems for which the reflection law giving the post-
collision direction of a billiard particle as a function of the pre-collision direction is specified
by a Markov (scattering) operator P . Billiards with microstructure are random billiards whose
Markov operator is derived from a “microscopic surface structure” on the boundary of the
billiard table. The microstructure in turn is defined in terms of what we call a billiard cell

Q, the shape of which completely determines the operator P . This operator, defined on an
appropriate Hilbert space, is bounded self-adjoint and, for the examples considered here, a
Hilbert-Schmidt operator. A central problem in the statistical theory of such random billiards
is to relate the geometric characteristics of Q and the spectrum of P . We show, for a particular
family of billiard cell shapes parametrized by a scale invariant curvature K (figure 3), that the
billiard Laplacian P − I is closely related to the ordinary spherical Laplacian, and indicate, by
partly analytical and partly numerical means, how this provides asymptotic information about
the spectrum of P for small values of K. It is shown, in particular, that the second moment of
scattering about the incidence angle closely approximates the spectral gap of P .

1 Introduction and main results

In the highly idealized classical scattering experiment shown in figure 1, a macroscopically flat surface
in dimension 2 with a periodic, piecewise smooth, “molecular contour” is probed by a billiard particle
and the angle of scattering is recorded as a function of the angle of incidence. The interaction between

Figure 1: An idealized scattering experiment.

particle and surface consists of elastic collisions. The angle of incidence is under experimental control,
but the precise position at which the particle hits the microscopic surface contour is random. The
scattered angle is then a random function of the incidence angle, and the transition probabilities
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operator P describing the scattering process, to be defined shortly, depends canonically on the
microscopic contour. The operator P gives rise to a class of Markov chains with continuous state
space. Such a chain may be interpreted as a sequence of random directions of a billiard particle
undergoing random flight inside a 2-dimensional channel whose boundary consists of two parallel
lines with a given microstructure.

We henceforth refer to P as the Markov operator of the surface microstructure. One of the central
questions in the theory of Markov chains with general state space is to describe, given such a P , its
stationary distribution (or distributions, if it is not ergodic) and estimate the speed of convergence
to stationarity. It can be shown under very general assumptions on the microstructure ([4]) that the
stationary probability of scattered angles is unique and is given by the well-known Knudsen cosine
law, dν(ϕ) = 1

2 cosϕ dϕ (the normalization constant 1/2 is for dimension 2), where ϕ measures
angles relative to the normal to the (macroscopically flat) surface. This is the case regardless of the
shape of the microstructure. (For an experimental view of the cosine law, it is interesting to go back
to Knudsen’s now classical work. See, for example, [8].) The stationary distribution is a universal
feature of these kinds of systems at equilibrium, independent of the details of the interaction related
to the geometric features of the given billiard microstructure.

On the other hand, it can be expected that such properties of the Markov process as mixing
times and decay of correlations depend on those detailed features. Properties of the Markov chain
pertaining to relaxation to equilibrium are related to spectral properties of P . The main concern
of this paper is to investigate the spectrum of P for the specific family of microstructures shown in
figure 3. (We like to think of this family, for varying K, as representing the “molecular structure”
of a surface made of closely packed discs of a fixed radius, which is then probed by different species
of billiard gas molecules of different radii. By varying the radius of the gas molecules, the effective
curvature of the surface contour is changed accordingly. In this sense, the spectral properties of P
are characteristics of the interaction rather than intrinsic properties of the surface itself.)

The Markov operator can be defined on the Hilbert space L2((−π/2, π/2), ν) of square-integrable
functions on the set of scattered angles with the stationary probability measure ν, and it turns out
to be a bounded self-adjoint operator with nice spectral properties. For example, it is shown in [4],
under fairly general conditions, that Sinai-type ([9]) billiard cells (see figure 2 for the definition of a
billiard cell) correspond to compact (Hilbert-Schmidt) operators. Throughout the rest of the paper,
we find it convenient to use angle conventions as described in figure 2. The Hilbert space is now
L2([0, π], ν) and the “cosine law” becomes dν(θ) = 1

2 sin θ dθ. Then P takes the form

(1.1) (Pf)(θ) =

∫ 1

0

f(Ψθ(r)) dr.

Figure 2: The microstructure around a collision point on the boundary of a billiard table. The billiard cell
is denoted Q. It is the unit of pattern of the periodic structure. A billiard particle enters a cell with angle
θ ∈ (0, π) at a position r ∈ [0, 1] and leaves it at an angle Ψθ(r). The random reflection law is defined by
the condition that r is a uniform random variable over [0, 1].

Information about the rate of convergence to stationarity can be read from the spectrum of P .
Of special interest in this regard is the so-called spectral gap which, for the purposes of this paper,
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can be defined as the distance between the top eigenvalue of P , namely 1, and the second largest
eigenvalue. For our systems, 1 is a simple eigenvalue and the spectral gap is positive [4]. In this
case, the gap provides an estimate of the exponential rate of convergence of some initial distribution
of angles to the invariant distribution ν under iterates of P . As will be described in another paper,
the spectrum of P is also needed for a precise determination of the diffusion constant of a (Knudsen)
gas of billiard particles inside channels. (See [7]. In a Knudsen gas, molecules only collide with the
wall of the container, or channel, and not among themselves.)

Estimates of the spectral gap for Markov operators are often done by the coupling method of
probability theory, as for example in [6], and one typically obtains information about the second
eigenvalue only. We show, for the bumps family of figure 3, that the spectral theory of P can be
described very explicitly when the curvature parameter K is small.

Figure 4 shows the graph of the spectral gap as a function of the scale-invariant curvature
parameter K for the family of figure 3, obtained by numerical simulation of the billiard dynamics.
The salient feature of the graph that one would like to explain in analytic terms and understand in
terms of particle scattering properties is that, for relatively small values of K, the function is very
well approximated by

γ(K) =
K2

3
+ O(K3).

We return to this point in section 2.

Figure 3: A simple billiard microstructure consisting of arcs of circle. We refer to it as the bumps family.
The (scale-invariant) curvature of the bumps is defined by K = L/R, where L is the distance between two
consecutive corner points and R is the radius of the circular arcs. We assume throughout, without loss of
generality, that L = 1. This paper is concerned with properties of this particular family, as a function of K,
for small values of K.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
0

0.2

0.4

0.6

0.8

1

Curvature K

S
pe

ct
ra

l g
ap

 γ

Figure 4: The spectral gap of the Markov operator for the family of microstructures of figure 3 is given, as
a function of the curvature parameter K, for small values of K, by γ(K) = K2/3 + O(K3). The dashed line
above is the graph of K2/3, and the solid line is the graph of γ(K) obtained by numerical simulation of the
billiard map and by numerical evaluation of the top eigenvalues.
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The main observation of the paper, theorem 1, is that the self-adjoint operator P is very directly
related to the spherical Laplacian, which will allow us to obtain asymptotic information about the
full spectrum of P , not only the spectral gap γ. Before stating the theorem, it is helpful to make
the following simple observation concerning the billiard map associated to the microstructure.

The function Ψθ(r) is the angular component of the return billiard map to the entrance segment
of Q (represented by one of the dashed lines in figure 2). This segment will be identified with the
interval [0, 1]. Let M = [0, 1] × [0, π] be the phase space of the billiard system on Q, restricted to
this special segment. The return billiard map to M is well-defined and smooth on an open set of
full measure of M , due to Poincaré recurrence and general properties of billiard systems. We denote
this map by T : M → M . The T -invariant (Liouville) probability measure on M is the measure η
such that

dη(r, θ) =
1

2
sin θdrdθ.

The images of the points (r, 0) and (r, π) under T are not well-defined, although we can write
Ψ0(r) = 0 and Ψπ(r) = π for all r. This ambiguity is eliminated by regarding T as a map on the
sphere S2, as follows. First, we consider r as a coordinate function of the circle S1, so that [0, 1]×[0, π]
can be viewed as parametrizing the cylinder S1 × [0, π]. By collapsing each boundary circle of the
cylinder to a point we obtain a topological sphere, and T becomes a well-defined invertible map of
the sphere S2 to itself. The correspondence (s, θ) 7→ (θ, φ), where φ = 2πr, translates the billiard
coordinates into the standard spherical coordinates. (See figure 5.)

This is more than a topological remark, however, since the invariant measure η corresponds to
the normalized area measure on S2. Therefore, the billiard map T is naturally regarded as an area-
preserving map of the 2-sphere with its standard metric. We interpret 2πr and θ as the longitude
and latitude coordinates on S2, respectively, and the collapsed boundary circles of the cylinder as
the north and south poles, both fixed points under T . Therefore, T induces in a natural way a
unitary operator on L2(S2, A), where A is the normalized area measure on the unit sphere, given
by f 7→ f ◦ T .

Figure 5: The initial state of a billiard trajectory in the cell Q is parametrized by a point on the unit sphere
S2. Under this correspondence, the return billiard map to the entrance segment of ∂Q (the dashed line on
the right) becomes an area preserving invertible map of S2.

Similarly, the Markov operator P corresponds to a self-adjoint (if Q is symmetric) operator on
L2(S2, A), obtained by post-composing T with the averaging operator over the group of rotations
about the north-south axis. Thus it is reasonable to expect that spherical harmonics should play a
role in the study of the spectrum of P . The main result of this paper makes the connection explicit
by relating P and the spherical Laplacian.

Let F(S2) represent the space of smooth real valued functions on S2 that are invariant under the
group G of rotations about the North-South axis. This is a dense subspace of the closed subspace
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of G-invariant square-integrable functions on S2. The discrete Laplacian associated to the operator
P is simply L := P − I, where I is the identity map, and the spherical Laplacian restricted to F(S2)
is the differential operator

∆Φ =
1

sin θ

d

dθ

(

sin θ
dΦ

dθ

)

.

Theorem 1 refers to the angle θ0, defined as θ0 = 3β/2, where β is shown in figure 9. This angle
satisfies

θ0 = 3K/2 + O(K3).

Let S2
θ0

represent a spherical band in S2 spanning the latitudes (π/2−θ0) South to (π/2−θ0) North,
that is, the set given by sin θ ≥ sin θ0.

Theorem 1. Let Q be a billiard cell in the family of circular bumps microstructures shown in figure
3, having curvature parameter K, and let Φ ∈ F(S2). Then

PΦ − Φ =
K2

6
∆Φ + O(K3)

over the set S2
θ0

.

The proof of theorem 1 is based on an analysis of the moments of scattering, defined as follows.
Recall that the angle Θ = Ψθ(r) is viewed as a random variable by assuming that r is a uniform
random variable over [0, 1]. Since we are assuming that K is small, the distribution of Θ should
be concentrated near θ. To measure this concentration we define the jth moment of scattering,
j = 0, 1, . . . , by

Ej(θ) := E[(Θ − θ)j ] =

∫ 1

0

(Ψθ(r) − θ)
j
dr,

where E denotes expectation. We also define Ej(θ) := E[|Θ − θ|j ]. The next theorem contains the
main technical fact of the paper, which is based on an elementary geometric analysis of the billiard
trajectories going in and out of Q.

Theorem 2. The following properties hold for the moments of scattering, Ej(θ), and the mean
deviations from the incidence angle, Ej(θ), j = 0, 1, . . . , for the circular bumps family of figure 3
with scale-free curvature parameter K. Let θ1 = β/2 and θ0 = 3β/2, where β is the corner angle of
the bumps geometry (see figure 9).

1. For θ ∈ [0, π], Ej(π − θ) = (−1)jEj(θ). Thus it is sufficient to consider angles in [0, π/2].

2. If θ ∈ [θ0, π/2], then

Ej(θ) =

{

Kj/(j + 1) + O(Kj+2) if j is even

Kj+1 cot θ/2(j + 2) + O(Kj+3) if j is odd

(Exact formulas for the Ej(θ) over this range of angles are shown in the proof in section 5.)

3. If θ ∈ [0, π/2], then

Ej(θ) ≤
{

(2K)j + O(Kj+2) if θ1 ≤ θ ≤ π/2

(9K sin θ)j/2 if θ < θ1.

Roughly, Ej(θ) = O(Kj), and as θ goes to 0 for a fixed K, Ej(θ) = O(θj/2).
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Theorem 1 is a straightforward application of the above theorem about the moments. In fact,
let Φ be smooth real valued function on (0, π). The supremum of the kth derivative of Φ will be
written ‖Φ(k)‖. Then by Taylor’s theorem

(1.2) (PΦ − Φ)(θ) =
n
∑

k=1

Ek(θ)
Φ(k)(θ)

k!
+ Rn(θ),

where the error term satisfies |Rn(θ)| ≤ En+1(θ)‖Φ(n+1)‖/(n + 1)!. Retaining terms of degree two
or less and applying theorem 2 we find

(1.3) (PΦ − Φ)(θ) =
K2

6
(cot θΦ′(θ) + Φ′′(θ)) + O(K3) =

K2

6
∆Φ(θ) + O(K3).

The proof of theorem 2 will be given in section 5.

2 The spectrum of P

We now turn to the spectrum of P . The following observations are supported by numerical calcu-
lations as shown below. We do not give precise mathematical justifications for them at this point.
The details of a spectral perturbation argument starting from theorem 1, which we need to more
precisely state and prove the following claims, will be given in another paper.

Recall that
1

sin θ

d

dθ

(

sin θ
dΦ

dθ

)

+ l(l + 1)Φ = 0

is the Legendre equation and its canonical solutions for integers l ≥ 0 are the Legendre functions Φl,
of which the first few are: Φ0(θ) = 1, Φ1(θ) = cos θ, Φ2(θ) = (3 cos2 θ− 1)/2. For small values of K,
theorem 1 suggests that the Φl are approximate eigenfunctions of P with the following eigenvalues:

PΦl ≈
(

1 − K2

6
l(l + 1)

)

Φl.
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Figure 6: Ratio E2(θ)/γ(K) as function of θ. From left to right: K = 2/3, 1/3, 1/6. The constant value in
the middle region is very close to 1. This gives an asymptotic interpretation of the spectral gap γ(K) of P
as the mean-square dispersion of the post-collision angle around the pre-collision angle.

In particular, the numerical result described in figure 4 supports this remark, since the second
eigenvalue of P (for l = 1) is

λ2 = 1 − γ(K) ≈ 1 − K2

3
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with associated eigenfunction being approximately Φ1(θ).
Especially noteworthy is the relationship between the second moment of scattering and the

spectral gap for sin θ > sin θ0:
E2(θ)/γ(K) ≈ 1.

The approximation is very good, as can be observed in figure 6. In fact, in the middle range of angle
values in figure 6, E2(θ) and γ(K) look nearly identical, even for K not much smaller than 1.

Because of this close connection between the second moment and the spectral gap, it is worth
highlighting an exact expression for E2(θ) for sin θ ≥ sin θ0:

E2(θ) = 8K2

∫ arcsin(K/2)/K

0

cos(Ks)s2 ds = 4 arcsin(K/2)

(

arcsin(K/2) + 4

√

1 − (K/2)2

K

)

− 8.

This expression can be derived from the proof of theorem 2. Notice how the second moment is
constant over this entire middle range of angles, corresponding to the flat plateau in the graphs of
figure 6. (This is a common feature of the even moments. The odd moments have the form Aj cot θ
for some constant Aj . See equation 5.3.) As an illustration, for K = 2/3 we find E2(θ) = 0.1516,
whereas γ(2/3) = 0.1519, obtained from a finite rank approximation of P via numerical simulation
of the billiard map.

As further evidence for the approximation of the eigenfunctions consider, for example, figure 7.
In it we compare the second and third (left)-eigenfunctions of P (which may be called eigendensities
of P . The first eigendensity is sin θ, so the exact and approximate functions coincide.)

0 0.5 1 1.5 2 2.5 3
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

0 0.5 1 1.5 2 2.5 3

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Figure 7: Comparison of the second and third left-eigenfunctions of P (solid line) and Φj(θ) sin θ (dots), for
j = 1, 2 and K = 1/6. A finite rank approximation of the (compact) operator P was obtained by numerical
simulation of the billiard map, and the eigenfunctions were found numerically.

There are many questions raised by the above observations. One is the extent to which what
is being described here is particular to the bumps family, or whether we are noting something
more general. Clearly, the function K2/6 that appears in front of the spherical Laplacian ∆ in the
approximation of P − I of theorem 1 is specific to the example at hand, but there is numerical
evidence, based on other microstructure shapes with small moments of scattering, that ∆ should
play a central role in more general situations. We note that the case of large K is studied by very
different methods in [6], where an estimate of the spectral gap is obtained; and an application of the
present results to the estimation of the diffusion constant of a Knudsen gas in channels (essentially
proving a central limit theorem for the Markov operator P ) is discussed in [7].

Another basic problem is to understand how the above ideas can be carried out for microstruc-
tures in dimension 3. One reason that spherical harmonics play a role in the two-dimensional
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scattering problem is hinted at by the fact noted above that the deterministic billiard map T is an
area preserving map of the two-sphere. It is less clear what similar space would be involved in the
3-dimensional version of the problem.

The question of speed of convergence to invariant measures under the iteration of certain opera-
tors associated to deterministic billiard systems, such as transfer operators, has been widely studied
by many authors from a very different perspective. We mention [2, 10] for example. Since our
Markov chains are canonically associated to a deterministic billiard, it may be hoped that some of
the observations made here have relevance in the deterministic context.

3 Background on random billiards and microstructures

For the general definitions and properties concerning deterministic billiard dynamical systems we
refer to [1]. More information about properties of random billiards and the operator P that are
mentioned in this paper without proof can be found in [4] and [6]. There is a fair amount of work
concerning random billiards in the literature. We mention only [3] and references cited there as an
example that is closely related to our viewpoint. The model we use here was first discussed in [5].

In the standard set up, a billiard (point) particle of a 2-dimensional billiard system moves with
constant velocity in the interior of an open subset of the Euclidean plane having piecewise smooth
boundary—the billiard table—and reflects off the boundary of the table according to the usual
mirror reflection rule.

A random billiard is a probabilistic version of this general set up in which the mirror reflection
law is replaced with some probabilistic reflection rule. Dropping for the moment the assumption
that the system is 2-dimensional, let B denote the billiard table in R

n, and suppose that x is a
regular boundary point so that the tangent space to ∂B at x is defined, and n(x) is the unit normal
vector to the boundary at x pointing into B. Define H+

x (respectively, H−
x ) to be the set of non-zero

vectors at x whose inner product with n(x) is non-negative (respectively, non-positive). Then a
general reflection law can be defined by the (measurable) assignment, for each regular point x in ∂B
and each v ∈ H−

x , of a probability measure µv on H+
x .

One example of special interest in kinetic theory of gases is the already mentioned Knudsen cosine
law. For this and the other examples in the paper, collisions do not change the speed of the billiard
particle, so let S± denote the set of unit vectors in H±

x and define for each v ∈ S− a probability
measure µv on H+

x that is independent of v and has density, relative to the area measure on S+,
proportional to the cosine of the angle between the direction of reflection and n(x). We denote this
reflection probability by ν, so that

dν(u) = C〈u, n(x)〉dA(x),

where u is a unit vector in H+, A is the (n − 1-dimensional) area measure on S+, and C is a
normalization constant.

The following definition extends this example to a much more general, but very natural class of
random billiard reflection laws. For simplicity, we denote by S either S+

x or S−
x and also do not write

the subscript if there is no possibility of confusion. Let P(S) be the space of probability measures
on S. The reflection law is then a correspondence v ∈ S 7→ µv ∈ P(S). We still denote by ν the
Knudsen law just defined.

Definition 3 (Elastic random reflection). We say that a random reflection rule is elastic if it is a
correspondence v ∈ S 7→ µv ∈ P(S) with respect to which the Knudsen reflection law is statinary,
that is,

ν =

∫

S

µu dν(u),
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and reflection is time-reversible with respect to ν, that is,

dµv(u)dν(v) = dµ−u(−v)dν(−u).

(This second condition implies the first.)

The motivation for this definition is that it identifies certain desirable properties that lend some
physical plausibility, from the point of view of classical kinetic theory (in the absence of thermal
effects), to any particular model of random billiard system we may like to consider for which the
requirements of the definition can be ascertained. Also notice that ν is the angular part of the
Liouville measure of a deterministic billiard system, so one may expect a system satisfying the
definition to be in some way related to deterministic billiards.

Billiards with microstructure having bilaterally symmetric cells (that is, invariant under reflection
on a line through the middle point of the entrance boundary segment of Q and perpendicular to it)
are examples of systems with random elastic collisions (see [4, 6]). They can be defined in much
greater generality than we do here (or in [4], where one definition is stated more formally), so as
to model non-periodic random scattering media in dimensions 2 or higher, but in the simplest form
it consists of an ordinary billiard table B in dimension 2 together with a billiard cell Q, and the
interaction is as described in figure 2. (The figure shows the microscopic view of the interaction
between the billiard particle and the boundary of B, so the shape of B is not visible at this scale.)
The scale of interaction is set by Q. Since the length scales of B and Q are not comparable, Q,
and any geometric parameter associated to it that can affect the spectrum of P , such as curvatures,
are only defined up to homothety. This incommensurability of B and Q motivates the definition of
random reflection described in figure 2. For a given pre-collision velocity vector represented by the
angle θ, the distribution of post-collision scattered angles is given by a measure µθ such that

µθ(A) = (δθP )(A) =

∫ 1

0

χA(Ψθ(r)) dr,

where A is any Borel subset of [0, π] and δθ is the Delta measure supported at θ.
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Figure 8: The leftmost graph gives the density relative to the uniform distribution on [0, π] of an arbitrary
initial probability distribution µ. The middle graph gives µP 2, the distribution after two collisions, where
P is the Markov operator associated to the microgeometry shown on figure 3. The third graph shows
the density after 10 collisiosn. Notice that it approximates well the density of the stationary distribution,
dν(θ) = 1

2
sin θ dθ. The spectrum of P as a function of the geometric parameter K provides information, for

example, about the rate of convergence µP n
→ ν. (The above curves were obtained by approximating P

via numerical simulation of the billiard transformation.)

The fact that random reflection for a symmetric Q is elastic implies that the associated Markov
operator P is self-adjoint on L2([0, π], ν). (See [4, 6].) Recall that the operator acts on functions
according to 1.1 and on signed measures by (µP )(f) = µ(Pf), where µ(g) :=

∫

g dµ. In particular,
invariance of ν is expressed by νP = ν. If the microstrucuture is not symmetric, the adjoint of P is

9



P ∗ = JPJ , where J is the unitary involution given by Jf(θ) = f(π − θ). The L2-norm of P is 1,
so its spectrum is contained in [−1, 1]. It was shown in [4] and greatly elaborated in [6] that P is
compact for a wide range of shapes of Q.

It is easily seen numerically that the speed of convergence of µPn to the stationary distribution
ν varies greatly with the shape of Q. Figure 8 illustrates this convergence for the precise billiard
contour shown in figure 3.

4 The scattering function Ψθ

For any bilaterally symmetric billiard cell shape, such as the one shown in figure 9, the identity

(4.1) π − Ψθ(r) = Ψπ−θ(1 − r)

holds. Thus one can generally assume that θ ≤ π/2. Results obtained over this range of angles can
then be restated for θ > π/2 by symmetry, using equation 4.1.

Figure 9: The angle θ0 represents the initial direction of a billiard trajectory that hits the corner point and
reflects off Γ1 at a grazing angle to Γ2. This figure also shows the definition of β.

Let β denote the corner angle, i.e., the angle between the normal vectors, n1 and n2, to Γ1 and
Γ2 at their intersection point. (See figure 9.) An elementary geometric arguments gives the relation

(4.2)
K

2
= sin

β

2
.

Also define θ0 as the angle representing the initial direction of a billiard trajectory that reflects off
Γ1 at the corner point and leaves the billiard cell along the tangent direction to Γ2 at the corner
point. (See figure 9.) An examination of the angles shown in figure 9 gives

(4.3) θ0 =
3β

2
.

Equation 4.3 and elementary trigonometry imply

(4.4) sin θ0 =
3K

2
− K3

2
.

The significance of θ0 is that Ψθ is particularly simple when sin θ ≥ sin θ0 since, in this case, each
billiard trajectory only collides once with the boundary of the billiard cell. Smaller values of θ will
be considered below. (See figure 12.)

We sketch now some of the general properties of the graph of Ψθ for θ in this range of values. This
is shown on figure 10. As already noted, there is no loss of generality in assuming that 0 < θ ≤ π/2.
When sin θ ≥ sin θ0 the function Ψθ has a jump discontinuity at

(4.5) r0 =
1

2
−

1 −
√

1 − K2

4

K
cot θ =

1

2
− K

8
cot θ + O(K3)
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and over (0, r0) and (r0, 1) it is differentiable. The limit of Ψθ(r) as r approaches r0 from the left is
θ − β, and the limit as r approaches r0 from the right is θ + β, as is easily verified. This is shown
in figure 10. The incoming angle, θ, and the outgoing angle, Θ = Ψθ(r), are seen to be related by

(4.6) cos

(

θ + Θ

2

)

− cos θ =

{

Kr sin θ if r < r0

K(r − 1) sin θ if r > r0.

Figure 10: A sketch of the graph of the function Θ = Ψθ(r) for sin θ ≥ sin θ0. The parameters β and r0 are
described in the text.

It is convenient to express this equation in terms of the arc-length variable, s, on Γ1 and Γ2

instead of Θ. On both segments of circular arc, s = α/K, where α ranges from 0 to β/2 on both
arcs. We are parametrizing the two arcs in such a way that α = β/2 corresponds to the corner
point, both over Γ1 and over Γ2. Notice that

(4.7) Θ =

{

θ − 2Ks if r < r0

θ + 2Ks if r > r0.

Figure 11: Definition of the angle Θ2. Compare with figure 12.

It follows from this and equation 4.6 that

(4.8) cos θ =

{

cos(θ − Ks) − Kr sin θ if r < r0

cos(θ + Ks) + K(1 − r) sin θ if r > r0.

In particular,

(4.9) Λ(θ, s)−1 :=
∂s

∂r
=

{

sin θ/sin(θ − Ks) if r < r0

− sin θ/sin(θ + Ks) if r > r0.

11



Notice that Λ is bounded away from 0 and ∞ since θ > θ0 = 3β/2, if θ ≤ π/2, with a similar
inequality if θ > π/2.

It will be useful to consider some general features of Ψθ for shallow θ. By a shallow angle we
mean θ such that sin θ < sin θ0. Since it is sufficient to consider θ ≤ π/2, this means simply that
θ < θ0. If K is small enough, a billiard trajectory with initial angle θ may reflect off the boundary
of the billiard cell more than once, but no more than twice. The graph of Ψθ is seen by inspection
to have the qualitative features shown in figure 12. For a rough estimate of the range of scattered
angles for a given shallow θ it will be sufficient to estimate the angle Θ2 shown on the graph on the
right in figure 12. This is the exit angle of a billiard trajectory that enters the billiard cell at an
angle θ, has a grazing collision with Γ1 and reflects off Γ2 before leaving the cell. (See figure 11.)

Figure 12: For θ relatively shallow (close to 0 or π), Ψθ has an additional smooth piece. The sketch on the
left corresponds to θ1 := β/2 < θ < θ0 = 3β/2, and the one on the right corresponds to θ ≤ θ1. Similar
graphs for θ in (π − θ0, π − θ1) and [π − θ1, π) are obtained by symmetry. An estimate for Θ2 is given in the
text.

By elementary geometry (based on figure 11) it can be shown that θ and Θ2 satisfy

(4.10) cos

(

θ + Θ2

2

)

= 1 − K sin θ.

From this relation one derives the following estimate for Θ2, where it is assumed that K ≤ 1:

(4.11)
√

8K sin θ − θ ≤ Θ2 ≤ a(K)
√

8K sin θ − θ.

Here a(K) satisfies 1 ≤ a(K) ≤ 1 + 0.05K2

5 Moments of scattering

The goal of this section is to prove theorem 2, concerning the moments of scattering in terms of θ
and K, for small K. We assume that sin θ ≥ sin θ0. As always, we do the calculations for θ ≤ π/2.
Notice that formula 4.1 implies that

(5.1) Ej(π − θ) = (−1)j
Ej(θ)

which is the first claim of theorem 2.
The contribution to the moments due to each differentiable branch of the function Ψθ can be

written, by a change of variables, as ±
∫ β/2K

0 (Θ(θ, s) − θ)jΛ(θ, s) ds. From this and equations 4.7
and 4.9 one has

(5.2) Ej(θ) =

∫ β/2K

0

sin(θ + Ks) + (−1)j sin(θ − Ks)

sin θ
(2Ks)jds.

12



After elementary algebraic manipulation this yields, for j = 0, 1, . . . ,

(5.3) Ej(θ) =

{

2j+1Kjaj if j is even

2j+1Kjbj cot θ if j is odd.

where aj =
∫ β/2K

0
cos(Ks)sjds and bj =

∫ β/2K

0
sin(Ks)sjds. Recall that

(5.4) β/2K = arcsin(K/2)/K =
1

2
+ O(K2).

Approximating the integrals results in

(5.5) Ej(θ) =

{

Kj/(j + 1) + O(Kj+2) if j is even

Kj+1 cot θ/2(j + 2) + O(Kj+3) if j is odd.

0 0.5 1 1.5 2 2.5 3

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

K=2/3h(θ)sinθ

1/2cosθ

0 0.5 1 1.5 2 2.5 3

−0.6

−0.4

−0.2

0

0.2

0.4

0.6 Κ=1/3

0 0.5 1 1.5 2 2.5 3

−0.6

−0.4

−0.2

0

0.2

0.4

0.6 Κ=1/6

Figure 13: Comparison of E1(θ) sin θ/γ(K) and 1

2
cos θ for 3 values of K. The horizontal axis ranges from

0 to π and the vertical axis is dimension-free.

We now give an upper bound for Ej(θ) := E[|Θ − θ|j ] for shallow θ. If θ1 < θ ≤ θ0, then by
inspecting the graph on the left in figure 12 one obtains

(5.6) |Θ − θ| ≤ max{β, θ} ≤ 3β/2 = 3K/2 + O(K3).

Therefore, Ej(θ) ≤ (3K/2)j + O(Kj+2). If θ < θ1, the estimate 4.11 gives

(5.7) |Θ − θ| ≤ a(K)(8K sin θ)1/2.

(Recall that a(K) is very close to 1, as indicated above.) Therefore, Ej(θ) ≤ (8a(K)2K sin θ)j/2. For
concreteness, assume that K < 1. Then, as indicated, a(K) < 1.05. If θ > θ0, then |Θ − θ| ≤ 2β.
Therefore,

(5.8) Ej(θ) ≤
{

(2K)j + O(Kj+2) if θ1 ≤ θ ≤ π/2

(9K sin θ)j/2 if θ < θ1,

which proves theorem 2. (Theorem 1 also follows, as indicated in the introduction.)
For the sake of illustrating these estimates, we show the graphs of the first few moments for

different values of K, obtained by numerical simulation of the the billiard map and of P . The
graphs show Ej(θ)/γ(K), where γ(K) is the spectral gap of P , also obtained numerically. The
relationship between the second moment and the spectral gap becomes particularly clear on the
graphs. For j = 1, 2, 3 we consider curvature values K = 2/3, 1/3, 1/6. (The graph for j = 2 is
shown in figure 6 at the beginning of the paper.) In order to minimize error at the end-angles 0 and
π due to the cot θ function, we have plotted the first moment times sin θ. The numerically obtained
values for γ(K) are γ(2/3) = 0.1519, γ(1/3) = 0.0373, γ(1/6) = 0.0093.
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Figure 14: The error term E3(θ)/γ(K) goes to zero as K → 0. From left to right: K = 2/3, 1/3, 1/6.

6 Conclusions

We prove that the classical scattering operator P associated to a class of random billiards with
microstructure can be approximated by the standard Laplacian on the sphere S2 when a curvature
parameter of the microstructure is small. This suggests that the eigenfunctions and eigenvalues
of P can be approximated by spherical harmonics and corresponding eigenvalues, and we provide
numerical support for this.

Of special interest is the connection between the spectrum of P and scattering characteristics.
We observe that the spectral gap of P is closely approximated by the second moment of scattering
of P around the angle of incidence.

An elementary, but to the best of our knowledge new, observation suggesting that scattering
processes of this kind in dimension 2 are connected to harmonic analysis on the 2-sphere is that the
underlying deterministic billiard map T is naturally viewed as an area preserving map of S2 for an
arbitrary microstructure.

It is also interesting to interpret theorem 1 from a stochastic differential equations viewpoint.
The Markov chain on the interval (0, π) defined by the Markov operator P jumps by small steps
when K is small. In this case, it makes sense to approximate the discrete time process by a stochastic
differential equation with infinitesimal generator L = 1

sin θ
d
dθ

(

sin θ dΦ
dθ

)

:

P ⌊t/γ(K)⌋ ≈ etL

and the limit process is governed by the stochastic differential equation

dΘt =
1

2
cotΘtdt + dBt,

where Bt is standard Wiener process. The cotangent function term provides a drift that goes to
+∞ as θ approaches 0, and to −∞ as θ approaches π, so the process is bound to stay in (0, π).
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