Math 132 - Exam II - Spring 2008 1

This exam contains 15 multiple choice questions and 2 hand graded ques-
tions. The multiple choice questions are worth 5 points each and the hand
graded questions are worth a total of 25 points. The latter questions will be
evaluated not only for having the correct solutions but also for clarity. Points
may be taken for confusing and disorganized writing, even when the answer is
correct.

1. Find the area enclosed by the graphs of f(z) = z and g(z) = 2 — 22

A) 5/2
B) 3
Q) 7/2
D) 4
—E) 9/2
F) 5
G) 11/2
H) 6
1) 13/2
07

The points of intersection of the two graphs are obtained by setting f(z) =
g(z), or z = 2 — 22, Equivalently, 2 + x — 2 = 0. The roots are x = 1

and £ = —2. The area is
1 1
/ l9() — f())dz = / 2 2® — 2lde
-2 —2
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2. Calculate the volume of a cylinder inclined at an angle 7/6 whose height
is 10 and whose base is a circle of radius 4.

)
)
)
)
E) 80v/3m
)
)
)
)
)

The cross section of the cylinder at height z, for 0 < x < 10, is a disc of
radius 4, hence the cross-sectional area is constant, equal to A(z) = 742 =
16m. The volume is given by the integral

10 10
A(x)dx = 167r/ dx = 160m.
0 0
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3. Find the volume of the solid obtained by rotating the region enclosed
by the graphs of x = ,/y and z = 0 about the y-axis over the interval
I1<y<3.

A) w/4

/3

/2

T

)
)
)
)
) 27
)
)
)
)
)

= ™

3
a7
8
107
127

|
T Q

I

(-

By the disc method, the volume is

[ wtiray = [”;’}
9—-1

ZWT

= A4r.
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4. Compute the volume of the solid obtained by rotating the region enclosed
by the graphs of y = 22, y = 2 — 22, and = = 0 about the y-axis.

>

) 8w
) T
) 61
) 5
) 4m
)
)
)
)
)
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I) n/2

/4

o

The intersection of the graphs of y = 22 and y = 2 — 22 happens for = such that
z2 = 2 — 2. This equation has solutions = 41. The region bounded by these
two graphs and x = 0 lies over the interval 0 < x < 1. The volume, obtained by
the shell method, is then

1 1
/ orz]2 — 2 — 2%)dx = 27r/ (2 — 22%)dx
0 0

2
:477/ (x — 2°)dx
0

2 471
0

8
8

I
i
3
7/
=N
]
~

\
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5. Calculate the volume of the solid obtained by rotating the region under
the graph of f(z) = 272 over the interval [—2,—1], about the axis of
rotation = = 4.

A) 7(2+1n2)/2
) 71(14+1n2)

) 27(1+1n2)
) 27(2+1n2)
) m(4+1n2)/5
) 37(1+1nb)
)
)
)
)

g aw

—

Q=T o

21(2 +31In2)
5(2 +31n2)
57(1+1n2)/3
7(2+1n2)

-

I

(-

Using the shell method we get:

-1 -1
/ 21 (4 — x)x%dx = 277/ (4 — z)x dx

-2 -2

2
= 2%/ (44 u)u"%du (doing a substitution u = —z)
1

2

= 277/ (4u=2 +uY)du
1

=27 [—4u_1 + log u]?

=2 [-2+In2+4—0]

=27(2 +1n2).
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6. How much work is done raising a 4 kg mass to a height of 1 m above
ground? (Recall: the acceleration of gravity is 9.8 meters per second
squared.)

The work is given by the product of 4 kg by 9.8 m/s? (the weight) by 1 m. So
W =4x98x1=239.21J.
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7. Compute the work required to stretch a spring from 1 to 2 centimeters
past equilibrium, assuming that the spring constant is 200 kg per second
squared.

The force function is F(xz) = 200z, x is stretched from 0.01 m to 0.02 m. Thus
the work is given by

0.02
/ 200zdz = [10022]"
0

0.01
.01

=0.03 J.
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8. Calculate the work in Joules required to pump all of the water out of the
horizontal cylindrical tank shown in the figure. The cylinder has radius r
and length [. The acceleration of gravity is g = 9.8 m per second squared
and the density of water is p = 1000 kg per meter cubed. (Hint: You may
need the integral [* Vr? —u?du = wr?/2.)

A) 9.87r31

) 9873l

) 9801272
) 98007212
) 9.8r212

) 9800773
)

)

)

)

Q=HEHOOQOW

98007212
98007131
98007731/3
98007731 /6

o

I
J

Water exits here

Let x be the height measured from the ground. Then the cross-section area is

the area of a rectangle with sides [ and 24/72 — (r — )2, so
o) = 2/rF (o

The work to pump out the water (a distance 2r — = from level z) is then
2r 2r
gp/ A(z)(2r — x)dx = gp/ 20\/1%2 — (r — x)?2(2r — x)dx
0 0

= 2[gp/ (r+uw)Vr2—u?du usingu=r—zx
= p( / Vr —u2du+/ u\/r2—u2)du
— ﬂ
= lngrr .

In the second to last line, the second integral is zero since the integrand is an
odd function and the interval is symmetric about 0. The first integral is half
the area of a disc of radius r. Thus the work is W = 980077°1.
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9. Evaluate the integral [; sin(3z) cos(4z)dx.

>

) 3/2
) 27/3
) 5/4
) 31/5
) =3
) —27
)
)
)
)

QH4HJ Qw

—5/7
3/7
/5
—6/7

H
I

—J

We can use here the table of trigonometric integrals. It gives

/07r sin(3x) cos(4z)dz = {_ cos(3—4)r  cos(3+ 4)1:} “

23-4)  203+4) |,
cosz  cos(7z)]”
:{T*TL
11 11
__§+ﬂ_[§_ﬁ}
6
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10. Use the error bound Error(Sy) < K4(b— a)?/(180N*) to find a value of
N such that the Simpson’s rule approximation Sy for f15 Inx dx has an
error of at most 1075, (Recall that in Simpson’s rule N must be an even
integer.)

>

605548
98

674

68

6

32

58

78

74
78432

T Q™ " 0 aw

)
)
)
)
)
)
)
—H)
1)
J)

N must be an even integer such that

Ki(5—1)°
180N*

To obtain K4 we take the fourth derivative of f(z) = Inx:
fl@)=1/z, f'(z)=-1/2", fD(2)=2/a", Y (2)=—6/a".

The maximum value of |f*) ()| over the interval [1,5] is K4 = 6/1* = 6. So we
look for N such that

<10°°,

Solving for N:
5\106\ 1/4
N > (M) = 76.4354
Rounding up to the next even integer gives

N =T78.
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11. Evaluate the integral fOI(Z:z: +9)e*dx

We can set u(z) = 22+ 9 and v'(x) = e*. Integrating by parts:
1 1
/ (2x 4+ 9)e®dx = {(2x +9)e” —2 / e“"dz]
0
= [(22 + 9)e” — 2¢7],
=1le—9—-2(e—1)
=9 —1T.

0

11
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12. Evaluate the integral fow/z (z — 1) cosz du.

A) -1

B) m—2

C) 2r—1
D) T2

E) 3 +1

F) 1

G) 2

H) 4

1) 0

) -3

/2 /2
/ (z — 1) coszdx = [(:r —1)sinz — /sinxdm}
0

(x — 1)sinx + cos x]g/z

0

-2

T
2
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13. Evaluate the integral fol eVide

We use the substitution v = v/z, or x = u?. So dx = 2udu. Therefore,

1 1
/ eVeidy = / 2ue"du = 2 [ue" — e“](l) = 2.
0 0

13
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14. Evaluate the integral fow/z sin® 6 cos? 0df

/2 /2
/ sin® 0 cos Adh = / (1 — cos? 6) cos? @ sin Odf
0 0

HYu?du

I
S—
i
—

w‘ﬁw
i
U,‘g :I
| I |
o

w\r—ﬂr—|
@\w
Cﬂ\»—t
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15. Evaluate the integral f02 V4 — z2dz.

We use the substitution x = 2sin 6, so dx = 2 cos6df. Then

2 /2
/ V4 — z2dx = 4/ cos” 0d6
0 0
/2
2/ (1 + cos(20))d6
0

. /2
9 [9 + smé?@)}

-2(3+)

0

= T.

15
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16. (12 points) Evaluate the indefinite integral [z®Inx dx.

We use integration by parts, with v’ (z) = 2* and v(z) = Inz. Then u(z) = 2*/4
and v'(x) = 1/z. Therefore,

/ + In zds = / o (2)0(z)de
= u(z)v(z) — /u(x)v'(:v)dx

4 4
x x* 1
Zlnx‘/z;d“’”
4 1

%lnx— Z/xgdac

4
x 1 4
=—Ilnz— — .
1 nx 16:15 +C
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17. (13 points) Find the approximations T3, M3 and S, for the integeral f02 22dx.

For both T5 and Mz, we have Az = 1. Then the trapezoidal approximation is

A (T ) | FO) + f(2)
0+1 1+4

- T

=3.

The midpoint approximation is

Il
N ot/
. N= 8
——
V)
+
VR
N w
N——
[V

The Simpson S4 approximation can now be obtained as

1 2
= T4 My =-34 22 -2,
S 312 + 3 M2 33 + 33~ 3
Notice that % is the exact value of the integral. This is to be expected since the

Simpson rule is exact for polynomials up to order 3.



